
.“. . 
i- 

N A S A  T E C H N I C A L  N A S A  T T  F-787 
T R A N S L A T I O N  - 

h --I 

h 
L L  

00 ” 

.J = E  
O G P  

c A S 4  

t - ‘ w a  4 

I -E 

= 2  

c Cr-g 
A m g  

4 I -  - 2  

I - 
0 - m  

0- 

-m =======.. 
m 

NON-EQUILIBRIUM 
I PHYSICO-CHEMICAL PROCESSES 
1 IN AERODYNAMICS -LOAN COPY: RETURN TO 

&FVfL TECHNICAL LIBRAW 
K‘IRTLAPD AFB, Me &- 

V. P. Agufonov, V. K.  Treytushkin, A. A. Gludkov, 
und 0. Yn, Polyunskiy 

“Mas/linostroyeniye” Press 

Moscow, 1972 

N A T I O N A L  AERONAUTICS A N D  SPACE A D M I N I S T R A T I O N  W A S H I N G T O N ,  D. C. M A R C H  1976 



- 
d 

0. Yu. Polyanskiy 

- 

TECH LIBRARY KAFB, NM 

Io. Work U n i t  No. 
., )* 
,' : -,. 

9. Performing Orgoniiotion Nom. ond Addrosr 

SCITRAN 
Box 5456 

t S a n t  a Barbara, .tlA 911 flR 

6. Per fo rming  

4. Titlo and Subtitlm 5. Roport Dot. 
NON-EQUILIBRIUM PHYSICO-CHEMICAL PROCESSES I N  I March 1976 

AERODYNAMICS 

11. Controct or Giont No. 
NASW-2483 

13. Typo o f  Roport ond Period Covered 

Translation 

-1 - .~ ~- I 8 .  Porforming Orgoniiotion Ropori No. 1 

19. Socurity Clossif. (of thts rmport) 10. Socurity Classif. (of this pogo) 

12. S r a o r i n g  A on y Nom. ond Addrmss ationaf Aeronautics and Space Administration 
Washing ton, D. C. 20546 

1 i is. supplomontory Notas I 
I Trans la t ion  o f :  

aerodinam,kic?" ,"Mashinostroyeniye" P r e s s ,  MOSCOW, 1972 ~ pp. 1 - 344 
"Neravnovesnyye fiziko-khimicheskiye pro tsessy  v 

I 

16. Abstract 

The monograph ts devoted t o  the  present-day s t a t e  of a new 
branch of aerodynamics, which i s  acqui r ing  g r e a t  p r a c t i c a l  
importance i n  connection with the  development of aerospace 
technology. A sys temat ic  a rabys is  is given of  the  physico-chemical 
processes i n  high-temperature gas flows and t h e i r  e f f e c t  on gas 
dynamic parameters. 

1 .  . .  
17. Koy Word. (Srlrtrd By Author(r)) IO. Distribution Statomont 

Unclaseified - Unlimited 
Subject Category 02 

For sale by the National Technical Information Service, Springfield, Virginia 22161 



i 

i 

" J 



ANNOTATION 

The monograph is devoted to the present-day state of a new 
branch of aerodynamics, which is acquiring great practical 
importance in connection with the development of aerospace 
technology. A systematic analysis is given of the physico-chemical 
processes in high-temperature gas flows and their effect on gas 
dynamic parameters. 

Information is given on the chemico-physical, thermodynamic, 
and kinematic properties of gases (primarily air). The fundamental 
equations are formulated, and the general properties of non- 
equilibrium flows are described. 

One-dimensional flows, the structure of a shock wave in a gas 
mixture, and the properties of nonequilibrium flows in a stream 
filament are discussed. A description is given of the method of 
calculation and the similitude conditions for flows in nozzles. 
The basic determining parameters and correlation relations are 
introduced. 

An analysis is given of the problems of external gas dynamics 
of nonviscous nonequilibrium flows, of the flow around blunt and 
sharp bodies, corresponding to the similitude laws. Within the 
framework of the boundary layer theory, a discussion is given of 
viscous nonequilibrium flows, including the effect of chemical 
reactions on the surface, the flow in the neighborhood of a 
critical point of a blunt body (including the effect of low gas 
density), the flow around a flat plate and a cone, as well as the 
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characteristic features of nonequilibrium wake flows. 
The effect of radiation from a gas flowing around blunt 

bodies, the effect of nonequilibrium physico-chemical processes 
in gases on aerodynamic and thermal characteristics of hypersonic 
aircraft, and on the state of the flow in nozzles of gas dynamic 
plants, etc., are described. 
determined. 

The radiation thermal flows are 

The book is designed for aeromechanical engineers acquainted 
with the fundamentals of hypersonic gas dynamics, and it may also 
be useful to upper-division and graduate students in those fields. 

178 illustrations, 16 tables, 573 bibliographical entries. 
Reviewer; Doctor of Physico-Mathematical Sciences, I. P. 
Ginzburg 
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PREFACE 

If in the first half of the 20th century, the gas dynamics - /3* 
of an ideal gas anticipated the demands of aircraft technology, 
beginning with the second half of the century, the development 
of missile and space technology has taken gas dynamics into the 
little known area of high temperatures and low densities. Under 
these circumstances, it was impossible to consider the gas ideal, 
with constant heat capacities. 

Moreover, it became necessary to consider the finite rate of 
the physico-chemical processes in a gas (excitation of vibrations, 
dissociation, ionization, radiation), i.e., the nonequilibrium of 
the flow. Thus, nonequilibrium flows ceased t o  be something that 
only physicists would deal with. Today these questions are of 
great interest to a wide range of engineers working in the area 
of applied aerodynamics. 

At hypersonic speeds of flight, corresponding to M = 10 and 
above, the real properties of a gas, in particular the nonequili- 
brium processes, have an effectcon the characteristics of the 
flow field around aircraft. The real properties of a gas and 
nonequilibriwn of the flow result in a substantial change in 
the amount of thermal flow to the walls of rocket nozzles and 
to the external surface of aircraft. They may have a great 
influence on the thrust of ram jet engines and even affect the 
aerodynamic characteristics of the aircraft. In particular, 
the nonequilibrium of a flow may influence the moment and center 

*Numbers in the margin indicate pagination in foreign text. 
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of pressure, which in the final analysis should result, for 
example, in a substantial variation of the touchdown location 
of a descending vehicle. 

There has been particular interest, shown recently in the 
study of nonequilibrium wake flows, in the problem of detecting 
objects entering the atmosphere at a hypersonic speed, and 
communication with them. It may be noted that it is very diffi- 
cult and often practically impossible to simulate the real 
properties of the air and nonequilibrium processes in existing 
hypersonic experimental units. All this illustrates directly 
how important and necessary it is to study nonequilibrium flows 
theoretically. 

In the monographs devoted to the aerodynamics of hypersonic 
flows, we do not find a description of the physico-chemical pro- 
cesses in a real gas, or their effect on the aerodynamic and 
thermal characteristics of flows, that would be sufficient for 
practical use. On the other hand, in the literature on the 
kinetics of physico-chemical processes we do not find any 
articles in which those questions are considered in terms of 
their application to aerodynamics. 

The present book aims to fill this gap. It generalizes 
the rich factual material that has appeared in recent years in 
domestic and foreign literature. The basic goal of the book 
is to give the reader a general understanding of the problem of 
flows of nonequilibrium and radiating gas, to acquaint him 
with the basic features of such flows and the difficulties 
accompanying their investigation, as well as to equip him with a 
sufficient amount of factual data to enable him to obtain the 
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correct concept of the numerical effect of nonequilibrium 
processes*. 

all problems involved in the physics and aerodynamics of non- 
equilibrium flows. It does not discuss, for example, the 
questions related to plasma flows in the absence of thermodynamic 
equilibrium, nonequilibrium processes of turbulent transfer, 
processes of combustion in filaments, etc.. Each of these 
questions is a separate problem going beyond the scope of the 
present book and far from an exhaustive solution. 

The book does not pretend to be an exhaustive exposition of 

Chapters 1, 2 and Sections 1-5; 3.1 of Chapter 3 were written 
by A. A .  Gladkov; Sections 6 and 7 of 3 . 1 ,  3.2 of Chapter 3 ,  
Chapter 4, by 0. Yu. Polyanskiy; Chapter 5, by V. P. Agafonov; 
Chapter 6, by V. K. Vertushkin. The authors wish to thank to 
V. N. Zhigulev, V. V. Sychev, V. Ya. Neyland, and V. S. Galkin 
for useful discussions and valuable comments regarding individual 
questions. The authors are also grateful to I. P. Ginzburg who 
took it upon himself to review the book. The authors are 
particularly grateful to Academician A. A. Oorodnitsynwho spon- 
sored the idea of writing such a book. 

* The book was written mainly during 1967-1968, which deter- 
mined the literature used. When preparing the manuscript for 
print, we have considered the most important papers that have been 
published after 1968. 
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SYMBOL LIST 

a - speed of sound 
- s t o i c h i o m e t r i c  c o e f f i c i e n t s  a J ,  bJ 
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1 * P  
c - s p e c i f i c  heat c a p a c i t y  a t  cons t an t  volume 

vK of freedom 

V 
c - s p e c i f i c  h e a t  c a p a c i t y  of  v i b r a t i o n a l  deg rees  

2x a,=- - d r a g  c o e f f i c i e n t  

cy-- - l i f t  c o e f f i c i e n t  
P , V 3  

P,V&F 

2Y 

D - d i s s o c i a t i o n  energy  

DT - t he rma l  d i f f u s i o n  c o e f f i c i e n t  of i - t h  component 
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E - i n t e r n a l  energy 
e - s p e c i f i c  i n t e r n a l  energy  

En(x) - i n t e g r a l ,  e x p o n e n t i a l  f u n c t i o n  
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energy  o f  v i b r a t i o n a l  deg rees  of f reedom 

f requency  o f  gas molecule  c o l l i s i o n s  
d i m e n s i o n l e s s  stream f u n c t i o n  
s p e c t r a l  f l u x  of  r a d i a n t  ene rgy  

t o t a l  d i m e n s i o n l e s s  e n t h a l p y  

s t a t i c  weight 

s p e c i f i c  gas e n t h a l p y  (mix tu re )  
P l anck  c o n s t a n t  

s p e c i f i c  e n t h a l p y  of m i x t u r e  i - t h  component 

heat of  f o r m a t i o n  o f  component i 
gas b r a k i n g  e n t h a l p y  (mix tu re )  
f l i g h t  a l t i t u d e  
i o n i z a t i o n  p o t e n t i a l  
t o t a l  r a d i a t i o n  s t r e n g t h  
s p e c t r a l  s t r e n g t h  of  r a d i a t i o n  

d i f f u s i o n  f l u x  

f l u x  o f  ene rgy  

- neat f l u x  

Jk - r e a c t i o n  r a t e  

k ,  kV - v o l u m e t r i c  c o e f f i c i e n t  of r a d i a t i o n  a b s o r p t i o n  
by gas 

&=1.38.10-23,J/K - Boltzmann c o n s t a n t  
k f ,  kr - ra te  c o n s t a n t  of forward  and r e v e r s e  r e a c t i o n s  

kw - s u r f a c e  c a t a l y c i t y  c o e f f i c i e n t  

- e q u i l i b r i u m  c o n s t a n t  xp, Kc  
1 K n r r : F  - Knudsen r a d i a t i o n  number 

L - c h a r a c t e r i s t i c  body l e n g t h  

x i i  



P S C ,  Pr 
a Scr 

Lei=--- - - Lewis-Semenov number of t h e  i - t h  component 

i 
M 

m 

Mi 
K 
e 
i 

n 
n 

NO = 6.02.102a l fkmole 
Nu 

P 

p i  

- i - t h  component p a r t i c l e  mass 

- M number 
- m o l e c u l a r  weight  of i - t h  component 

- average  molecu la r  weight  
- d e n s i t y  ( c o n c e n t r a t i o n )  of e l e c t r o n s  
- number of  i - t h  component p a r t i c l e s  p e r  u n i t  

-. Avogadro number 
- N u s s e l t  number 
- p r e s s u r e  
- p a r t i a l  p r e s s u r e  of  i - t h  component 

volume 

EpiL 
a 
q - thermal f l u x  ( s c a l a r )  

qi - paramete r  c h a r a c t e r i z i n g  a r b i t r a r y  n o n e q u i l i b r i u m  
p rocess  ( v i b r a t i o n a l  energy ,  deg ree  of d i s s o c i a -  
t i o n ,  c o n c e n t r a t i o n  of  i - t h  component, e t c . )  

Pr=- - P r a n d t l  number 

Q - d imens ion le s s  v a l u e  of  thermal f l u x  
R - u n i v e r s a l  gas  conseant  

R' 
MA1 

Rb - r a d i u s  of body c u r v a t u r e  

R,,,=-- - gas c o n s t a n t  of mo lecu la r  component 

Pa%? Re,=- - Reynolds number c a l c u l a t e d  w i t h  f low p a r a m e t e r s  
Pa a t  o u t e r  boundary o f  v i s c o u s  l a y e r  

?ouvoDRb Re,= - - Reynolds number c a l c u l a t e d  from p a r a m e t e r s  
P ( T 1 )  behind  normal shock wave 

S - s p e c i f i c  en t ropy  

Scr = -- pi - Schmidt number of i - t h  component 
QDi 

t - t i m e  
T - t e m p e r a t u r e  
TK - t e m p e r a t u r e  of v i b r a t i o n a l  deg rees  of  freedom 

x i i i  

b 



I1 1 1 1 1 l  I1 I I 1  I 

T - c h a r a c t e r i s t i c  v i b r a t i o n  t e m p e r a t u r e  

Td - c h a r a c t e r i s t i c  d i s s o c i a t i o n  t e m p e r a t u r e  
V 

u ,  v ,  w - ve1oc i ty"componen t s  
-% 
v - v e l o c i t y  v e c t o r  
V - s p e c i f i c  volume 

^v - d i f f u s i o n - r a t e  
Vm - body f l i g h t  v e l o c i t y  

h -CpT w =  - - energy  pa rame te r  
CPT 

X - body d r a g  
x, y ,  z - c o o r d i n a t e s  

[Xi] - mole-volume c o n c e n t r a t i o n  of  i - t h  component 

Y - body l i f t i n g  f o r c e  

rl=Q' - reduced  m a s s  c o n c e n t r a t i o n  
a6 - s t a t i s t i c a l  sum 'i 

. a l = k  - mass c o n c e n t r a t i o n  of atoms 
P 
c1 - degree  of d i s s o c i a t i o n  
8 - degree  of  i o n i z a t i o n  

Bi - v e l o c i t y  g r a d i e n t  a t  c r i t i c a l  p o i n t  

- r ecombina t ion  e f f i c i e n c y  on s u r f a c e  
Y W  

6 - wid th  of  boundary l a y e r  
A - wid th  of  shock l a y e r  
E - t u r b u l e n t  v i s c o s i t y  c o e f f i c i e n t  
E - degree  of b l a c k n e s s  

- Damkeler number of gas  phase  

- Damkeler number of r e a c t i o n s  on s u r f a c e  

rl - s i m i l a r i t y  c o o r d i n a t e  i n  boundary l a y e r  
8 - t e m p e r a t u r e  r a t i o  
r9 - h a l f - a n g l e  of  opening  (wedge o r  cone) 

5, 

x=c /c - r a t i o  of s p e c i f i c  heat c a p a c i t i e s  of  gas  
P V  

x i v  

. . . .. . . . . .. .. . 



x - e f f e c t i v e  va lue  . e 
A - g a s  thermal c o n d u c t i v i t y  c o e f f i c i e n t  (mixture)  
A - r a d i a t i o n  wavelength 
p - g a s  v i s c o s i t y  c o e f f i c i e n t  (mix tu re )  
p - reduced  mass o f  c o l l i d i n g  p a r t i c l e s  
v - r a d i a t i o n  f r equency  
p - d e n s i t y  

-ri - r e l a x a t i o n  t i m e  

T - f r i c t i o n  stress 
W 

II, - stream f u n c t i o n  
w - paramete r  ( c h a r a c t e r i z i n g  o p t i c a l  t h i c k n e s s )  

m,-,f S d x  - o p t i c a l  t h i c k n e s s  

SI - s o l i d  ang le  
0 

- reduced  c o l l i s i o n  i n t e g r a l  

SUBSCRIPTS 

A - atom 
M - molecule  
d - d i s s o c i a t i o n  
e - e q u i l i b r i u m  va lue  
f - b r a k i n g  va lue  
i - component i 

v i b  - v i b r a t i o n a l  deg rees  of freedom 
0 - v a l u e  a t  x=O 
r - v a l u e  a t  r e d u c t i o n  t e m p e r a t u r e  
w - v a l u e  a t  body s u r f a c e  ( a t  y=O o r  n=O) 
6 - v a l u e  on o u t e r  boundary o f  v i scous  l a y e r  

- unper tu rbed  (advancing)  f low 
* - i n  c r i t i c a l  c r o s s  s e c t i o n  o f  nozz le  
1 - c o n d i t i o n s  beh ind  shock wave 

xv 



S UPE RS C RI PT S 

j = O  - corresponds to plane f low 
j=1 - corresponds to axisymmetric f low 

xvi 



TABLE O F  CONTENTS 

Page 

ANNOTATION ................................................. iii 

PREFACE .................................................... V 
. /References ............................................. ix 

SYMBOL LIST ................................................. xi 
CHAPTER 1. PHYSICO-,CHEMICAL PROCESSES I N  GASES .............. 1 

1.1 E q u i l i b r i u m  and nonequ i l ib r ium s ta tes . . . . . . . . . . . . . . . . l  
1 . 2  S t a t e s  of e q u i l i b r i u m  ............................... 4 
1.3 Basic  concep t s  and d e f i n i t i o n s  of chemica l  k i n e t i c s . 1 7  
1 . 4  Nonequi l ibr ium p r o c e s s e s  i n  a h i g h  t empera tu re  gas  .28 

CHAPTER 2 .  GENERAL PROPERTIES OF NONEQUILIBRIUM FLOWS . . . . . . 7  4 
2 . 1  Equa t ions  of s t a t e  and motion of a r e l a x i n g  gas  ... .74 

References  ............................................. 67 

2.2 General p r o p e r t i e s  of t h e  f low of a r e l a x i n g  gas  ... 97 
2 .3  EquatPons of motion i n  t h e \ c h a r a c t e r i s t i c  form .... 1 0 3  
2 . 4  L i n e a r i z a t i o n  of t h e  e q u a t i o n  ..................... 104 
References  ............................................ 107 

CHAPTER 3. NONEQUILIBRIUM ONE-DIMENSIONAL FLOWS ......... ..111 
3.1 N o r m a l  shock wave ................................. 111 

3.2 Nonequi l ibr ium f lows i n  n o z z l e s  ................... 143 
References  ............................................ 187 

4 . 1  General p r o p e r t i e s  and c h a r a c t e r i s t i c s  ............ 198 

f low around s l e n d e r  b o d i e s  ........................ 206 
4.3 Nonequi l ibr ium f lows around a wedge and cone ...... 213 

CHAPTER 4. NONEQUILIBRIUM FLOW AROUND BODIES .:............ 1 9 8  

4.2 Laws of s i m i l a r i t y  i n  t h e  c a s e  of h y p e r s o n i c  

4 . 4  C h a r a c t e r i s t i c s  of t h e  prop ,aga t ion  of  s m a l l  
p e r t u r b a t i o n s  i n  a r e l a x i n g  medium. Notes on 
methods of c a l c u l a t i n g  n o n e q u i l i b r i u m  f lows  
around s l e n d e r  p o i n t e d  b o d i e s  .................... .224 

xvii 



4.5 S u p e r s o n i c  f low p a s t  a convex c o r n e r  ( P r a n d t l -  

4 .6  Flow around b l u n t  bod ie s  ........................... 2 36 

<NONEQUILIBRIUM PROCESSES IN A BOUNDARY LAYER .... 272 

br ium phys ico-chemica l  p r o c e s s e s  ................... 273 

5 .3  F l a t  p l a t e ,  wedge, and cone i ......................... .:^328 . . . .  

of  t h e  s u r r o u n d i n g  gas  ( c r i t i c a l  p o i n t )  ............ 360 

Meyer Flow) ........................................2 31 

References  .............................................261 

5 . 1  Boundary l a y e r  e q u a t i o n  i n  t h e  case  o f  n o n e q u i l i -  

5 .2  V i c i n i t y  of  c r i t i c a l  p o i n t .  Flow around b l u n t  

CHAPTER 5. 

bod ie s  .............................................2 98 

5 .4  Nonequi l ibr ium p r o c e s s e s  w i t h  a s m a l l  d e n s i t y  

5.5 C h a r a c t e r i s t i c s  o f  n o n e q u i l i b r i u m  f lows  i n  t h e  
wake beh ind  a body ................................. 379 

Refe rences  ............................................. 394 

6 . 1  Bas i c  concepts  and d e f i n i t i o n s  ..................... 405 

6 .2  Gas e q u a t i o n s  of  motion w i t h  a l lowance  f o r  
r a d i a t i o n  ..........................................411 

6 . 3  Nonequi l ibr ium r a d i a t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1 8  
6 . 4  R a d i a t i o n  t h e r m a l  f l u x e s  and t h e  f low o f  a 

r a d i a n t  i n v i s c i d  gas  around b l u n t  b o d i e s  ........... 430 
6.5 Flow o f  r a d i a n t  v i s c o u s  gas  ........................44 9 
6 .6  Advancing r a d i a t i o n  and p r e c u r s o r  phenomena b e f o r e  

s t r o n g  shock waves .................................461 
References  .............................................468 

CHAPTER 6.  R A D I A T I O N  I N  HYPERSONIC GASDYNAMICS ............. 405 

xviii 

~ . . . . . .  



'CHAPTER 1 
PHYSICO-CHEMICAL PROCESSES IN GASES 

The molecular structure of gases is not ordinarily considered/lO - 
in gaW,dynamics. 
particles, but as a continuous medium. The quantities that are 
related to molecular properties such as heat capacity, transfer 
coefficients, and the like enter the equations of gas dynamics as 
certain coefficients that can be determined by using the theory 
of molecular stfiucture or not. 

The gas is analyzed, not as a collection of 

If we do not consider rarefied gases (or, which is the same 
thing, regions with dimensions comparable to the free path of the 
molecules), then one can disregard the motion of the molecules 
and remain within the limits of the traditional analysis accepted 
in gas dynamics, where gases are considered as continuous media. 
However, even in such an approach, in those cases when internal 
changes may take place in a gas, one has to'stake the existence 
of the particles of the gas into account and consider their inter- 
nal structure and interactions. In particular, such are the con- 
ditions in a gas heated to high temperatures. Below we shall dis- 
cuss the problems closely related to chemical kinetics, and we 
shall not deal with the problems of physical kinetics. Therefore, 
we should start the discussion with a brief survey of thermo- 
dynamics, molecular structure, and chemical kinetics of gases. 

I. 1 Equilibrium and nonequilibrium states 

A collection of isolated material objects is called a system. 
It is assumed that heat transfer and diffusion of components may 
take place between parts of the system. The state of the system 
will be given by specifying independent macroscopic parameters 
that characterize it. 



If all parameters of a system are constant in time and there 
are no steady f lows of mass, momentum, and energy, due 
to external causes, the state is a state of (thermodynamic) 
equilibrium. /11 

A thermodynamic system is defined as a system in the state of 
thermodynamic equilibrium. In thermodynamics, it is postulated 
that an isolated system which is under definite and constant ex- 
ternal conditions will sooner or later reach a state of thermo- 
dynamic equilibrium and cannot leave ft ' sgbkt ali"6uslf .' Th'e '&*H- 
nal conditions include the volume occupied by the system, external 

s 

force fields acting on it, and the temperature of the surrounding 
bodies. 

The process involving the transition of a system to a state 
of equilibrium is called relaxation, and all states that differ 
from the state of equilibrium are called the nonequilibrium 
states. The process which goes through a series of nonequilibrium 
states is called a nonequilibrium process. 

A transition to a state of equilibrium in the absence of 
external fields is characterized by the establishment of a homo- 
geneous state in the entire system, establishment of constant 
composition. 
are possible in a system, then the transition will include the 
cessation of all macroscopic processes and exchange of energy, 
momentum, particles between various parts of the system. 
this can be expressed by saying that in a state of thermodynamic 
equilibrium al:& interpal, pqTmeters of a system are functions of 
the external parameters and the temperature of the system. The 
constancy of the macroscopic parameters in the state of equili- 1 9  

brium does not exclude microprocesses in the system, but each of 
the microprocesses is balanced by a reverse process so that 
dynamic equilibrium is preserved. 

If chemical reactions or other internal processes 

Briefly, 



The concept of temperature as a quantity uniquely related 
to the energy of a system may, strictly speaking, be introduced 
only for equilibrium systems. If a system is not thermally 
insulated, then the temperature in the state of equilibrium is 
equal to the temperature of the surrounding medium, and the 
energy of the system is determined by specifying the temperature 
of the surrounding bodies. If the system is thermally insulated, 
then there is no exchange of energy with the surrounding medium, 
the-ecaevgy -0% the. syst,w ,remai= constant, and the temperature is-.- 
determined by a given energy of the system. 

Often it is useful to use the concept of quasi-equilibrium 
systems, i.e., systems in which an exchange with the surrounding 
medium occurs much more slowly than the internal processes in 
the system. The state of quasi-equilibriumsystems corresponds 
with great accuracy to a state of equilibrium. However, the 
temperature of a q u a s i - e q u i l i b r i u m s y s t e m  in general is not equal 
to the temperature of the surrounding medium, and is determined by 
the energy of the system. 

Due to the exchange of energy with the surrounding medium, the 
state of equilibrium of a system changes. However, since the 
internal relaxation processes occur at a high rate, the system 
always remains in a state close to a state of equilibrium. Such 
a concept is very convenient, since it permits us to use a 
strictly defined state of equilibrium of a system in the calcula- 
tion of exchange processes that shift the equilibrium. 

In the cases of nonequilibrium states, thelexterndl para- 
meters and the energy of a system do not uniquely determine the 
state of a system, and we need much more detailed information to 
describe the system. Thus if chemical reactions may occur in a 
gas volume element, then different compositions of the gas will 
correspond to the same external conditions. However, in a state 
of equilibrium the composition of a gas is completely determined 
by the external conditions and the temperature of the gas, since 
in the general case they determine an equilibrium state of the 
system. ' 3  

/12 



The introduction of quasi-equilibrium systems is physically 
justified, even in a discussion of relaxation in gases. In the 
genpral case, the gas molecules have a number pf degrees of 
freedom: translational, rotational, vibrational, to which one 
formally adds chemical processes: ionization, electron excitation. 
The relaxation processes corresponding to different degrees of 
freedom in general occur at different rates. 

The translational and rotational degrees of freedom are 
called active, since the equilibrium with' respect to these 'degrees,, 
is established faster than with respect to the other ones. The 
remaining degrees of freedom are called inertial or internal. De- 
composition into quasi-equilibriumsubsystems depends on the condi- 
tions. The role ofquasi-equilibriumsystems may be played by a 
part of the entire set of degrees of freedom of a gas or the 
individual degrees of freedom. Such a combination of individual 
degrees of freedom intoquasi-equilibriumblocks in many cases 
leads to a substantial simplification of problems. 

We shall primarily be interested in processes involving the 
establishment of local equilibrium of a separated mass of gas in 
time, The establishment of equilibrium, associated with the 
t,ransfer processes will, as usual in the theory of continuous 
media, be accounted for by the introduction of suitable coeffi- 
cients in the discussion of the boundary layer in Chapter 5. 

1.2 States of equilibrium 

Let us proceed to a more detailed discussion of the internal 
, 5 %  

degrees of freedom of a gas, and let us obtain an expression for 
the heat capacity of a gas at high temperatures. The heat 
capacity of a gas at constant volume is defined as the derivative 
of the internal energy of a system with respect to the temperature. 

The internal energy of a gas is composed of energies 
corresponding to different degrees of freedom: translational 
motion, rotation, vibrations of molecules, and electron excitation: 

4 



€=e. + c + c  +q trans1 rot vibr el 
(1.1) 

All degrees of freedom with the exception of the translational 
motion are quantized. This means that the energies of the inter- 
nal degrees of freedom of the particles making up a system may 

of a particle may change only by a value equal to the difference 
between the levels, and an increase in the energy of the system 
coFr-ê spontls to' an increase- in-& the number of particles at higher 
energy levels. The difference in energy between two energy 
levels is called a quantum of energy. If the energy of a system 
is large as compared with the quantum of energy, then the distri- 
bution of energy among the levels may be considered to be contin- 
uous and the quantum effects may be neglected. 

occupy only certain discrete levels Ej(]=o, 1, 2...) . The energy /a 

The probable number of particles, nj, with energy ,Ej', in a 
state of equilibrium at temperature T is given by the Boltzmann 
distribution where k=1,38.10-23 J/K is the Boltzmann constant; 

the 

is 

g is the number of different states of the same energy (the 
degeneracy number o r  the statistical weight of the state); no is 

3 

number of particles in the ground state ( j  = 0). 

The sum over all states 

z- z gj exp ( - p T )  . 
j 

all d the statistical sum and plays n important role in 
statistical thermodynamics, since various thermodynamic functions, 
characterizing a system, can be expressed in terms of it. Evi- 
dently, the total number of particles in the system will be 

. 5  



The energy of particles in a state j is . W j ;  , and the total 
energy of the system is 

The heat capacity of the system at constant volume is 

The entropy is given by 

According to the third law of thermodynamics (Nernst's 
theorem), the entropy vanishes at absolute zero. This makes it 
possible to determine the absolute entropy. 

For continuous distributions, the summation is replaced by 
integration, and the .statistical'sum becomes the statistical 
integral. 

To calculate the energy of quantized degrees of freedom we 
must know the corresponding energy levels. Therefore it is 
necessary to know the internal structure of the molecules. 

6 



The atoms i n  a molecule  may be  l o c a t e d  a l o n g  a s t r a i g h t  
l i n e ,  i n  which c a s e  t h e  molecule  i s  c a l l e d  l i n e a r ,  o r  t h e y  may 
be l o c a t e d  a rb i t r a r i l y ,  i n  a p l a n e  o r  i n  space .  
d i f f e r  from o t h e r  mul t i a tomic  molecules  i n  t h a t  t hey  on ly  have 
two r o t a t i o n a l  d e g r e e s  of  freedom cor re spond ing  t o  a r o t a t i o n  
r e l a t i v e  t o  two mutua l ly  p e r p e n d i c u l a r  d i r e c t i o n s ,  p e r p e n d i c u l a r  
t o  t he  l i n e  on which t h e  atoms a r e  l o c a t e d .  I f  a molecule  con- 
sists of  N atoms which may be c o n s i d e r e d  as m a t e r i a l  p o i n t s ,  

t h e n  the  t o t a l  number of t h e  d e g r e e s  of  freedom i s  3N. Among 
t h e m , t h r e e  a r e  due t o  t h e  t r a n s l a t i o n a l  motion of  t h e  molecule  as 
a whole and two d e g r e e s  of freedom i n  l i n e a r  molecules  and three 
I n  n o n l i n e a r  molecules ,  due t o  r o t a t i o n a l  motion.  Thus, l i n e a r  
molecules  have 3N-5 v i b r a t i o n a l  deg rees  of freedom, and the 
n o n l i n e a r  ones 3N-6. 

L i n e a r  molecules  

F i g u r e  1.1 P o t e n t i a l  of t he  
i n t e r a t o m i c  in t ' e rak t io i r  'of a: F ' .  

d ia tomic  molecule  ( t h e  dashed 
l i n e  - a p a r a b o l a  - r e p r e s e n t s  
t h e  p o t e n t i a l  energy o f  a ha r -  
monic o s c i l l a t o r ;  t h e  energy 
of  the  o s c i l l a t o r  i s  counted  
from the minimum of t h e  p o t e n t i a l  
energy 1 
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Vibrations 
~ 

Forces acting between atoms and molecules attract atoms 
at large distances, and at small distances the forces of attraction 
change into sharply increasing forces of repulsion. The intera- 
tomic forces F are directly related to the potential energy of 
the interaction between atoms E: I==-- dr 

dr 

Therefore the function ~ ( r )  also determines the forces of 
interaction (Fig.l.1). There is a certain'distance ro at which 
the forces of interaction between atoms vanish, and the corres- 
ponding position of the atoms is a position of equilibrium. /& 

The values of ro for two-, three-atomic gases usually lie 
The forces of interaction are difficult to between 1 and 2 8 .  

calculate even for the simple case of a two-atomic molecule. 
Therefore one uses various empirical expressions that approximate 
the interaction potential. Since the oscillations of the atoms 
in a molecule occur about the position of equilibrium, the inter- 
action potential is approximated primarily in that region. 

One of the simpler types of approximation is the parabolic 
approximation of the potential (see Fig. 1.1). It gives good 
results for many problems in which one considers the neighborhood 
closest to the position of equilibrium. In addition, the para- 
bolic approximation of potentials is convenient in many estimates 
since the solution of the problems of quantum mechanics for vi- 
brations of atoms is particularly simple. When using the para- 
bolic potential we deal with a harmonic oscillator. The energy 
levels of a harmonic oscillator are distributed uniformly and 
are given by 

8 



Here v- i s  t he  fundamenta l  f requency  o f  the  o s c i l l a t o r  c h a r a c t e r -  
i s t i c  f o r  molecu le s  o f  a g iven  subs t ance  (Table 1); h=6,62-10-3' 
J c i s  P l a n c k ' s  c o n s t a n t ;  v i s  the v i b r a t i o n a l  quantum number. 

TABLE I 

CHARACTERISTIC VIBRATIONAL TEMPERATURE [11 

Remark amd N 0 g iven  i n  the  t ab le  
cor respond t o  t he  f r equency  of  zwo benging  v i b r a t i o n s  o f  a molecule .  
I n  a d d i t i o n  t o  t h e s e  v a l u e s  it i s  a l s o  p o s s i b l e  t o  have the  
v a l u e s  of  1920 and 3380 f o r  C 0 2 ,  1850 and 3200 f o r  N20. 

The v a l u e s  of  Tv f o r  CO 

It w i l l  be n o t e d  t ha t  the  minimum of energy of  v i b r a t i o n s  
nv i s  no t  ze ro .  It has a c e r t a i n  d e f i n i t e  v a l u e :  Eo=- ( s e e  

F i g .  1.1). The mean v i b r a t i o n a l  energy  of' a harmonic o s c i l l a t o r  
i s  de termined  by summing over  a l l  l e v e l s :  

2 

and the p o p u l a t i o n  o f  a l e v e l  i s  g i v e n  by t h e  Boltzmann d i s t r i b u -  
t i o n  

n, =no exp (- whv/kT). ( 1 . 9 )  

S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  nv i n  Eq. (1 .8 )  and assuming 
that  the energy  of t h e  ground s t a t e  i s  ze ro ,  w e  g e t  

9. 



This is Planck's formula which is used also in theory of radiation. 
The statistical sum for the harmonic oscillator is 

(1.11) 

The simplicity of the model of the harmonic oscillator is 
also the reason for its shortcomings. A s  shown by theory, in the . 

model of the harmonic oscillator the transitions are possible only 
between neighboring levels (single quantum transitions). In 
real molecules multiquantum transitions are also possible although 
less likely. 

In addition, the levels of the harmonic oscillator 
continue up to infinite energy. If the energy of the oscillator 
is low, this does not have a great importance since the popula- 
tion of the higher levels decreases very rapidly and has hardly 
any effect on the statistical sum. However, in a real molecule 
there exists an upper level for the energy of the interatomic 
bond (Fig. 1.2), corresponding to the dissociation of the 
molecule (the dissociation energy D). 

Figure 1.2 Morse potential 
(horizontal lines corres- 
pond t o  the energy levels 
of an anharmonic oscilla- 
tor, the dashed line to the 
energy of the harmonic oscil- 
lator) 

In order to take account 
of the finiteness of the upper 
energy level, one sometimes 
uses a model involving a har- 
monic oscillator with a cutoff, 

I -I which assumes that the summation 
in Eq. (1.10) goes up to a cer- 
tain finite ? .  In this case, 
the energy of the oscillator 

10 



I s  given by 

For 0 , we substitute the level number corresponding to the 
dissociation energy or the one closest to it. 
number is on the order of a few tens. 

Fig. 1.2): 

Usually, the 

The following Morse potential is closer to reality (see 

i . _  

c ( r )  = D [ 1 - e-(r-rd]2. (1.13) 

The solution of the quantum-mechanical problem is also possible 
for this potential. The energy of the levels is given by 

(1.14) 

The energy levels are not spaced equally. They become 
closer as the level numbers increase. 

However, in the model with the Morse potential we can no 
longer speak of harmonic vibrations, since for levels with a large 
number the anharmonicity of vibrations is important, and only for 
the lower levels are corrections for anharmonicity small. Multi- 
quantum transitions are possible in this model. The Morse poten- 
tial reproduces well the qualitative features of the actual po- 
tential. However, it is not easy to determine the constants that 
best approximate the real variation of' 'the potentiallfor specific 
substances. The number of levels for the Morse potential can be 
estimated by neglecting 1/2 as compared with v in Eq. (1.14). 
Then 

20 
hv 

VlMx=-. (1.15) 
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For nitrogen, the number of levels is approximately equal to 
70; for oxygen-50; and hydrogen-close to 13. 

The calculation of even the harmonic vibrations of multia- 
tomic molecules presents much greater problems [ 2 ]  than for two- 
atomic ones. Usually, in the calculation for multiatomic mole- 
cules one determines the normal vibrations* and to each one of them 
there corresponds aharmonic oscillatorwith its fundamental frequency 
(see Table 1). Thus the problem reduced to a set of simpler problems. 

Rot at ion 

Considering the simplest case of the rotation of two-atomic 
molecules, we can represent them in the form of rigid dumbbells. 
Theory gives the following expression for the quantum levels of 
such a rigid rotator: 

where J = p r o 2  ; ro is the distance between atoms A and B, and p 

is the reduced mass of a molecule, as given by the expression 

where m is the atomic mass. 

(1.17) 

The weight of the state j is 2 j  + 1. The energy quantum in 
the ground state is A€=- We can associate the character- 

with this value. At istic temperature T r = r  

Using the characteristic values of the reduced mass and the 

h2 a 

snzl ' 

interatomic distance, we get T,=2-3 K. , for 02, N2 and T,=85 g 

* In the general case, the vibrational motion of each of n 
degrees of freedom of a linear conservative system is anharmonic, 
since it represents a superposition of n vibrations with different 
frequencies. From them, one can obtain n linearly-independent 
combinations of vibrations, each of which corresponds to the 
vibration of a system at a definite frequency, i.e., to a har- 
monic vibration. These harmonic vibrations are called normal. 

- . - . - - . - - - - - -. - - - 

/18 
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r 

for H2. 
several hundred degrees ($=0.01) , we can neglect the quantum 
character of rotation. This estimate is valid for molecules 
of a majority of substances considered in aerodynamics. 
Only for hydrogen (small moment of J) at temperatures on the 
order of 100 O K  and below is it necessary to consider quantum 
effects of the rotational degrees of freedom. 

Consequently, already at temperatures on the order of 

The statistical sum of a linear rigid rotator is given by, 

(1.18) 

Here bcr  is a symmetry factor equal to unity for two-atomic 
molecules, consisting of different atoms (for example, NO), n = 2 
for two-atomic molecules consisting of identical atoms. 

In the general case of a multiatomic molecule, the expression 
f o r  the statistical sum retains the form (1.18); the symmetry 
factor is defined as the number of interchanges of identical 
atoms in a molecule increased by 1, which is equivalent to the 
rotation of a molecule as a whole. 

For nonlinear molecules 

(1.19) 

where J represents the geometric mean of the three principal 
moments of inertia of a nonlinear molecule: J = ( J J d 3 ) ' . ' @  . The 
rigid rotator model is strictly speaking invalid when considering 
the rotational degrees of freedom, since there is always inter- 
action between the rotational motion and vibrational motion, 
particularly at a higher amplitude of the vibrations of molecules. /19 
However, this effect is usually neglected in simple calculations 
if the frequencies of rotation and vibrations have values of 
different orders of magnitude. In exact calculations, one also 
considers the effect of the anharmonicity and the interaction 

- 



between rotation and vtbrations. 

Translational motion 

The distribution of molecules over velocities v in trans- 
lational motion obeys the Maxwell distribution law 

(1.20) 
, I I 4 . , l ' j  1 

where m is the mass of a molecule; N is the total number of the 
molecules. 

The corresponding statistical sum is 

z=- (2nmkT)'W. 
ha (1.21) 

where V is the volume occupied by the gas. 

The number of collisions per unit time of a molecule of 
gas A with molecules B is 

1 
2 

where d=-((dA+ds) is the sum of the radii of the molecules A 
and B; RB is the number of molecules of gas B per unit volume. 

Excitation of electrons 
. - -~ 

The quantum levels of electrons in molecules and atoms for a 
majority of substances differ even more than the vibrational levels 
of the molecules, and even at temperatures on the order of 
10,00O0K are greater than kT for many gases. For example, &I-EoT6,~ 
eV for N2; &1-&0=2,37 eV for N; e 1 - e ~  1,96 eV for 0; ~1-&0=0.98 

eV for 02; &2-~=1,62eV for 02; ~1-&0=5,29 eV for NO. Therefore, 
at temperatures up to 1 0 4 " K ,  the molecules are mainly in the 
ground electronic state and the statistical sum to a first approxi- 
mation consists only of one term, 

14 
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weights of the ground states will have the following values: 
go= 1 for N2; go = 4 for N; go = 9 for 0; g0=3,gl=2,g2=3 for 0 2; 

g0 = 4 for NO. Strictly speaking, atomic oxygen has two more 
levels with el-~=0,0197 and 0.0282 eV, and NO - a level with 
el-e0-0,0153 eV. However, at temperatures on the order of several 
thousand degrees, these levels may be included in the ground / 20 
state by changing its weight correspondingly. When calculating 
the statistical sums by means of computers, one takes a larger 
number of terms, but the contribution of the higher-order terms 
is small. 

Heat . -  capacity - ~ of Rases 

Now we shall show how the heat capacity of a gas, whose 
composition does not change with a changing temperature, can be 
obtained in terms of the statistical sums of various degrees of 
freedom of a gas. Since the thermodynamic functions of a gas can 
be expressed in terms of the statistical sums, this will at the 
same time illustrate the computation of the former. 

The classical theory of heat capacity of gases assumes that 
the energy of molecules is equally distributed among all degrees 
of freedom and equal to kTJ2 per degree of freedom, except for 
the vibrational degrees, each one of which contributes the energy 
kT. Hence the heat capacity of a gas volume containing n mole- 
cules can be expressed as 

, : . _ , > I  ..' I 

where i t  is the number of the vibrational, and i is the number of 
all other, degrees of freedom of the molecule. 

If only the translational and rotational degrees of freedom 
are excited, then the heat capacity of a gas composed of linear 
molecules will be 

5 cy =- &a. (1.22) 
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and o f  n o n l i n e a r  molecu le s  

When t h e  v i b r a t i o n a l  degrees o f  freedom are e x c i t e d  a c c o r d i n g  t o  
c l a s s i c a l  t h e o r y ,  one adds t h e  e x p r e s s i o n  i ’ k n  t o  the  above 
e x p r e s s i o n s .  

C l a s s i c a l  t h e o r y  t u r n s  o u t  t o  b e  v a l i d  on ly  w i t h i n  c e r t a i n  
l i m i t s ,  and only  a s t a t i s t i c a l  t h e o r y  g i v e s  r e s u l t s  t h a t  are ’ ‘b i 

a p p l i c a b l e  w i t h i n  a wide r a n g e  of  gas  parameters [see E q .  (1.6)]. 
For a sys tem hav ing  a number o f  degrees of f reedom, i n  t he  absence  
of  t h e i r  i n t e r a c t i o n ,  the  t o t a l  s t a t i s t i c a l  sum 2 r e p r e s e n t s  a 
p roduc t  of  t h e  s t a t i s t i c a l  sums co r re spond ing  t o  t he  i n d i v i d u a l  
deg rees  of  freedom. 

( 1 . 2 4 )  

The s t a t i s t i c a l  sum f o r  a gas c o n s i s t i n g  of  molecu le s  of  
s e v e r a l  t y p e s ,  e q u a l s  t h e  p roduc t  o f  s t a t i s t i c a l  sums f o r  each 

t y p e ,  Zi ,  d i v i d e d  by the  f a c t o r i a l  of t h e  number of  molecu le s  
Nil of  a g i v e n  t y p e  i n  t he  system; Zi i s  g i v e n  by Eq.  ( 1 . 2 4 ) .  

S ince  t he  heat c a p a c i t y  a t  c o n s t a n t  volume i s  g i v e n  by t h e  - /21 
l o g a r i t h m  o f  t h e  s t a t i s t i c a l  sum [see Eq .  (1.6)], t h e n  each of  
t he  f a c t o r s  i n  the s t a t i s t i c a l  sum makes i t s  c o n t r i b u t i o n  t o  t he  
heat c a p a c i t y  i n d e p e n d e n t l y  of t h e  o t h e r s .  Consequent ly ,  t h e  

heat c a p a c i t y  changes depending  on t h e  t e m p e r a t u r e  as d i f f e r e n t  
degrees of freedom become e x c i t e d :  f o r  t h e  a i r  a t  room t e m p e r a t u r e  
i t  i s  de termined”on1y b y ’ t h e ’  t r a n s l a t i o n a l  and r o t a t i o n a l  par ts ,  
d e f i n e d  by t h e  c l a s s i c a l  formulas ,  and w i t h  i n c r e a s i n g  t e m p e r a t u r e  
up t o  s e v e r a l  hundred degrees  t h e  v i b r a t i o n a l  d e g r e e s  o f  freedom 
become e x c i t e d .  Here f o r  a harmonic o s c i l l a t o r  t h e  heat c a p a c i t y  
i s  

16 



The p l o t  o f  the  v i b r a t i o n a l  heat c a p a c i t y  v e r s u s  T/TV i s  
shown i n  F ig .  1 .3 .  
approaches  i t s  c l a s s i c a l  v a l u e ,  e q u a l  t o  k .  However, even a t  

With i n c r e a s i n g  T/TV, the  h e a t  c a p a c i t y  

kT=hv it d i f f e r s  v e r y  l i t t l e  from t h e  l i m i t i n g  v a l u e  f o r  
CV 

k 
__ - - - 0,92) T/T,=1, -- 

A s  shown i n  Table  1, the  
c h a r a c t e r i s t i c  v i b r a t i o n a l  
t e m p e r a t u r e s  are ve ry  h i g h ,  
and under  t h e s e  c o n d i t i o n s  
chemica l  r e a c t i o n s  p l a y  a 
s i g n i f i c a n t  r o l e .  T h e r e f o r e ,  . /  - 2 2  
t h e  v i b r a t i o n a l  heat c a p a c i t y  
o f  a gas  does n o t  r e a c h  i t s  
c l a s s i c a l  v a l u e .  

- - 

02 a0 7 * 0-  

F i g u r e  1 . 3  Heat c a p a c i t y  of  
a s i n g l e  v i b r a t i o n a l  degree  
of freedom v e r s u s  t empera tu re  
T/T 

form 

1 . 3  Bas i c  concepts  and d e f i n i t i o n s  of  chemica l  k i n e t i c s  

Homogeneous r e a c t i o n s  

I n  chemica l  k i n e t i c s ,  w e  w r i t e  r e a c t i o n s  i n  t h e  f o l l o w i n g  

where kf and kr are t h e  ra te  c o n s t a n t s  of  
r e a c t i o n s ;  A , B , C , D  are t h e  s u b s t r a t e s  and 
r e a c t i o n .  

Depending on t h e  c o n d i t i o n s ,  e i t h e r  

( 1 . 2 6 )  

t h e  forward and r e v e r s e  
p r o d u c t s  of  t h e  

t h e  forward  o r  r e v e r s e  
r e a c t i o n  may be dominant ,  b u t  t o  some e x t e n t  t h e  p r o c e s s  a lways 
goes i n  b o t h  d i r e c t i o n s .  

Reac t ions  are c a l l e d  monomolecular i f  one molecule  p a r t i c i -  
p a t e s  i n  an  e lementary  r e a c t i o n ;  b i m o l e c u l a r  - i f  two molecules  
are s u b s t r a t e s ,  e t c . .  It i s  c l e a r  t h a t  t h e  m o l e c u l a r i t y  of  the  
forward  and r e v e r s e  r e a c t i o n s  may be d i f f e r e n t .  For  example,  i n  

* T r a n s l a t o r ' s  n o t e :  I l l e g i b l e  i n  o r i g i n a l  f o r e i g n  text. 17  
- -. 



the reaction Az==B+C the forward reaction is monomolecular, and the 
reverse one - bimolecular. 

In general, the reaction equation may be written in the form 

where the sum is over all components participating in the reaction. 
The coefficients a and b (stoichiometric coefficients of 
the reaction) enter simultaneously in the equation, since the 
same substance may be among the substrates or products. If a 
substance appears (or disappears) in the course of a reaction, 
then on the other side of the equation the corresponding coeffi- 
cient is zero. 

J j 

A change per unit time in the amount of a substance deter- 
mines the rate of the reaction. The reaction rate depends on the 
concentration of the components and can be expressed differently 
depending on the way in which the concentration is expressed. 

The concentration of a substance i may be expressed in 
terms of the number of its molecules per unit volume, ni, for 
example [l/cm 3. The molar volume concentration is defined as 3 
the number of moles of a substance per unit volume [mole/cm 3 3 :  

(1.28) 

where .V0=6,02.lO23 is the Avogadro number. / 23 

The molar mass concentration ci is defined as the number of 

moles of a substance per unit mass [mole/g]: 
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As the relative concentrations, we use the following: 

1. Molar fraction 

2. Mass fraction (relative density) 

where mi is the mass of a moiecule of a substance; Mi is the 
molecular weight of the substance. 

3. The degree of dissociation *a' is the ratio of the number 
of dissociated molecules to their total number before dissociation 
at constant mass of the gas. 

4. The ratio of the number of molecules of a substance 
per unit volume to the equivalent number of molecules (the number 
of molecules obtained when recalculating the initial number of 
molecules n, in proportion to the density): 

(1.31) 

A reaction rate is most simply expressed in terms of the 
molar volume concentrations: according to the law of mass action, 
the rate of change of a component Xk in a constant volume in a 
direct reaction, expressed in terms of molar volume concentrations, 
will be 

and in a reverse reaction 



where & f , k ,  are reaction rate constants (the subscript f here 
refers to the forward reaction; r - to the reverse one). 

It will be noted that dividing Equation (1.32) by b k - a k ,  

one obtains quantities which are identical for all components parti- 

cipating in the reaction. The expression - / 24 
represents the rate of the forward reaction. 

b k - Q  dt 
Similarly{'*one ob- 

tains the rate of the reverse reaction. 

It is easy to also write the rate of a reaction in terms of 
I .  

the number of molecules per unit volume, using (1.28). The dimen- 
sionality of the rate constant depends on the units in terms of 
which the concentration is expressed. In the case of concentrations 
expressed in mole/cm3 the dimension of the rate constan$ for the 

the case of the concentration expressed in terms of thk-humber of 
reaction (1.32) is [mole] 1-s ccm31s-l Esl-l where s - z a j  9 and in 

molecules per unit volume whose dimension will be [cm 3 ] s-1 cs , - l  

The value of s determines the order of a reaction. If 
s = 1,2,3, etc., then the reaction is called a reaction of first, 
second, third order, respectively. The order of a reaction can be 
established experimentally by using Eq. (1.32). Then the value of 
s is considered an unknown. For complicated reactions by proceed- 
ing in several stages the order of a reaction may not coincide with 
its molecularity and may even be fractional. Evidently in such 
cases the equation of a reaction of the form (1.27), relating 
only the initial and final products (the gross reaction), does not 
reflect the complexity of the process. 

The reaction rate constant does not depend on the concentra- 
tion of substances and pressure, but it depends on the temperature. 
According to the Arrhenius law, the rate constant can be expressed 
as 
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where Ea is the activation energy; 
the exponential (the classical Arrhenius law is obtained if B is 
independent of the temperature). 

B ( T )  is a factor multiplying 

The exponent in the Arrhenius law yields a very sharp tempera- 
ture dependence of the reaction: at temperatures much less than 

occurs only at temperatures on the order of Edf? . 
E,/R , the rate constant is very small, and generally the reaction 

It is possible to interpret the Arrhenius law on the basis of 
the kinetic theory of gases [31*. However, a theoretical determina- 
tion of the reaction rate constants is so far impossible, and 
theory at best gives only the order of magnitude of the constants, 
or makes it possible to make a reasonable extrapolation of the 
available data**. Therefore, the rate constants are found 
experimentally. 

- /2 5 

The sequence of elementary reactions, occurring in a system, 
is called the reaction mechanism. A reaction mechanism may involve 
a lot of branching (branched reactions) and include the set of 
reactions that do not enter the equation of the gross reaction, 
connecting the initial and final reaction products. The inter- 
mediate processes may determine the reaction rate, and therefore 
from the form of the gross reaction it not always possible to 
draw conclusions about the order of a reaction, its pressure 
dependence, etc. In particular, for example, in a monomolecular 
reaction there may participate inert atoms that do not change 
during the reaction, and the reaction will actually be bimolecular. 

t .  3 4  i L  

4 + -+ 20+M 

* A reaction between molecules occurs only when the energy of 
colliding molecules exceeds a certain threshold E . The exponent 
in Eq. (1.34) corresponds to the temperature depeadence of the 
number of molecules with energy greater than Ea. 

** See, for example, [4,5].  
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In this example, the reverse reaction occurs through three 
collisions. A detailed explanation of the reaction mechanism is 
a very complex problem that has been completely solved only in 
very rare cases. The reaction mechanism may depend greatly on 
the temperature: as a result of the strong dependence of the 
reaction rate on the temperature, with a change in the temperature 
reactions that hardly occur at other temperatures may assume great 
importance. However, in many applications it is enough to know 
the equation of the gross reaction and the corresponding reactlon \ . -  

rate coefficients. 

It is clear that the total change in the amount of the sub- 
stance during a reaction is determined both by the forward and 
reverse reactions: 

The reaction rate can be written as 

(1.36) 

In the initial stages, when only the initial substances exist 
in the system, the reaction goes primarily in the forward direction. 
As the final products accumulate, the reaction rate slows down, 
and in the state of equilibrium the rate of the forward reaction is 
equal to the rate of the reverse reaction (for any k): 

(1.37) e -=O. d IXd 
dt 

Eqs. (1.36) and (1.37) imply that in the state of equilibrium 
the ratio of concentrations is constant. This quantity is called 
the equilibrium constant 

22 
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The temperature dependence of the equilibrium constant can 
be expressed in the form 

u! 
K, = F (T) e-m. (1.39) 

This dependence is also very sharp, since it is mainly determined 
by the exponent e x p  ( - A E / R T )  . However, in contrast with the 
Arrhenius law the exponent involves the binding energy A€ 
rather than the activation energy Ea. It is easy to see from 
Eq. (1.3d) that the binding energy is equal to the difference 
between the activation energies of the forward and reverse reactions. 

One can introduce the equilibrium constant that connects the 
partial pressures of the components if one uses the Clapeyron 
equation pj=[Xj]RT : 

(1.40) 

This quantity also depends on the temperature and the molecular 
constants. 

in each of which 
the energy is measured from the lowest state, the equilibrium con- 
stant can be written as 

CJ ' If one introduces the statistical sums Z 

(1.41) 

and, consequently, it can be calculated using the methods of 
statistical mechanics. The exponential multiplier in this formula 
is the quotient of the statistical sums of thegroundelectron states. 

The equilibrium constant can be used to determine the rate 
constants of the forward or reverse reactions, if the rate constant / 27 
of the reaction going in the opposite direction is known. The 
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present state of theory and experimental techniques is such that 
in many cases this method is more reliable than a direct deter- 
mination of both reaction rate constants. However, it should be 
kept in mind that a determination of reaction rate constants 
assumes that the reacting system is homogeneous and that there is 
a thermodynamic equilibrium in vibrational, rotational, and 
translational degrees of freedom. This imposes certain restrict- 
ions on the use of reaction rate constants and on the possibility 
of their extrapolation to unusual conditions. l i  A .. 1 '  O J  :> id IC'L  

It will be noted that for reactions going through triple 
collisions the activation energy is negligible, and therefore the 
rate constant for the reverse reaction, as shown in experiments, 
may be written in the form 

k, (T)=B ( T ) z y .  1 
(1.42) 

Thus, the rate constant for the forward reaction can be expressed 
in terms of the equilibrium constant 

AE 
kr=B ( T ) F ( T ) e  - KT , 

and the activation energy is equal t o  the binding energy, in this 
case the dissociation energy. 

By using the equilibrium constant, Eq. (1.35) will be 
written in one of the following forms 

(1.44) 

The dependence of the reaction rate on the density p can 
be conveniently studied by going over to the relative density 
(1.30). In terms of the new variables, Eq. (1.35) will be 
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I 

written as 

(It is clear that M and No may be introduced in the 3 
definition of the reaction rate constant. Hence we obtain a rule 
for the conversion of the constants.) 

Eq. (1.46) implies that the greater the stoichiometric 
coefficients on one of the sides of the reaction equation, the 
stronger the dependence of the reaction rate on the density. In 
particular, for binary reactions 

(1.47) "f 2A Z A,, 
&r 

in which the rate of change of the substance is written in terms of 
the molar volume concentrations as 

we get 

This implies that the rate of a monomolecular reaction does 
not depend on the density. The rate of a binary reaction is 
proportional to the density. Similarly, the rate of a reaction 
going through triple collisions is proportional to the square of 
the density, etc.. If in the equation for the binary reaction 
we make a change of variables z=pt  , we obtain a similitude law 
for a binary reaction: if the density is multiplied by a certain 
factor, the corresponding times become reduced by the same factor. 
This "binary similitude law" is used in the aerodynamics of non- 
equilibrium processes, and it takes different forms depending on 
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the specific problem. A similar law for triple collisions is 
given by 2=p2f, etc. . 

In addition, there are a number of other general laws for 
chemical reactions. 

1. In each reaction, the number of atoms of an element 
remains constant (law of the conservation of mass). 

2. Dalton's law p =  ?.Pi . In particular-, this l.awJ,a.qspes,2; 
a particularly simple form when using relative densities and molar 
fractions, 

(1 .50)  

3 .  The law of conservation of energy. Since the formation 
and breakdown of substances leads to a change in the energy con- 
tained in a substance in the form of the binding energy, chemical 
reactions are usually accompanied by thermal effects. If, for 
example, the formation of substance A is accompanied by an ab- 
sorption of energy hA per mole, then the formation of a substance 
in the amount AA leads to an absorption of energy hAA[A] . The 
total thermal effect of a reaction is determined by summing 
similar expressions over all components. 

/ 29  - 

Heterogenous reactions 

In addition to homogeneous reactions, i.e., reactions occur- 
ring in one phase, in aerodynamics we may also deal with hetero- 
geneous reactions, i.e., reactions between different phases. In 
particular, such processes occur in the theory of the boundary 
layer, where reactions are possible between a gas and a solid or 
liquid material of the wall around which the gas flow occurs. In 
a simplified formulation of the problem, the reactions occurring 
at a solid surface may formally be written in the form 

&-f 

am? 
A +surface P t B + surface (1.51) 
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If the surface substance affects the reactions, it may 
either participate directly in the reaction or serve as a catalyst 
for reactions in the gas phase. Formally the rate of a reaction 
on the surface is written in the same way as for reactions in the 
gas phase 

-- ['I - - R, [A]"' + R ,  [ B]"', 
P t  (1.52) 

where n1 and n2 are the orders of the forward and reverse reactions, 
and the reaction rate is per unit surface area. 

Reaction rate constants depend on the surface material, gas 
component, and the surface temperature. 
ent materials are given in Section 5.1. 

Tables of kw for differ- 

By analogy with 
duce the equilibrium 

the preceding, one can also intro- 
constant 

and the reaction rate can be written in the form 

In particular, with a catalytic recombination of dissociated 
atoms on the surface according t o  the reaction of the form (1.47), 
the reactions are usually of first order: 

The equilibrium constant - ''Ip for atoms of oxygen and nitro- 
M2lp 

gen, recombining on the surface, whose temperature is below 
2,000°K, is very small. Therefore, we can neglect the second - / 30 
term of Eq. (1.55) in engineering applications. Otherwise, the 
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second term is also small in a majority of other catalytic 
reactions occurring in industry. 

Therefore, in a majority of cases 

-- d[Al - --R,,[A]". 
d t  

In those cases when the surface material itself participates in 
the reaction, a detailed analysis of the processes occurring 
on the surface is a very complex problem due to the change of 
the surface properties. - -  . 

1.4 Nonequilibrium processes in a high temperature gas 

Let us consider in more detail the physico-chemical processes 
in gases at high temperatures. 

Three processes associated with a change in the internal 
degrees of freedom are characteristic of a high-temperature gas: 
excitation of the vibrational degrees of freedom of multi-atomic 
molecules, dissociation, and ionization, and they manifest them- 
selves precisely in this order as the temperature increases. The 
characteristic temperatures of the corresponding processes for 
components of the air are: for vibrations (2-3).103~ , for disso- 

Similar ciation ( 6 - i q . 1 0 4  K , and for ionization, (1-5).105 K 

relations among the characteristic temperatures hold also for 
other gases. Our attention below will be focused mainly on high- 
temperature processes in the air and in its components. From the 
point of view of aerodynamics, we are also interested in processes 

occurring in mixturesheontaining C 0 2  and CO. 

Vibrational relaxation 

The relaxation of the energy of vibrational degrees of free- 
dom reduces to an exchange of the energies of the vibrational 
degrees of freedom with other degrees of freedom of molecules and 
to its redistribution among the vibrational degrees of freedom. 

2 8  
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P. 

1 

Most often one considers the exchange between the energies of the 
vibrational degrees of freedom and the active degrees. In pure 
form, this process is of importance under conditions when the 
vibrational degrees may contain substantial amounts of energy. 

The rate of the energy exchange process affects both the 
amount of energy stored in the vibrational degrees of freedom and 
t he  instantaneous value of the kinetic temperature of a gas. In 
addition, the excitation of vibrational degrees of freedom is - / 31 
associated with dissociation, since the excited gas molecules under- 
go dissociation. 

Exchange of vibrational energy 

A molecule can change its vibrational energy only in a colli- 
sion with other particles. Two extreme types of collisions of 
molecules in a gas are possible from the point of view of a change 
of the vibrational state of a molecule: inelastic, in which there 
is an exchange between the vibrational energy and the active 
degrees of freedom, and elastic when there is an exchange of 
energy among the vibrational degrees of freedom alone (resonant 
transitions). 

Obviously, intermediate cases of the simultaneous exchange 
of the vibrational energy of one molecule with the kinetic and 
vibrational energies of another molecule are also possible. The 
rate of energy exchange in these processes is proportional to the 
frequency of collisions and the probability of transition of a 
molecule from one level to another. At-terripWStures less than 
the characteristic temperature, the probability of the exchange of 
vibrational energy in the process of elastic collisions of the 
molecules of a pure two-atomic gas is higher by several orders 
than in the case of inelastic collisions, and therefore the re- 
laxation process in pure two-atomic gases consists actually of two 
processes: fast and slow. 
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The fast process, characterized by the short time of relaxa- 
tion, leads to the establishment of an equilibrium distribution 
of the vibrational energy among molecules, and maintains it sub- 
sequently. 
introduced for such an equilibrium system, is not equal to the 
kinetic temperature and only the slow process occurring simul- 
taneously through inelastic collisions leads to the equalization 
of temperatures. It is clear that, if a two-atomic gas consti- 
tutes an admixture to a one-atomic gas, then the fast process is 
absent, since one can neglect the collisions of two-atomic mole- 
cules among themselves. 

However, the vibrational temperature T.vib, which can be 

The probability of transitions of vibrational quanta de- 
pends on the character of molecular collisions. In many cases, 
the collision process may be considered to be close to adiabatic, 
i.e., close to a process for which in the case of vibrations a 
large number of molecular vibrations occurs during the collision 
time zc . If zc=a/v, is an estimate of the collision time, 
where a is the radius of the intermolecular interaction, and 

the adiabaticity condition in the form -%))1. . The physical 
.=I/? is the mean velocity of the molecules, we shall obtain 

0 

meaning of this parameter is that, during a relatively slow adia- 
batic collision, the impact of the oncoming molecule is averaged 
over all atoms of the molecule, and the energy is transferred 
to the molecule as a whole, and during a fast non-adiabatic 
collision the interaction involves mainly one of the atoms in 
the molecule, which receives the entire energy transferred dur- 
ing the collision. The character of the collision changes the 
temperature dependence of the probability of a quantum transition. 
The parameter rcu determines the conditions under which one can 
expect the appearance of the nonadiabaticity of a collision. 
This is possible for heavy molecules, excited molecules, and with 
high molecular speeds. 

- / 32 
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A majority of gases that will be considered below undergo 
adiabatic collisions in the range of conditions characteristic of 
aerodynamic studies. The nonadiabaticity of a collision may be 
manifested, for example, in mixtures of I2 with He at temperatures 
less than 1000OK. At temperatures corresponding to the maximum 
population of the lower levels, mainly single quantum transitions 
to neighboring levels are important, and the probability of multi- 
quantum transitions turns out to be much lower. This permits us 
to use the harmonic oscillator model with good accurac,y, and a 
majority of the calculations of the probability of transition 
are made under this assumption. 

Calculation of vibrational relaxation 

Most frequently, the equation of relaxation of vibrational 
i s  taken in t h e  s i m p l e  fo rm vib energy e 

where evib(T) is the vibrational energy corresponding to the 
thermodynamic equilibrium with translational degrees of freedom; 
r if the time of relaxation. 

If evfh(7') is considered constant and the initial value of the 
vibrational energy is set equal to evibO, then the solution of 
Eq. (1 .57)  is 

and, consequently, the time of relaxation is equal to the time 
during which the initial difference between +ib(T)  and evib changes 
by a factor of e. 

The derivation of Eq. (1.571, starting with the classic 
work of Landau and Teller [SI, was considered by many workers 
(see, for example, survey of literature in C71) under various 
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assumptions about the physical model of the process of relaxation. 

It was shown theoretically that an equation in the form of (1.57) 
may be obtained for the process of relaxation of pure two-atomic 
gases or a mixture of a small quantity of a two-atomic gas with a 
one-atomic gas. However, in both cases the model of the harmonic 
oscillator must be laid as a basis. Theory (see [TI) gives the 
following expression f o r  the time of relaxation 

33 , 

where f is the number of collisions of a molecule per second. 
PIO is the probability of the molecule transition during a 

collision from the first vibrational level to the gound level. 

Figure 1.4 Time of relaxation of vibrational degrees of 
freedom of gases (Millikan and White's study of the 
experimental results obtained by different authors) 

32 



Since the theoretical dependence of P l o  on the temperature 
in an adiabatic collision has the form lnPlo - T-'/* , then also the 
time of relaxation depends on the temperature mainly as e ~ p - - l ~ * e  

and the direct proportionality of the density of the number of 
collisions per unit time determines the direct proportionality 

, 

between T~ and the pressure. /4 
If the anharmonicity of vibrations plays an important role 

or the model of a harmonic oscillator with a cutoff is used (see 
Eq. (1.12)), then Eq. (1.57)*,turns out,to be invalid and a more 
detailed study of the process of relaxation based on kinetic 
equations must be used. Therefore, Eq. (1.57) may be viewed as an 
approximate equation which describes the process better, the 
lower the temperature as compared with its characteristic value. 
The calculation of the transition probability presents a number 
of difficulties (see, for example, [8,9]), and a comparison of 
the theoretical results for Pl0 with experimental data shows the 

possibility of a discrepancy by an order of magnitude [lo]. 
far as the temperature dependence is concerned, the agreement with 
experiment is not bad (Fig. 1.4). 

A s  

If the transition probabilities are known, then the relaxation 
process may be considered, using the kinetic equations, as describ- 
ing the time dependence of the population of different levels of 
a quantum oscillator (see, for example, [11,12]). Such an approach 
is widely used in theoretical calculations of relaxation and has 
made it possible to obtain a number of interesting results, par- 
tially presented later. 

Recently, general theoretical studies have appeared which 
make it possible to obtain the relaxation equations under very 
general assumptions starting with the Boltzmann equation C13-173. 
Such an approach turned out t o  be productive in the study of 
vibrational relaxation. Thus, in [18], based on [l3], the time 
of relaxation for N2 and O2 was obtained using a computer for 



possible large differences 
between the temperatures of 
the vibrational and transla- 
tional degrees of freedom. 
A comparison of theoretical 
results for the model of a 
harmonic oscillator with a 
cutoff with the results of 
experiments done by various 
workers is shown in Fig. 1.5. 

. .  

/ * 1  
l& 407 403 K-'! 
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Figure 1.5. Comparison of 
theoretical time of relaxa- 
tion with experimental data 
obtained by various workers 
(curve-theosetical data; 
points--experiment) 

Experimental data 

The time of vibrational relaxation at high temperature is 
mainly determined experimentally in shock tubes. 
studied the relaxation of O2 in a mixture of oxygen with argon in 
the temperature range 1200-7000°K gives the following expression 
for the time of relaxation. 

Camac [lg] who 

,. L 

where n is the number of molecules in 1 cm3; c=1,04(*30%).107K . 
The constant C1 depends on the type of colliding molecules; for 
argon C,=19.10-7 , for O2 the constant is C,=6.1W7 CYa 

sec .T'B part: 
The times of relaxation, obtained according to Blackman's 

date [ 20 ]  for oxygen and nitrogen are 

(1.60) 
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(1.61) 

The rate of vibrational relaxation of nitrogen oxide was 
studied by Robben and Rae. Robben c211 in the temperature range 
400-1500°K has not found any effect of argon admixture on the 
relaxation process up to 99% argon content. Rae's experiments 
[22] encompassed the temperature range from 1500 to 7000OK. He 
found that the effectivene>s,,,oJf Jtp- NO-NO-collisions is approxi- 
mately 50 times higher than that of the NO-Ar dollisions. 
results are in better agreement with theory than Robben's. How- 
ever, it must be kept in mind that the relaxation of nitrogen 
oxide is anomalous, and does not fit into the general scheme (see 
C71) 

, .<?. I 

His 

The most comprehensive data on the times of vibrational re- 
laxation for various gases are given in a paper by Millikan and 
White [23]. These workers reduced the well-known results to a 
particularly simple form: in semilogarithmic coordinates pr, 

and T-'' , they constructed the straight lines that give the 
corresponding relations for oxygen and nitrogen, and then through 
the point of intersection of the straight lines ( (p+,=10" kGI. 
sec/cm , ( T K ) - % = 0 , 0 3  ) they have plotted straight lines that best 
fit the experimental data for a large number of other gases (see 
Fig. 1.4). 

2 

It turned out that this type of simplication is possible in 
many other cases. It was assumed that the vibrational system 
allows only one type of collision between a two-atomic oscillator 
and another molecule. One also excludes the case of resonance, 
as for example for the N2+CO[24], system [24], even though, as we 
can see from Figure 1.4, such an approach may also be used in 
the case of multiatomic gases. In addition, when one of the 
particles is very light-for example, a helium atom- the experi- 
mental points do nok fit a universal relation. 
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Figure 1.6. Relaxation times f o r  
vibrational degrees of  freedom of 
gases (taking into account molecular 
masses) 

This approach permits us to present in a general form,  valid . 
in the temperature range from 500 to 8000°K, numerous relations 
f o r  the relaxation time that have been proposed earlier. This 
is also convenient f o r  extrapolation in cases when the experiment 
gives only a few points. 

The plot shown in Fig. 1.6 [23] may be more widely appli- 
cable. The plot also includes collisions with a light component. 
Here the straight lines do not pass through a single point any 
more but instead they depend on the parameter l.t [LI is the reduced 
mass, see Eq. (l.li')], selected as a result of many tests. / 37 
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1.8. 

- 

p 14 16.5 14 3,5 1.75 17.8 16 

T, K 3395 3080 3080 3080 3080 2239 2239 
A 220 213 173 99 68 165 129 

The relation illustrated in Fig. 1.6 has the form 

=exp [ A  ( T-1'8 - 0.0 15p114) - 18,421. prv  (1.62) 

The values of A are given in Table 2 and in Figs. 1.7 and 

3.56 1,88 1935,579,9126 
2239 2239 1284 812 465 310 

67 42 65 58 48 29 

Figure 1.7. Plot of the 
coefficient A versus reduced 
mass p for CO and 0 (mole- 
cules colliding witg CO or 
0 are shown around the 
cgrresponding points) 

Figure 1.8. Plot of the 
coefficient A*-'/# versus the 
characteristic temperature 

Ts-hvlk - 

TABLE 2 

VALUES CHARACTERIZING THE VIBRATIONAL RELAXATION OF VARIOUS GASES, 

* Commas represent decimal points. 

term which is retained in more detailed analysis [g,lOl, one can 
obtain the relation between A and the reduced mass 1.1 and the 
characteristic temperature Tv (see Fig. 1.8): 

Using the Landau-Teller theory [6] which gives the principal 
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The a c c u r a c y  o f  t h i s  fo rmula  i s  i l l u s t r a t e d  i n  Table  3 C231. 1 3 8  
On t h e  ave rage ,  t h e  d e v i a t i o n  i s  less  t h a n  5 0 % ,  which i s  q u i t e  
a c c e p t a b l e  i f  one c o n s i d e r s  t h a t  t h e  formula  encompasses t h e  

Of c o u r s e ,  one must keep i n  mind t h a t  t h e  r e l a t i o n  i s  no t  satis- 
f i e d ,  where d i s s o c i a t i o n  becomes impor t an t .  However, i n  g e n e r a l ,  
Eq. (1 .63 )  i n c r e a s e s  s l i g h t l y  t h e  t ime of r e l a x a t i o n  f o r  c o l l i -  
s i o n s  w i t h  a two-atomic molecule ,  and lowers  i t  for c o l l i s i o n s  
w i t h  atoms. 

f o l l o w i n g  r anges  1,75<p< 127; 310 K i ~ ; < 3 3 9 5  K; 2 8 0 ~ < f < 8 0 0 0  K . 

..-- , . 

TABLE 3 

COMPARISON OF EXPERIMENTAL AND THEORETICAL VALUES 
O F  THE TIME OF RELAXATION* 

Gases 

. ~- 

T K  78 exp. 

6.6- 1- 
7.4.10-4 
1.9.10-6 
6.8- 10-5 
4.0.10-7 
6.0- 10-6 
1 .o. 10-4 
2 3.10-3 
3,O.lO-5 
2,9-10-4 
6.8-10-6 
9-10-7 
1.10-7 

6,s-10-6 
6,4-10-4 
3.104 
1.1O-s 

4,4- 10-7 
7,8.1o-S 
1.2.10-4 
4,O.lOTt 

1. lo-s 
1.9.10-4 
3.6-106 
5.10-7 
1.10-7 

* Commas r e p r e s e n t  dec ima l  p o i n t s .  
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Vibrational relaxation of a mixture of gases 

If a two-atomic gas constitutes a small fraction in a mixture 
f l A  ' 

of one-atomic gases, then using the condition -=& , 
where f i A  is the number of collisions of a two-atomic molecule 
A per second with molecules of a one-atomic gas i; f is the 
total number of collisions per second, and Ei is the molar 
fraction of molecules i, one can obtain the time of relaxation 
of a mixture from the relation 

f 

(1.64) 

Here rA{ is the time of relaxation of a two-atomic gas, obtained 
when all molecules of one-atomic gases are replaced with mole- 
cules i. For a binary mixture of a one-atomic gas A with a 
two-atomic gas BC, the expression for the time of relaxation 
is 1 l - e A  6.4 

-= t--. 
% 7 ~ ~ - ~ ~  'A-BC 

The relaxation of a mixture of two-atomic gases is greatly 
complicated as a result of the possible processes of vibra- 
tional energy exchange among components of the mixture C251. 
Thus, in a binary mixture of two-atomic gases A and B three 
relaxation times are possible: two correspond to the relaxation 
of pure gases ( T ~  and rB, and the third T~~ corresponds to an 
exchange of vibrational energy among the components. 

If the exchange may be neglected (TAB>%& T ~ )  , then the 
relaxation of each component is independent, and when calcula- 
ting the rate of relaxation for each component one does not 
have to take into account the internal degrees of freedom of the 
second component. If the exchange cannot be neglected, then 
various cases, determined by the relative values of r A , r B , r A B ,  
are possible. Thus, for T A B < T A < < ~ ~  there is first a redistri- 
bution of the original vibrational energy among components of 
the mixture, and after a time TAB from the beginning of the 
process, it may be considered an equilibrium process. After 
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that the energy of translational motion will become converted to 
the vibrational energy of component A, since T A < ~ B  . 

The exchange of vibrational energy results in a transfer of 
vibrational energy from component A to component B, and since 

TABTAB the distribution of energy between A and B will be an 
equilibrium distribution. As a result, the relaxation of gas A 

occurs more slowly, and that of gas B speeds up and the process 
is characterized by a single time of relaxation, intermediate 
between rA and T ~ .  

If ZA<<TAB<TB , then initially an equilibrium energy 
distribution is established in gas A, and then the vibrational 
energy is removed from the equilibrium distribution of component 
A to component B. 

As a result, the time of relaxation of gas B becomes less 
than r g .  The time of relaxation of the mixture is determined 

by TAB* 

In either case, the time of relaxation depends on the relative 
concentration of the components of the mixture. 

The systems where an exchange of vibrational energy among 
components is important also include the practically important 
mixtures &-02, 02-H2, C0-02 in addition to N2-CO . As 
shown in C261, the gas N2 at temperatures below 3000OK in mix- 
tures N2-02 is excited much faster than in the case of a pure 
gas, but still slower t h a n  O2 in the same mixtures. 
cannot be explained as a transfer of energy from the translationab. 
degrees of freedom in collisions of N 
vibrational energy from O2 t o  N2 only slightly extends the 
time of relaxation of 02. 

tion for N2 decreases, for example, by an order of magnitude 
at the temperature 1600OK. 

The process 

and 0 2 .  The transfer of 2 

At the same time, the time of relaxa- 

With an increase in the temperature, the effect of resonance 
exchange becomes smaller. 
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Relaxation of multiatomic gases / 40 
Comparison of the times of relaxation 

In multiatomic gases, the vibrational relaxation is even more 
complicated than in two-atomic gases as a result of the presence 
of a large number of natural forms of molecular vibrations. In 
some cases, one can draw an analogy with the Millikan-White 
generalization [27]. One can make two extreme assumptions that 
simplify the discussion of relaxation: either all forms of 
vibrations are equivalent in the transfer of energy from trans- 
lational degrees of freedom to vibrational ones (parallel excita- 
tion), or at first one of those forms is excited, and then there 
is an exchange of energy among the vibrational degrees of freedom 
(sequential excitation). In the first case, one writes and 
solves relaxation equations like the Landau-Teller equation for 
each form of vibrations, as, for example, in [28]. However, in 
general this area has been hardly touched. 

From a comparison of the times of relaxation for different 
gases, one can draw the following general conclusions [l]: 

1. Two-atomic molecules have the longest times of relaxa- 
tion. 

2. At a given temperature and pressure, the time of re- 
laxation is in general longer for molecules with a large bind- 
ing energy. 

3. Three-atomic linear molecules have longer times of 
relaxation than the nonlinear three--'or multiatomic ones. 

4. Admixtures of other gases may have an extremely large 
influence on the time of relaxation. For example, the time of 
relaxation may be sharply reduced by water vapor. 
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,Chemi c a1 React ions 
.- 

Kinetics of reactions in the air 

The dissociation of molecules into atoms followed by the 
interaction of the atoms among themselves and with the nondisso- 
ciated molecules is a characteristic feature of the behavior of 
multiatomic gases at high temperatures. In a gas mixture-for 
example, in the air-the reactionvsoheme $tAhigh temperatures is 
very complicated and usually includes a large number of reactions 
part of which are important in a certain temperature range and 
unimportant in another, where other reactions may play the prin- 
cipal role. The discovery of a reaction mechanism, playing an 
important role under given conditions, is the most important 
problem of the chemistry of a high-temperature gas. 

For the air in the temperature range from 2000 to 10,OOO°K, 
the following scheme consisting of five reactions is considered 
basic 

(1 .66)  

(1 .68)  

(Here M is a third molecule.) 

To this scheme we add still another reaction 
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The scheme includes three dissociation reactions (1,2,3) and 
two exchange reactions (4,5). The calculations originally made 
without considering reactions (4,5) have led to significant 
errors. Reaction (6) was considered in the calculations made 
after 1962, since in the studies published in [29,30] it was 
found that its rate is sufficiently high and the reaction may be 
included in the system of equations. With the reaction rates 
found, the reaction in question has an effect on the initial 
formation of NO behindTa ShQ!&,Waqe,,ggen.,its effect on the 
thermo- and gas-dynamic parameters of the flow is small. 

However, recent studies [3l] of the rate constant of the 
forward reaction (6) give values 10 times lower than those 
obtained in [29], and a conclusion was drawn that the reaction 
may be neglected. [31] emphasizes that the NO balance is 
primarily influenced by the reaction 

2 N 0  S N20+ 0. 

In these calculations, the final results about the effect 
of reaction(6) were used only recently. 

This reaction scheme was intensely studied by various 
workers, and the reaction rate constants continue to be found 
with increasingly greater precision. From time to time, papers 
appear in which the aerodynamic problems similarly formulated 
are solved again by using new data on chemical kinetics or by 
considering new processes which have not received enough atten- 
tion before. As will be shown below, thus far there are no 
firmly established expressions for reaction rate constants. 
However, the results already available are in many cases suffi- 
cient not only in approximate calculations but also when one 
wants to obtain fairly reliable values of various quantities. 

The values of the equilibrium constants are much more 
reliable, and can be considered to be established with a high 
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degree of accuracy. For the reactions given before, the con- 
stants are listed in Table 4 [221 (see also C321). 

The existing rate constants for reactions in the air are 
studied in detail in [7,221. As compared with the first calcu- 
lations made by Duff and Davidson [33] and S. A .  Losev (see [TI) 
using a full system of reactions in the air, the reaction con- 
stants have changed a great deal. We shall show the variations 
of the rate constants using an example of oxygen dissociation. 

. A  1 

TABLE 4 
EQUILIBRIUM CONSTANTS K+!L FOR REACTIONS OF AIR COMPONENTS* 42 

4 
.- 

3 1 mole / cm React ion  

1,2.103 59 OOO 

16 010 
4.2 exp (7) 

21 490 

* Commas represent decimal points. 

% I ;  , I 1  Earlier, papers often used the rate constant for oxygen 
dissociation obtained by Mathews [34]: 

(1.72) 

The same constant was also recommended in E71 for the temperatures 
2400-7000°K on the basis of results obtained by S. A. Losev 
and N. A. Generalov. 
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The rate constants for reactions (1,3) occurring in col- 
lisions with molecules that do not change during the reaction 
depend on the type of colliding molecules. Rink, Knight, and 
Duff [35] give the following values for recombination constants 
for oxygen, determined in the temperature range 3000-6000°K 

t 

6 
4.7- lO"T-'; 1.6- 10"T-'; 4,8-101*T-* cm mole' *set' (1 73) 

The authors have received these values for the cases when the 
other participants of the collision are Xe, 02, 0, respectively. 
It is noted that the experiment gives a deviation of the degree 
of the pre-exponential dependence on the temperature from -1/2 
to -2. The minus one power in the above expressions was selected 
arbitrarily. Camac and Vaughan E361 give the following constant 
for the dissociation of oxygen in argon 

1 Rae [22] gives the relation &to=% k t ~ r  and k l ~ , = = ~ k / ~ , .  . The 
last relation coincides approximately with the one recommended in 
[TI. The other reactions have been studied to an even lesser 
degree. 

/ 43 

The existing lack of agreement on the reaction rate con- 
stants results in a situation where different workers use different 
values for these constants. Therefore, in the appraisal of the 
results of calculations one must consider the possible effect of 
the constants, and when comparing the results of different calcu- 
lations one will have to give a summary of the reaction rate 
constants used. In any case one must consider the fact that the 
numerical factor in front of the rate constants of even relatively 
thoroughly studied reactions may be improved within an order of 
magnitude, and -what is even more important- one can improve 
the temperature dependence of the pre-exponential factor, giving 
the extrapolation of the constant to the region of higher 
temperatures. 
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We shall only give a summary of the reaction rate constants 
published relatively recently. Apparently, the most complete 
summary of the reaction rate constants for the air is given in 
a paper by Lin and Teare C371 (Table 5). 

TABLE 5 

SUMMARY OF REACTION RATE CONSTANTS FOR AIR* 

3 s-1 -1 
k,(cm ) sec 

0,4 T-'Pexp (- 7) 43" 

* Commas represent decimal points 

These constants differ from the constants used in the earlier 
papers by the same workers (see, for example, C381); the constants 
also do not coincide with those recommended by the Soviet workers 
f o r  the range from 2000 to 6000 - 8 0 0 0 ~ ~  (Table 6 )  [TI. 

Finally, Martin [391, basing himself on Bortner, gives a 
summary of constants which also gives an estimate of their 
accuracy (discrepancy in the powers of the pre-exponential factor) 
(Table 7). 
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TABLE 6 

SUMMARY OF REACTION RATE CONSTANTS FOR AIR* 

Reaction 

(2)  Nz+M-+N+Pr'+M 
D =  225 k c a l / m o l t  

(3) N O + M + N + O + M  
D =  15ok c a l / m o l ,  

(4) O + N z + N O + N  
(5)  N + 0 2 + N O + O  
(6)  N z + 4 - + N O + N O  

M kfcm 3 /mole'sec 

* Commas represent decimal points 

Here for kf and kr the expression APe-'lRf was used. The value 

of the reaction. 

- of A is given in (cm 3 /mole)S'l*sec where s is the molecularity 

We shall also note [ 4 0 ]  which gives the dissociation rate 
constant for N2, given by CrlrJ) = ~ ~ , [ N , ] [ M I  , as equal 
to 4*8. lo'. 1017T-1r"e-9Rf; 4.3.1@ V 2 x  e-B"; 1.9. 1 0 ~ ~ ~ - ~ n e - r / ~ t  cm /mole, 
respectively,whereM represents N2, N, and Ar. The constant E/R 
is equal to 133,2OO0K. 

3 
dt 
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TABLE 7 

SUMMARY OF REACTION RATE CONSTANTS FOR THE AIR * 

Reverse 
reaction 

fieaction lMF 
- 

b 
- 

-1 

-1 

-112 

0 
31: 
0 

E/R'I A 
in K 

- 
b 
- 

-1I: 

-1 

-1 
0 

31: 
0 

EIR 
.n K - 

a 

0 

0 
0 

3300 
1500 

* Commas represent decimal points 

Kinetics of reactions in mixtures containing C02 

In addition to reactions among components of the earth's 
atmosphere, the reactions between gases contained in the Venu- 
sian atmosphere- Nt, CO2, 0 2  a r e  also interesting. The 
reaction mechanism in this case becomes even more complicated. 
A summary of reactions which are considered to be principal in 
such a system is given in Table 8 [41]. 

Reactions (1) and ( 2 )  in this table represent the reactions 
of dissociation of the basic components and yield CO and oxygen 
and nitrogen atoms. 
[reactions ( 3 )  and (15)], where the latter together with reaction 
(16) of the dissociation of O2 forms a chain equivalent to the 
dissociation of C 0 2 .  

The oxygen atoms react with N2 and C02 

Carbon monoxide CO dissociates as a result 
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of reaction (4). The rate of reactions involving CO depends 
very strongly on the presence of even small quantities of water, 
H, and OH. Therefore, reaction ( 6 )  together with reaction 
(17) forms a chain equivalent to the dissociation of C 0 2 ,  but 
in many cases going much more rapidly. It should be noted that 
the reactions with H 2 0 , 0 , H  form a very complicated system 
which is reflected in a very simplified way by reaction (5) 
that leads to the formation of hydrogen. 

I In many cases, one must consider rahiation and 'include a 
reaction of type (18) in the system. Reactions (7-14) are 
included to study the processes of ionization. 

The rate constants for dissociation of O2 were considered 
earlier. The remaining reactions have been studied less. The 
rate constant for dissociation of CO was obtained as an estimate 
based on an analogy with other dissociation reactions. The 
rate constant for reaction (18) is also an estimate whose 
accuracy is half an order. 1% 

A more detailed analysis of the system of reactions in mix- 
tures containing C 0 2  has shown [ 5 ]  that one can limit himself to 
the reactions given in Table 9 .  24.7 

These reaction rate constants have been obtained using ex- 
perimentally found values 142-4111 (see also C45, 46, 4 7 1 ) .  

Relation between the dissociation rate constant 
and the excitation of vibrations 

The rate of dissociation, as usually defined in chemical 
kinetics, assumes the existence of equilibrium between trans- 
lational and vibrational degrees of freedom. With rapidly 
occurring processes, there may not be equilibrium among vibra- 
tional degrees of freedom, and the distribution of the vibrational 
degrees will be of the Boltzmann type, but will differ from the 
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TABLE 8 

REACTION RATE CONSTANTS IN THE MIXTURE OF C02 AND N2 * 

Reaction 

(8) N + M s N + + e + M  

(10) CO+MZCO+ +e+& 

(11) O + M s O + + e + M  

(12) N + O s N O + + e  
(13) N + N S N ;  i- e 
(14) O + O ~ O ~ + e  

(16) O z + M = O + O + M  
(17) O H + M Z O + H + M  
(18) CO + N Z C N  + 0 

(15) 0 + C O p s C O  + 0 2  

105 R, n 

kr 

1.1037 

5.10-2s 

5- 10-2s 

* Comas represent decimal points 
50 
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TABLE 9 * / 47 

React ion 
,_. 

k cm 3 /mole*sec 
j 

* Commas represent decimal points 

equilibrium distribution for the given temperature. In 
particular, in normal shock waves at high temperatures the times 
of vibrational relaxation and dissociation become comparable, 
and these processes occur simultaneously. Since the excited 
molecules mainly dissociate, the rate of dissociation will also 
change C48-511. 

It is known [ 52 ]  that, in the case of a harmonic oscillator 
with an infinite number of levels, the distribution of the 
vibrational levels appr0a.che.s the equilibrium distribution, going 
through a sequence of Boltzmann distributions corresponding to 
the instantaneous vibrational temperature. As shown by approxi- / 48 
mate calculations, in the case of an oscillator with a cutoff, 
the distribution differs from the Boltzmann distribution. 



According to current ideas, the molecules dissociate when 
their vibrational energy exceeds the binding energy (energy of 
dissociation). The more a molecule is excited, and consequently 
the higher the vibrational levels are excited, the less energy 
must be transmitted to the molecule in order for it to dissociate, 
and the more effective are the collisions of molecules with a 
smaller relative energy of translational motion. 

There are two methods of regarding dissociation: in the 
first method, one asshes that moyecules may dissociate from any 
level if only the energy transmitted during a collision is 
sufficient for dissociation. In the second, the dissociation 
may occur primarily from the highest levels. It is taken for 
granted that in both methods an important role is played by the 
excitation of the intermediate levels, and consequently, by the 
entire process of the establishment of the vibrational equili- 
brium. Cases are possible [53] when the stage determining the 
rate of excitation of the upper vibrational levels is in the 
form of the excitation of certain intermediate levels, above and 
below which the process of energy exchange occurs much more 
intensely. In particular, the existence of such intermediate 
levels with a slower exchange may lead to a certain overpopula- 
tion of the upper vibrational levels in the processes of expansion 
of a two-atomic gas and to a corresponding slowing down of gas 
recombination [54,551. 

The model that takes into account the coupling of' dissocia- 
tion to vibration and considered in [56] is called the CVD model 
(coupled-vibration-dissociation). However, 1561 has not taken 
account of the reverse effect of dissociation on the energy of 
vibrations. This was included later in papers by Treanor and 
Marrone who have analyzed the process in more detail (CVDV 
model). They have studied both possible approaches to the pro- 
blem of dissociation [57,58,59] of two-atomic molecules. 
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Since these effects were used in the calculation of relaxation, 
we shall state their results. The calculations use a model of a 
harmonic oscillator with a cutoff. The distribution of the vi- 
brational energy is assumed to be of the Boltzmann type, except 
that it corresponds to the time dependent vibrational temperature, 
rather than the temperature of the vibrational degrees of freedom. 

The mean vibration energy of molecules has the following 
- 
E (rp T v i h  - E-\zib d [X,] - time dependence d E d b  E d b ( T )  - ~~a - 

79 r . [W- t F ‘ { t  Lf- I,+< f “(1.75) 

[X21 

where T is the temperature of the translational degrees of free- 
dom; 

dt 

(+) 9 
B ( T ,  TI - E v i b  

4- 

/ 49 -is the vibrational temperature: 
-is the mean energy lost by the vibrational 

-is the mean energy obtained by the vibrational 

Tvib 
E(T* T v i b )  

degrees of freedom during one act of dissociation; 

degrees of freedom during one act of recombination; 

- 
E ( T ,  T )  

CX,l -is the concentration of the x2 molecules. 
The subscript f refers to the dissociation process, r to the 

recombination process. The terms r$) express 
r 

the variation of the mean vibrational energy as a result of a 
change in the number of excited molecules during dissociation and 
recombination. It will be noted that in the second and third 
term we used the product of two mean quantities even though it 
was necessary to use the mean of the product C601. 

In the state of equilibrium d] - 0  
dt 

Let us consider the case when dissociation is possible from 
any level. The probability of dissociation from level v is 
given by 

where Nv is the population of level with energy Ev; 
(1.76) Po = CNVfll, 

fv is the number of collisions with the relative collision 

53 



energy greater than D - E o ;  

C is the normalization factor 
In the case when the translational and vibrational degrees of 

freedom obey the Boltzmann distribution 

( x p D = l ) . .  0 

1 

(1 .77)  
(1 .78)  

N, = - - exp ( - & / & r ~ b ) ;  
z ( T V i b )  

fv = exp [ - ( D  - E,/kT)], 

where z ( ~ ~ ~ ~ )  is the partition function for temperature Tvib: 

z ( T V i b  = 2 eXP ( - E#T,ib). ( 1 . 7 9 )  
- \  

0 

Substituting (1.77) and (1.78) in (1.76), we get 

where 

The vibrational energy lost during one act of dissociation 
is E,. Consequently, the mean energy lost per act is 

Hence 

(1.81) 

To calculate E in explicit form, we must select an 
oscillator model. For a linear oscillator, cut off at energy 
D, we get - - vhv 

0 l--XP (-7) 

z= Exp V-0 (- +) = 1 - e x p ( s ) .  ' (1.83) 

where is the smallest integer closest to , and 
A V  

(1.84) - 
vhV - hv 

1 ~ X P  (hv lk rm)  - 1 exp (Girvpr,,,) - 1 
E (T,) = 

AS T + o o  

Collecting a l l  the terms, we can write the relaxation 
equation in its fimal form: 
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The temperature dependence of E is shown in Fig. 1.9. 

When dissociation occurs primarily from the upper levels, the 
line of reasoning remains similar, except that the probability of 
dissociation from level v is written,as 

where F(v) is the probability of transition from level v to the 
continuous spectrum. 

..I I *  
, .  

Po = CF (v) NJb, ' (1.87) 

For F(v), we take the expression 
(1.88) F (u) = exp [ - ( D  - €,)/kU], 

where U is a parameter, with the dimension of temperature, .whose 
values are selected by means of a comparison with experiment. 
The formally negative value (-U) may be viewed as the "vibra- 
tional temperature" at which molecules recombine. 

Again, in view of Eqs. (1.77), (1.78), (1.881, we obtain the 
following expression for the probability 

where 

(1.89) / 51 

and for the energy 

. 
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Figure 1.9. Variation of.the% 
term accounting for the re- 
lation between dissociation 
and vibrational degrees of 
freedom depending on the 
temperature Tm for O2 ( N = n )  . 

Considering dissociation of 
a molecule X from a vibrational 
level v as a result of collisions 
with a molecule A ,  we obtain 
from the definition of p, 

2 

and consequently, 

Since k,,  does not depend on the number of molecules 
level v (it is independent of T,vib), then k t ,  may be 
as 

(1.93) 

on the 
written 

(1.94) 

For U = W  we obtain expressions for the equilibrium disso- 
ciation from any level. The method of the calculation of kf in 
the CVD method is the same as in the CVDV method. One only 
changes the relaxation equation for Evib, and consequently also 
the time dependence of Tvib. 

It is clear that, if we consider the incomplete excitation 
of the vibrational levels, this will reduce the rate of disso- 
ciation. 

Fig. 1.10 [58] shows the variation of the dissociation rate 
constant, calculated using the vibrational temperature obtained 
by setting to zero the first two terms on the right-hand side 
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of  Eq. (1 .75) .  The p l o t  was based on e x p e r i m e n t a l  data f o r  
oxygen o b t a i n e d  from [19,36] and e x t r a p o l a t e d  by means of Eq. 
(1.95) t o  the  domain o f  h i g h e r  t e m p e r a t u r e s .  A s  shown i n  c a l c u -  
l a t i o n s ,  t h e  t e m p e r a t u r e  dependence o f  t h e  d i s s o c i a t i o n  c o n s t a n t  
i s  s t r o n g e r  i n  the  c a s e  when d i s s o c i a t i o n  occur s  p r i m a r i l y  from 
upper  l e v e l s  ( approx ima te ly  -T-V as compared w i t h  w T - 1  i n  t h e  
case  of  e q u i p r o b a b l e  d i s s o c i a t i o n ) .  Such a s t r o n g  t e m p e r a t u r e  
dependence of  d i s s o c i a t i o n  from upper  l e v e l s  i s  not  confirmed 
expe r imen ta l ly ,  and apparen2,ly i n q i c a t e s  t h a t  the  c a l c u l a t i o n s  
used t o o  h i g h  a r a t e  f o r  upper  level 's  (approximate ly  e q u a i  to ' '  
3OO:l). However, t h e r e  a r e  no expe r imen t s  as y e t  which would 
p r o v i d e  a basis  f o r  a r e l i ab le  c h o i c e .  

. : r  ' , I ,  r ,: 

The c o r r e c t i o n s  o b t a i n e d  cannot  be used  a t  t e m p e r a t u r e s  
above 10,OOO°K. 

To e s t i m a t e  the  e f f e c t  of t h e  f a c t  t h a t  t h e  d i s t r i b u t i o n  
of the  v i b r a t i o n a l  l e v e l s  d i f f e r s  from the  Boltzmann d i s t r i b u -  
t i o n ,  a c a l c u l a t i o n  was made of t h e  r e l a x a t i o n  i n  t h e  shock 
wave of  a gas  composed o f  f i c t i t i o u s  molecu le s  (harmonic o s c i l l a -  
t o r s ) ,  having  1 8  l e v e l s  o f  v i b r a t i o n a l  energy.  The t i m e  of re- 
l a x a t i o n ,  energy ,  and ra te  of d i s s o c i a t i o n  were the same as f o r  
oxygen. (For hydrogen such c a l c u l a t i o n s  were made by P r i t c h a r d  52 

C611). These c a l c u l a t i o n s  may be  i n t e r p r e t e d  as a r e l a x a t i o n  i n  
a gas  d u r i n g  a sha rp  i n c r e a s e  i n  t e m p e r a t u r e  and p r e s s u r e  a f t e r  
t h e  e q u i l i b r i u m  i n  t r a n s l a t i o n a l  and r o t a t i o n a l  deg rees  of f r e e -  
dom has become e s t a b l i s h e d ,  The d i s t a n c e  of  a gas  e lement  from 
t h e  f r o n t  of a shock wave cor responds  t o  t h e  development of 
a p rocess  i n  t ime .  The p r o b a b i l i t y  of a t r a n s i t i o n  from l e v e l  v 
t o  l e v e l  v - 1 i s  t aken  i n  t h e  form R o , w - - l = ~ k 1 0  , where 

t h e  form -=eexp[-~~&,]  , where e. i s  t h e  f f p o p u l a t i o n  
f a c t o r "  f o r  l e v e l  v; i n  t h e  Boltzmann d i s t r i b u t i o n  a l l  8. 

are i d e n t i c a l  and e q u a l  t o  the  v i b r a t i o n a l  t empera tu re .  

1 1 . The p o p u l a t i o n  of a l e v e l ,  n i s  t aken  i n  '10 = T 1 - e-nv/kT V '  
nv 
n0 
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-Figure 1.10. Effect of the 
nonequilibrium of vibrations 
on the dissociation rate con- 
stant: 
1 - primary dissociation; 
2 - equilibrium dissociation 

Fagme 1 .I1 .' Relaxation' of 
vibrations for dissociation 
primarily from upper levels 
as a function of the distance 
behind the shock wave for 
P =0.263 mm Hg; U , = M I O  m/sec 
(Bas composed of molecules 
having 18 vibrational energy 
levels, constitutes 4% admix- 
ture to argon): 

1 - temperature of translation- 
al degrees of freedom; 
2 - model without dissociation; 
3 - model taking into account 
dissociation with vibration- 
al degrees of freedom 

The results of calculations for a strong shock wave propaga- 
ting at the speed u , ( T T - 1 7 0 3 3 K )  are shown in Fig. 1.11 r581.  If 
there is no dissociation, all e, are identical, and relaxation 
goes through a sequence of Boltzmann distributions (curve 2). 

Calculations including dissociation were made for both 
equiprobable dissociation from any level and dissociation pri- 
marily from upper levels. 

In the latter case, the rate of recombination to a level v was 
taken in the form 

I .  L * < , r  
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Figure 1.12. Rate of disso- 
ciation from different l e ~ k l d  
of 'vibrational energy as a 
function of the distance be- 
hind a shock wave for p =0.263 
mm Hg; ~ , = 4 4 i o '  m/sec (gis com- 
posed of molecules having 18 
levels is a 4% admixture to a 
argon) : 
1 - model accounting for rela- 
tion of dissociation to vi- 
brational degrees of freedom; 
2 - total rate of dissociation 

Figure 1.13. Concentra--on of 
molecules behind a shock wave 
(ratio of moles to initial 
mole) as a function of the dis- 
tance behind the shock wave 
for P -0.263 mm Hg; u , = ~ i o  

1 - dominant dissociation (gas 
consisting of molecules with 
18 levels); 
2 - model considering the 
relation of dissociation to 
vibrational degrees of freedom 
(dominant dissociation); 
3 - model considering the re- 
lation between dissociation 
and the vibrational degrees of 
freedom - equiprobable disso- 
ciation (96% Ar+4% gas consist- 
ing of molecules with 18 levels). 

m/sec. 1.- 

1 D  and U=-- 
6 k .  

cm16 where [ 361 k, = 3. 1015r1,2 - 
mole* see. 

(D is the dissociation energy of oxygen) .  

Such a rate function corresponds to the case when the con- 
stants for the upper levels are approximately 300 times greater 
than that for the ground level. For an equiprobable dissociation 
u-m and all krv are identical. /53 
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Fig. 1.11 E581 shows the variation of population factors in 
the case of dissociation from upper levels. It is interesting that 
the curve for the Boltzmann distribution (solid line 3) enters 
the region 8. f o r  the upper levels. 

/54 

Similar calculations for an equiprobable dissociation gave 
an even greater discrepancy in population, but the vibrational 
temperature obtained for the Boltzmann distribution, is close t o  . I  

8.-c The calculations for weaker shock waves (T=-6000") gave simi- 
lar results. 

; $ - - '  ? . , .  - . /  - ; 

Since the vibrational temperature changes similarly t o  e. 
for those levels from which most of the dissociation occurs, the 
rate of dissociation calculated using the vibrational tempera- 
ture of the Boltzmann distribution is very close to the total rate 
of dissociation from 18 levels (see Fig. 1.12). The t o t a l  effect 
on the concentration is shown in Fig. 1.13 1581 in comparison with 
the calculations based on the Boltzmann distribution. The agree- 
ment must be considered good, and this justifies the use of the 
Boltzmann distribution in calculations involving vibrational re- 
laxation. 

It is interesting t o  note in Fig. 1.13 the appearance of a 
time lag (induction period) for a model with dissociation pri- 
marily from the upper levels. The appearance is related to the 
fact that the upper levels must be sufficiently populated before 
noticeable dissociation begins. The induction period was 
measured by Ray [ 62 ] .  However, even for this quantity there are 
-not enough experimental data. 

Ionization 

In gases at high temperatures, two ionization processes are 
possible (ionization by radiation is not considered): ionization 
due t o  an impact and ionization accompanied by chemical reactions. 

Collisions of molecules having a large relative energy may be 
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accompanied by a change of their electronic state: electrons, ab- 
sorbing energy, are capable of making a transition to a higher 
energy level. This process is called the electron excitation. 

NO 

9.3 

If the energy transmitted to an electron is sufficiently high, 
the electron may completely separate from a molecule. In this 
case, we have impact ionization. Partners in collisions may 
include both neutral molecules and electrons and ions 

(1.97) 
A + A  -A+A++e; 
A+edA++26,  ' -(1'.98) 

(1.991 A +A+ - 2A+ + e. 

The energy necessary for ionization is called the ionization 
potential I (Table 10) C631. Depending on the number of ionized 
electrons, one speaks of the first, second, etc. ionization po- 
tential. The ionization energy increases for each successive 

A r  Ne Hg 

15.8 21.5 10.4 
.. .. 

ionized electron. 

1 

TABLE 10 

15.4 24.5 14.6 

Sometimes collisions lead not only to removal of an elec- 
tron, but also to a combination of molecules o r  to an exchange 

155 - 
of the composite parts of the molecules. Such, for example, 
are the ionic reactions of the type* 

(1.100) 
(1.101) 

* A reaction of the type (1.100) going in the forward direction 
is called a reaction of associated ionization, and in the 
reverse direction - a dissociative recombination. 

! 

I , 

I E  
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These processes occur, in general, with less energy than impact 
ionization, since the required energy is less than the energy of 
formation of the final composite molecule by one order of magni- 
tude. Therefore, it plays an important role at relatively low 
temperatures. 

It is clear that the total electric charge of a gas volume 
does not change as a result of the internal processes occurring in 
it (law of the conservation of charge). 

In addition to the processes of ionization in gases, it is 
also possible to have processes of charge redistribution 

r, 

A++B-A+B+ 
and electron sticking 

A+e+ A-, 

(1.102) 

which also change the concentration of ionic components. Even 
though the charge in this case does not change, the total rate of 
ionization may, due to the fact that the rate of reactions with 
the participation of different ionic components is different. As 
a result, the total number of ions may change. 

Ionic reactions in a system composed of several components 
may be very diverse, and in order for them to be taken into account 
it is necessary to have a detailed knowledge of'the reaction 
mechanism with all the difficulties resulting from it. The ioni- 
zation mechanisms are in general understood even less than the 
dissociation processes. The equilibrium concentration of elec- 
trons andion components, ionized m and m + 1 times, is given by 
the Saha equation 

(1.104) 

which may be obtained as a law of mass action for the equilibrium 
concentration of substances in the reacion A,sAm+f+e . Accord- 
ingly, in the expressions for Zm,Zm+l the energy is measured 
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from 
. 2. .. tron 
<L r 

the ground state, and the partition function of a free elec- 
is equal to twice the partition function of its translational 

motion. 

The difference between thegroundenergies of ions is equal to 
the ionization potential. The right-hand side of Eq. (1.104) 

represents the equilibrium constant K , , + , ( T )  of the ionization / 56 
reaction. As the relative concentration, one introduces the 
degree of ionization, Be , equal to the number of free electrons 
per initial molecule ~ 1 %  , and the ion concentration, 

unit mass of the gas). 

N 
(Ni is the number of molecules of type i per p,= nr,- ntv- nl 

N N Np 

Passing in Eq. ( 1 . 1 0 4 )  to relative concentrations, we get 

In particular, for the first ionization p,=pe=p , and 

(1.105) 

(1.106) 

Ionization in inert gases 

Ionization is most simply studied in inert gases, since 
in them the ionization process is manifested in the purest form 
without complications due to any prior processes involving 
excitation of vibrations and dissociation C64-J. 

For example, when equilibrium is established in argon it is 
possible for impact ionization, mentioned above, to occur. The 
electron-atom collisions yield maximum effects. However, in 
order for the process to be important, a certain definite elec- 
tron concentrationmust be achieved. Therefore, in the initial 
stages an important role is played by other processes, in parti- 
cular by the atom-atom collisions. 

A study of ionization in argon under the conditions of a 
sharp temperature rise C651 has led to the conclusion that the 
process may be subdivided into three successive stages. In the 
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initial stage I, the principal role i s  played by an ionization 
process due to atom-atom collisions. 
steps 

The process occurs in two 

atom excitation A + A - A ' + A  

and its ionization A*$ A -A+ +e+A,  

(1.108) 

where the excitation is the step that determines the rate of the 
process. .Such a two-step occurrence of the process turns out 
to be more effective than direct ionization of the atom. 

The electrons produced possess a relatively low energy, 
and it is only after a certain number of collisions with heavy 
molecules that they acquire enough energy for ionization of atoms. 
When the number of such electrons is sufficient, the principal 
stage I1 begins in which ionization occurs through electron- 
atom collisions (1.98) [66J .  However, also in this stage one 
considers a two-step process along with direct ionization. 

/ 57 

The rate of ionization in the principal ionization zone i s  
completely determined by the local concentration of ions and 
electron temperature. The velocity distribution of electrons in a 
gas may be considered Maxwellian, except with the temperature 
which is different from the atom temperature. This is related 
to the fact that the exchange of electron energies occurs faster 
than the energy exchange between electrons and atoms (the 
numbers of collisions are different by approximately a factor of 
10 ),  and the ionized electrons are not in equilibrium with 
heavy molecules. 

5 

In order to define the electron temperature, one uses the 
equation representing the balance between the rate of energy l o s s  
by the electrons as a result of ionizing collisions 
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and the rate of energy increase as a result of elastic collisions 
with hotter atoms and ions. The temperature corresponding to a 
translational motion of atoms and ions is uniquely determined by 
the local ion concentration and the energy equation. Since the 
energy losses in each ionization act are large, and the elastic 
exchange of energy with heavy molecules occurs slowly, the electron 
temperature turns out to be less than the temperature of the 
heavy molecules. 

During an exchange with heavy molecules, the elastic colli- 
sions with ions become more effective than the collisions with 
atoms even for a low (on the order of loe3) degree of ionization. 
Therefore, with an increase in the degree of ionization, we have 
a rapid increase in the electron temperature and an increase in 
the rate of ionization. As a result, it turns out that the 
electron density increases monotonically approximately exponen- 
tially until the rate of recombination limits the growth of con- 
centration. Then Stage I11 begins in which recombination is 
dominant. 

Ionization in the air 

When the temperature increases sharply to very large values 
( k T > D )  the ionization in the air should apparently resemble 
ionization in argon. However, in the temperature range kT<D 
the phenomena occur in a much more complex fashion. An analysis 
of the processes in this range becomes simplified due to the 
fact that usually the degree of ionization of a gas is low, and 
the processes of ionization do not strongly affect the chemical 
processes and the energy balance. This makes it possible to 
separate the chemical processes from ionization, to con- 
sider the temperature, density, and chemical composition inde- 
pendently of the ionization, and then to obtain the ion concen- 
tration using the instantaneous characteristics of the mixture 
that have already been computed. For shock waves in the air, 
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the upper limit at which such a separation of processes is still 
possible lies in the range of shock wave speeds which are some- 
what greater than 9 km/sec, where the degree of ionization 
reaches nearly 1%. 

A full list of ionization reactions in the air is given in /58 
[37] which discusses several dozen ionic processes (see also 
[67-691. It is not particularly difficult to consider all these 
reactions. However, to get an approximate idea of the rates of 
ionization reactions, we must solve the problem of determining 
which of these processes is of greatest importance from the point 
of view of ionization. 

For the air under the conditions of shock waves moving at the 
speed up to 9 km/sec, the following reaction represents a process 
in the above category 

r\;+0+'2,8 eVSNO++c 

and at higher temperatures the reaction 

N+N$5,8  eVZN$+e. 

(1.109) 

(1.110) 

is in that category. 

All other possible ionization reactions occur with a 
greater energy l o s s .  Finally, at high temperatures the ioniza- 
tion by electron impact yields a comparable reaction rate. 

The constants for these reactions, as given by different 
workers, also differ widely. Thus, [37] gives the following 
constants for the reaction (1.109). 

(1.11) 

k,= 5.  10-11T-1'2 exp (- 32500 --+-) % 3 ; 
sec 

Kc=(1,4- 10-8T$1.2- lo-"?+ 1.4. 10-15T3)exp 

Ray [22] also gives the values for these constants 
(1.12) 

-10 3[2 Kc=3.6.10 T exp 
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Martin E391 gives the following values for the constants (see 
Table 8) : 

I 3 . ~ , = 2 . 1 0 * ~ ~ *  cm 
mole'sec 

The experiments made recently have shown that Eq. (1.111) 
gives a value for the recombination rate which is 2-3 times 
too low C701. A better agreement with experiment is obtained by 
using a relation deduced theoretically in C711: 

(1.14) 
cm3 R,=4,8. 10-8(kT)-1'2 [ 1 - e x p  (-0.27/RT)l-: ~ e c  . 

K,= 1.4.104RT [l -exp(-O,27/RT)]-'exp( -2,8/&T), 
where kT is expressed in eV. /59 

In addition to the fact that the lack of precision in our  
knowledge of the rate constants for the reaction (1.109) affects 
our  knowledge of the electron concentration, we must keep in mind 
that - since the latter is determined by the concentration of 
N, 0, and NO -the concentration is affected by all constants of 
the system of chemical reaction in the air (1.166)-(1.171) . Conse- 
quently, the accuracy of the electron concentration calculations 
is lower than the accuracy of the calculations for the neutral 
components of the air. 

The ionization of gas mixtures other than the air has been 
studied even less. Some data on the reactions and ionization 
constants of CO and C02 may be found in Table 8. 

REFERENCES 

l. Griffith, V. Ts. Times of Relaxation of Vibrational De- 
grees of Freedom. In the Collection: Osnovnyye rezul' 
taty eksperimentov na udarnykh trubakh (Basic Results of 
Shock Tube Experiments), Moscow, State Publishing House 
for Atomic Science and Technology, 1963. 

67 



2. 

3. 

4. 

5. 

6. 

7 .  

8. 

9. 

10. 

11. 

12. 

13 

Vol'kenshteyn, N. V., M. A. Yel'yashevich and B. I. 
Stepanov. Kolebaniya molekul (Molecular Vibrations), 
Moscow-Leningrad, Gostekhizdat, Vol. 1, 1949. 

Moscow, Foreign Literature Press (IL), 1949. 

Rates - AIAA J. Vol. 3, No. 1, 1965. 

Fowler, R. and E. Guggenheim. 

Hansen, C. Estimates for Collision - Induced Dissociation 

Statistical Thermodynamics 

McKenzie, R. L. The Qualitative Behavior and Effects in 
Gas Mixture of C02 and N2 - AIAA Technical Papers, 
Stepping Stones to Mars. Meeting Baltimore, Maryland, 

Landau, L. and E. Teller. The Theory of Sound Dispersion. 

1966. 

Physikalische Zeitschrift der Sowjetunion, Vol. 10, No. 1, 
1936 ,  PP. 34-43. 

Stupochenko, Ye. V., S. A. Losev, and A. I. Osipov. 
Relaksatsionnyye protsessy v udarnykh volnakh 
processes in shock waves). Moscow, "Nauka" Publishing 
House, 1965. 

Calculation of the Vibrational Relaxation Times in 
Gases. In the Collection: Gazodinamika i teploobmen 
pri nalichii khimicheskikh reaktsiy (Gas dynamics and 
heat transfer in the presence of chemical reactions), 
Moscow, IL, 1962. 

Schwartz, R. N. and K. F. Gertsfel'd. Vibrational relaxa- 
tion time in gases, ibid. 

Herzfeld, K. F. Relaxation Phenomena in Gases. In the 
Collection: High Speed Aerodynamics and Jet Propulsion. 
Thermodynamics and Physics of Matter. N. Jersey, Vol. 1, 

(Relaxation 

Schwartz, R. N., Z. I. Slavskiy and K. F. Gertsfel'd. 

1955. 

Leskov, L. V. and F. A. Savin. Relaxation of nonequilibrium 
gas systems. Uspekhi Fizicheskikh Nauk (UFN), Vol. 72, 
No. 4, 1960. 

Losev, S. A., A. I. Osipov. Study of Nonequilibrium Pheno- 
mena in Shock Waves. UFN, Vol. 74, No. 3, 1961. 

Zhigulev, V. N. Equations of Physical Hydrodynamics. 
Inzhenernyy Zhurnal(Inzh.Zh.), Vol. 3, No. 1, 1963. 

68 



14. 

15 

16. 

17 

18. 

19 

20. 

21. 

22. 

23 

24. 

25 

Vallander, S. V., and Ye. A. Nadgnibeda. General Formula- 
tion of Problems Related to the Description of Relaxation 
Processes in Gases with Internal Degrees of Freedom. 
Vestnik Leningradskogo Universiteta (Vestn. Len. U.), 
No. 13, 1963. 

Kogan, M. N. Dinamika razrezhennogo gaza. Kineticheskaya 
teoriya. (Dynamics of a Rarefied Gas. Kinetic Theory). 
Moscow, "Nauka" Press, 1967. 

Nagnibeda, Ye. A. Solution of Equations of a Nonequili- 

Nagnibeda, Ye. A .  Solution of Relaxation Equations for a / 60 

brium Gas. Vestn. Len. U., No. 7, 1969. 

Mixture of Gases with Nonequilibrium Chemical Reactions. 
Vestn. Len. U., No. 7, 1970. 

Yegorov, B. V. Relaxation Equation for Vibrational Degrees 
of Freedom of a Diatomic Gas. Izvestiya Akademii Nauk 
SSSR (Izv. AN SSSR), Mekhanika, No. 3, 1965. 

Camac, M. O2 Vibration Relaxation in Oxygen-Argon Mixtures. 
J. Chem. Phys., Vol. 34, 11, No. 2, 1961. 

Blackman, V. Vibrational Relaxation in Oxygen and Nitrogen. 
In the Collection: Gazodinamika i teploobmen pri nalichii 
khimicheskikh reaktsii (Gas Dynamics and Heat Transfer in 
the Presence of Chemical Reactions). Moscow, IL, 1962. 

Phys., Vol. 31, VIII, No. 2, 1959. 
Robben, F. Vibrational Relaxation of Nitric Oxide. J. Chem. 

Ray, K. Chemical Kinetics of High-Temperature Air. In 
the Collection: Issledovaniye giperzvukovykh techeniy. 
(Investigation of Hypersonic Flows). Moscow, "Mir" 
Press, 1964. 

Millikan, R. C. and D. R. White. Systematics of Vibrational 

Millikan, R. C. and D. R. White. Vibrational Energy Exchange 
Between N2 and CO. The Vibrational Relaxation of Nitrogen. 
J. Chem. Phys., Vol. 39, VII, No. 1, 1963. 

Osipov, A .  I. Relaxation of Vibrational Energy in a Binary 
Mixture of Diatomic Gases. Zhurnal Prikladnoy Matematiki 
i Teoreticheskoy Fiziki (ZhPMTF), No. 1, 1964. 

Relaxation. J. Chem. Phys., Vol. 39, X, No. 12, 1963. 

69 



26. 

27 

28. 

29 

31 

32 

33. 

34 

35 

36 

37 

White, D. R. and R. C. Millikan. Vibrational Relaxation 
in Air. AIAA J., Vol. 2, No. 10, 1964. 

Boade, R. R. Effect of Collision Partners on Vibrational 
Relaxation. J. Chem. Phys. Vol. 43, IV, No. 8, 1965. 

Blythe, Y. A. Non-Equilibrium Flow of a Polyatomic Gas 
Through a Normal Shock Wave. ARC Current Pap. No. 645, 
1963 

Freedman, E. and J. W. Daiber. Decomposition Rate of Nitric 
Oxide Between 3000O and 4300OK. J. Chem. Phys., 
Vol. 34, IV, No. 4, 1 9 6 1 .  

Wray, K. L. and I. D. Teare.Shock-Tube Study of the Kinetics o f  
Nitric Oxide at High Temperatures. J. Chem. Phys., 
Vol. 36, V, No. 10, 1962. 

Camac, M. and R. M. Feinberg. Formation of NO in Shock- 
Heated Air. Eleventh Symposium on Combustion Held at 
Univ. of California, Berkeley, Cal. Aug. 14-20, 1966. The 
Comb. Inst. Pittsburg, Pennsylvania, 1967. 

Termodinamicheskiye svoytsva individual'nykh veshchestv 
(Thermodynamic Properties of Individual Substances), 
Edited by Glushko, V. P., Izd. AN SSSR, 1962. 

Duff, R. E. and W. Davidson. Calculation of Reaction Profiles 
Behind Steady State Shock Waves. P I1 Dissociation of 
Air. J. Chem. Phys., Vol. 31, X, No. 4, 1959. 

Matthews, D. L. Interferometric Measurement in the Shock- 
Tube of the Dissociation Rate of Oxygen. Phys. of Fluids, 
Vol. 2, 111-IV, NO. 2, 1959. 

Rink, I. P., H. T. Knight, and R. E. Duff. Shock-Tube 
Determination of Dissociation Rates of Oxygen. J. Chem. 
Phys., Vol. 34, VI, No. 6, 1961. 

Mixtures. J. Chem. Phys., Vol. 34, 11, No. 2, 1961. 
Camac, M. and A. Vaughan. O2 Dissociation Rates in 02-Ar 

Lin, S. Ch., and J. D. Teare. Rate of Ionization behind 
Shock Waves in Air. P. 11. Theoretical Interpretations. 
Phys. of Fluids, Vol. 6, 111, No. 3, 1963. 



38 

39 9 

40. 

41. 

4 2 .  

43 9 

44. 

45. 

46. 

47 

48. 

49 

50 

Lin, S. Ch. and J. D. Teare. A Streamtube Approximation for 
Calculation of Reaction Rates in the Inviscid Flow Field 
of Hypersonic Objects. In the Collection: Ballistic 
Missile and Aerospace Technology. V o l . '  4, Re-Entry PrOc. of 
the Sixth Symposium Held in Los Angeles, Cal. in Aug. 1961. 
N.Y. - London, 1961. 

Martin, J., Atmospheric Entry. Moscow, ''Mirtr Press, 1969. 

Byron, S. Shock-Tube Measurement of the Rate of Dissocia- 

Bortner, M. H. Chemical Kinetics of Planetary Entry. 

tion of Nitrogen. J. Chem. Phys. V o l .  44, 11, No. 4, 1966. 

In the Collection of: Symposium on Dynamics of Manned 
Lifting Planetary Entry. N.Y. - London, 1963. 

Davies, W. 0. Carbon Dioxide Dissociation at 6000O t o  
11000OK. J. Chem. Phys., Vol. 43, X, No. 8 ,  1965. 

Davies, W .  0. Carbon Dioxide Dissociation at 350O0K t o  
6000OK. J. Chem. Phys., Vol. 41, IX, No. 6, 1964. 

Brabbs, T. A., F. E. Belles and S. A. Zlatarich. Shock- 
Tube Study of Carbon Dioxide Dissociation Rate. J. Chem. 
Phys., V o l .  38, IV, No. 8, 1963. 

Losev, S. A. et al. Investigation of the Rissociation 
of the Molecules of Carbon Monoxide at High Temperatures. 
Doklady Akademii Nauk (DAN), Vol. 15, No. 4, 1963. 

Losev, S. A. and L. B. Terebenina. Kinetics of Dissociation 
of Carbon Dioxide Molecules Behind the Front of a Shock 
Wave. ZhPMTF, No. 4, 1966. 

(Shock Waves in Real Gases), Moscow, "Nauka" Publishing 
House, 1967. 

Nikitin, Ye. Ye. and N. D. Sokolov. Relationship Between 
Rate Constants of Thermal Dissociation of Diatomic 
Molecules in the Presence and Absence of Equilibrium. 
DAN, Vol. 15, No. 4, 1963. 

Nikitin. Modern Theories of Thermal Dissociation and 
Isomerization of Molecules in a Gas Phase. Moscow, 
'lNaukall Publishing House, 1964. 

and Dissociation of Diatomic Molecules. DAN, Vol. 164, 
No. 5, 1965. 

/ 61 

Bazhenova, T. V. et al. Udarnyye volny v real'nykh gazakh 

Kuznetsov, N. M. Relationship Between Vibrational Relaxation 

71 



51 

52 

53 9 

54 

55 

56 

57 

58 

59 

60. 

61. 

62. 

72 

Lunikin, Yu. P. and F. D. Popov. Effect of Vibrational and 
Dissociative Relaxation on Supersonic Flow Around Blunt 
Bodies. Zhurnal Teoreticheskoy Fiziki (ZhTF), No. '4, 1966. 

Montroll, F. W. and K. Shuler. Studies in Nonequilibrium 
Rate Processes. P. I. The Relaxation of a System of 
Harmonic Oscillators. J. Chem. Pys. Vol. 26, 111, No. 3, 
1957. 

Nikitin, Ye. Ye. Mechanism of Intermolecular Energy Exchange 
in Dissociation of a Diatomic Gas. DAN, V o l .  132, No. 2, 
1960. 

Rush, D. G. and H. 0. Pritchard. Vibrational Disequilibrium 
in Chemical Reactions. Eleventh Symp. on Combustion 
Held at the Univ. of California. Aug. 14-20, 1966, 
Pittsburg, Pennsylvania, 1967. 

Bray, K. N. C. and N. H. Pratt. Conditions for Significant 
Gasdynamically Induced Vibration-Recombination Coupling. 
Ibid. 

Hammerling, P., J. D. Teare and B. Kivel. Theory of 
Radiation from Luminous Shock Waves in Nitrogen. Phys. 
of Fluids, Vol. 2, VII-VIII,No. 4, 1959. 

Marrone, P. V. and C. E. Treanor. Chemical Relaxation 
with Preferential Dissociation from Exited Vibrational 
Levels. Phys. of Fluids, Vol. 6, X, No. 10, 1963. 

Treanor, C. E. and P. V. Marrone. Vibration and Dissocia- 
tion Coupling Behind Strong Shock Waves. In the. collection: 
Symposium on Dynamics of Manned Lifting Planetary Entry. 
N. ET. - London, 1963. 

Treanor, C. E. and P. V. Marrone. Effect of Dissociation 
on the Rate of Vibrational Relaxation. Phys. of Fluids, 
Vol. 5, IX, No. 9, 1962. 

Heims, S. P. Moment Equations for Vibrational Relaxation 
Coupling with Dissociation. J. Chem. Phys. Vol. 38, 11, 
No. 3, 1963. 

Pritchard, H. 0. The Kinetics of Dissociation of a Diato- 
mic Gas. J. Phys. Chemistry, Vol. 65, 111, No. 3, 1961 

Wray, K. L. Shock-Tube 
Rat e s of Di s s oc iat ion 
Chem. Phys., Vol. 37, 

Study of the Coupling of the 02-Ar 
and Vibrational Relaxation. J. 
IX, No. 6, 1962. 



63 9 

64. 

65. 

66. 

67 

68. 

69. 

70. 

71. 

Zel'dovich, Ya. B. and Yu. P. Rayzer. Fizika udarnykh voln 
i vysokotemperaturnykh gidrodinamicheskikh yavlenii. 
(Physics of Shock Waves and High-Temperature Hydrodynamic 
Phenomena), Moscow, Physics and Mathematics Press 
(Fizmatgiz), 1963. 

Blackman, V. G. and Niblitt. Ionization processes in shock 
tubes. In the Collection: Osnovnyye rezul'taty eksperi- 
mentov na udarnykh trubakh (Basic Results of Shock Tube 
Experiments). Moscow, Gos. Izd. Lit. PO atomnoy nauke 
i tekhnike. 1963. 

Wong, H. and D. Bershader. Thermal Equilibration behind 
an Ionizing Shock. J. Fluid Mech. Vol. 26, No. 3, 1966. 

Pechek, Kh. Ye. and S. Bayron. Approach to Equilibrium 
Ionization Behind a Strong Shock Wave in Argon. In the 
Collection: Na poroge v kosmos (At the threshold of 
Space), Moscow, 1960 - /62 

Danilov, A.D. and G. S. Ivanov-Kholodnyy. Ionic-Molecular 
Reactions and Dissociative Recombination, UFN, Vol. 85, 
No. 2, 1965. 

Danilov, A.D. Khimia ioniosphery (Chemistry of the Iono- 

Witten, R. K. and I. J. Poppov. Physics of the Lower Iono- 

Frohn, A. and C. De Boer. Ion Density Profiles Behind Shock 

Hansen, C. F. Temperature Dependence of the NOt+e Disso- 

sphere). Gidrometeoizdat, 1967. 

sphere. Moscow, "Mir" Press, 1968. 

Waves in Air. AIAA J. Vol. 5, No. 2, 1967 

ciative-Recombination Rate Coefficients. Phys. of 
Fluids, Vol. 11, IV, No. 4, 1968. 

73 



CHAPTER 2 

GENERAL PROPERTIES OF NONEQUILIBRIUM FLOWS 

2.1 Equations of state and motion of a relaxing gas 

The equations of motion of a compressible gasard based not 
only on the laws of mechanics, but also on thermodynamic relations. 
Therefore, the first problem will be to determine the necessary 
thermodynamic properties of a relaxing gas. The thermal equation 
of state of a pure gas may in general be written as 

P = z ( P ,  TI 7.' PRT (2.1) 

where 2 ( p ,  T) is the compressibility factor. 

Let us limit ourselves to the range of densities, where one 
can neglect the Van der Waals corrections. Under these conditions 
which are usual in classical gas dynamics, the compressibility 
factor for a gas whose composition does not change is equal to 
unity. 

Thermal and caloric equations of state of a gas mixture _ -~ - ~ _  . . 

The thermal equation of state of a single-component gas is 
expressed in the form of the Clapeyron law 

R R 
Mi M N  

pi=- pT=-T=n,kT, (2.2) 

where R=1,987 cal/mole * K=8,31.103 J/kcal R= 0.0821 m3 kg/kmole 
K-cm 
cules per unit volume. Gases that obey Eq. (2.2) are called 
thermally ideal. Gas mixtures obey Dalton's law which expresses 
the total pressure of a mixture in terms of partial pressures of 
the components, P i = B p .  . Using the Clapeyron equation (2.2) 

2 is the universal gas constant; ni is the number of gas molecule- 
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for components, we obtain the thermal equation of state for a 
gas mixture under the assumption of thermodynamic equilibrium 
of translational degrees of freedom. 

( 2 . 3 )  

where T is the temperature of the translational degrees of free- 
dom of the gas. 

The density of a mixture is defined by 

Comparing this expression with E q s .  (2 .2) ,  (2.3), we define the 
effective molecular weight of the mixture 

Now we can write the thermal equation 
to (2.2):  

R 
M 

P == pr. 

(2 .5)  

of state in a form analogous 

( 2 . 2 ' )  

If the composition of the gas does not change with pressure 
or temperature, then the gas mixture behaves like a thermally 
ideal gas. However, if the composition changes, then the analogy 
with Eq. (2 .2 )  becomes formal. Therefore, it is more convenient 
to write Eq. ( 2 . 2 ' )  in a form analogous to Eq. (2.1) by introduc- 
ing the molecular weight of the mixture, Mo, under the conditions 
of normal pressures and temperatures, when there is no gas 
dissociation 

(2.1') 

The ratio 
factor or the 

M 
M 
-_ _ O - z ( P ,  T) is also called the compressibility 

pseudo-compressibility factor (Fig. 2.1). 

/ 6 4  

Very simple relations are obtained for the dissociation of a 
diatomic gas consisting of identical atoms: 

A , S A  + A. 
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Figure 2.1. Compressibility factor 
for the air (based on tables from 
C2-41) 

If M1 denotes the atomic component, then the molecular weight 
of the gas is M2=2M1 . The mass concentration of the atomic 
component is /5 

and of the molecular component 

Then the equation of state (2.2) with the use of the relation 
al+az=I may be written in the form 

It is clear that the value of al may vary between 0 and 1. 
Consequently, the compressibility factor which is equal to 
1 + al for a diatomic gas according to Eq. (2.7) may vary 
from 1 to 2. 

To determine the equilibrium state of a gas with a constant 
composition, it is sufficient to specify two parameters, for 
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example, the pressure and temperature. The third parameter is 
determined from the equation of state. If a gas changes its 
composition, then the equation of state is not sufficient, 
and it is necessary t o  use additional relations t o  determine 
the composition of the gas. The law of mass action gives such 
relations for equilibrium states. 

In application to a diatomic gas, Eq. (1 .38)  gives 

n: - = K, (T). 
nt 

Using the expressions for mass concentrations, we get 

and 

Eqs. ( 2 . 7 )  and (2 .9 )  determine completely the state of a gas, 
and here it is enough to just know the pressure and temperature. 
It is important that the system of algebraic equations obtained 
is nonlinear. 

In addition t o  the thermal equation of state, relating the 
temperature, density, and pressure, a gas is characterized by 
the caloric equation of state. The caloric equation of state 
relates the internal energy of a gas to the thermodynamic 
state variables. Using the expressions for the energy of the 
individual degrees of freedom of a gas and knowing its composi- 
tion, it is not difficult to obtain the caloric equation for a 
gas mixture. For example, for a dissociating diatomic gas, if 
el is the energy of the atomic component, e2 - the energy of 
the molecular component, then the energy per unit mass of a 
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Figure 2.2. Specific enthalphy 
of the air (based on tables 
from [2-41) 

gas will be 

(2.10) 
R D  

2m k 
e=a le ,+ ( l -a l ) e ,+a , -  -. 

For a gas mixture, one needs to sum the energies over all gas 
components. Thus, the thermodynamic functions of a dissociating /67 
gas depend on its composition (Fig. 2 .2 ) .  

- 

Calculation of theeequilibrium-state of a gas ____ mixture ~ _ . ~  -~ ~- ~ - -  

To calculate the equilibrium composition of a gas mixture, 
one uses the law of mass action for each reaction in the 
system, the conservation of the number of atoms (equation of 
material balance) and Dalton's law. These relations are 
sufficient to determine the equilibrium composition of the gas. 

Suppose that there are k components that may be involved in 
r reactions. Each component may consist of a different elements 
em. For example, the composition of a molecule k, will be 

I 
a 
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To characterize the composition, we shall use the molar fractions 
of the components, &i . Dalton's law, expressed in terms of molar 
fractions, is 

k l  

The number of atoms of each element remains constant 
' k  

nidt  
-- -pml; m = l , .  ..a; 
2 nile1 

1-1  
k .  

I - I  

(2.11) 

(2.12) 

p I l = l  by definition. 

Finally, for each of the r reactions written in the form 
R 2 (a,r-b,JX,=Q s=l,..:.r 

1-1 

( ust,b.i  
have the law of mass action 

are the stoichiometric coefficients of reaction s ) ,  we 

L 

Thus, altogether we have ~-l+l+r=a+r equations for the k un- 
knowns Ei . However, not all of the r equations of the law of 
mass action are independent. For  example, for a system of reac- 
tions in the air, relating five substances (Oz, 0,.N2, N, NO) , con- 
sisting of atoms of two elements (0 and N), the law of mass 
action gives five relations: /68 

Upon dividing the third relation by the first, we obtain the 
fourth, and upon dividing the third by the second, we find the 
fifth. Thus, the law of mass action only gives three independent 
relations. 

In general, the number of independent relations is k - a. 
7 9  



The total number of equations in the system is equal to the number 
of unknowns, and the system has a unique solution [l]. If the 
temperature and pressure are given, then the calculation reduces 
to solving the nonlinear system of equations (2.11), (2.12), 
(2.13). The accuracy of the calculation, in addition to other 
factors, depends on the accuracy with which the equilibrium con- 
stants are calculated. The calculation is a fairly complicated 
task, and computers are used to obtain reliable results. Such 
calculations were made for the air and carbon dioxide for a wide 
range of temperatures and pressures [2-83. The results of the 
calculations areshown in the form of tables which in addition to 
the composition give the thermodynamic functions of gases. Tables in 
[2-4 and 61 present the greatest detail. 

greater parameter range (temperatures from 200 to 3-1O6OK and 
densities from to 30 times the normal density) and in that 
the independent variables selected are the temperature and den- 
sity rather than the temperature and pressure. 

Tables in [6] differ from tables in [2-4) in that they cover a 

The ionization is considered by analogy with dissociation. 
In addition, one also considers the condition of the conserva- 
tion of charge in the system. The results of ionization calcu- 
lations are also included in the table. Fig. 2.3 gives the 
results of calculating equilibrium composition of the air for 
various pressure values as a function of the temperature. These 
relations may simultaneously serve as an illustration of the 
role of different processes, depending on the variation of thermo- 
dynamic parameters. 

Ideal dissociating gas 

For an equilibrium dissociation of diatomic gases, Lighthill 
proposed a model in the form of a hypothetical gas [g] which 
provides a good approximation of the behavior and thermodynamics 
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Figure 2.3. Equilibrium composition of 
the air (based on tables from F2-41):  

kG/cm2* 
a - for p = 0.1 kG,/cm 2. , 
b - for p = 1 
c - for p = 10 kG/cm . $ 

of individual real gases. The model gas was called an "ideal 
dissociating gas". I t s  properties are described by only three 
constants, and this permits us to analyze the effect of disso- 
ciation in a single-generalized form. 

Dissocfation of a pure diatomic gas is described by the 
equation A2 2A, and obeys the law of mass action 
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Using the expressions for mass concentrations (2.6), density 

(2.14) 

and partition functions 2 (1.24), (1.21), (1.18), (l.ll), where 
in the electron partition function we limit ourselves to the 
ground state, one can write the law of mass action in the form 

The expression in brackets has a dimension of density, and it 
may be denoted by Pa . 

(2.16) 

The quantities Pd and Td=-  are called the characteristic 
density and temperature. The characteristic temperature is a 
constant for each real gas, and the characteristic density varies 
with temperature. However, in a wide temperature range from 
1000 to 70OO0K, the changes in Pd are small. In any case, 

example, for O2 the value of Pd changes from 123 to 170  g/cm , 
and for N2- from 113 to 136 g/cm . Therefore, Pd may be con- 
veniently considered as a constant and may be set, for example, 
f o r  nitrogen to pd=130 g/cm and for oxygen tc;- Pd=150 g/cm . 

k 

. For ' d  
' ' 5  they are much smaller than the change in the factor e - ~  

3 
3 

3 3 

Using Eq. (2.161, it is easy to obtain the plots of equili- 
brium dissociation versus temperature for various values of 
density (Fig. 2.4). To fully describe the behavior of an ideal 
dissociating gas, we must obtain its equation of state and the 
expression for the internal energy. The equation of state has 
the form 
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or, after introducing the characteristic pressure, 

Figure 2.4 Variation of mass 
concentration of atoms of an 
ideally dissociating gas 

Th internal energy is taken in the form 

3 
2 

E = -  

(2.18) 

under the assumption that the vibrational degrees of freedom of 
molecules are halfway excited. The 3/2 factor in front of t l A  

and 2nA, in the expression (2.19) of course differs from 
its exact value, which for O 2  and N2 in the temperature range 
from 2000 to 7000'K varies from 1.31 to 1.72, (the factor 
multiplying nAchanges naturally very little). 
assumption used is acceptable, since the error thus resulting 
is small as compared with the dissociation energy. 

However, the 

Passing to the specific energy per unit mass, we obtain 

(2.20) 

and upon introducing the characteristic energy D , we 
finally find 

ed=2m 

(2.21) 

\ 

Eqs. (2.161, (2.181, and (2.21) completely describe an ideal 
dissociating gas. Sometimes these relations are written taking 
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as the units of temperature, pressure, density, and energy the 
following characteristic parameters 

The specific enthalpy, expressed in terms of these units, will be 

( 2 . 2 2 )  

and the specific entropy 
J = 3  In T + a,( 1 -2 In a l ) -  (1 -a l )  In (1 - al) - (1 -al) In p+const. 

Approximate methods 

The final result of an exact calculation of an equilibrium 
state is presented in the form of tables. In applied calculations, 
it is desirable to have simple methods of determining the equili- 
brium state of a gas mixture, perhaps with lower accuracy but at 
the same time with less labor and time. In addition, it is 
advisable t o  obtain simple relations for the thermodynamic proper- 
ties of a gas, which could be used in analytic solutions. 

I - 1 7 2  
The simplest methods for approximating thermodynamic functions 

are based on the use of the effective adiabatic exponent. Here in 

relations between thermodynamic parameters, the adiabatic exponent 
is replaced by a certain constant, which may be formally viewed as 
an adiabatic exponent and actually corresponds to it for unexcited 
internal degrees of freedom of a gas. This quantity is defined 
in various ways, depending on the processes in which the gas 
participates, and the relations in which the quantity enters. 
Thus, Hayes and Probstein [lo] give three different definitions 
of the effective adiabatic exponent. An example of one of them 
which is convenient in the study of shock waves is provided by 



a quantity defined by the ratio 

Figure 2.5. 
as a function of the temperature and pressure 
(based on tables from C2-41) 

Effective adiabatic exponent K~ 

This quantity is convenient, in particular, in those cases when 
p and p 8pe used as thermodynamic parameters, since it enables 
us to represent enthalpy in the form h=%$ . 
on both pressure and temperature (Fig. 2.51, but if one considers 
a small range of gas parameters, then it may be viewed as a con- 
stant average quantity that corresponds to given conditions. 

K, depends 

To obtain the approximate analytic expressions for the thermo- 
dynamic functions of the air, one generalizes the ideal dissocia- 
ting gas to the case of a gas mixture [ll] and ionization [121. 
The partition functions of the form of (2.15) are replaced by 
approximate expressions. It is assumed that the vibrational 
degrees of freedom of molecules receive the energy 3/4 kT. If 
one neglects the presence of nitrogen oxide and argon in the air, 
then the equations of mass action can be solved for the degree of 
dissociation of oxygen and nitrogen. 
analogy with an ideal dissociating gas, to obtain simple, although 
somewhat involved, expressions for the thermodynamic functions of 
a gas in the variables p and T. The introduction of arbitrary 
constants makes it possible to obtain exact agreement at an 
arbitrary point between the approximate expressions and those in 
the tables. To obtain an explicit dependence on p and T, it is 

This makes it possible, by 
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assumed that oxygen and nitrogen dissociate in sequence. In 
the discussion of ionization, the air is considered t o  be a 
single-component gas with the ionization energy equal t o  the 
ionization energy of a gram-mole of the air. A similar calcula- 
tion was made for C02 [13]. 
tained by taking a larger number of terms in the partition 
functions C141. 

A better approximation may be ob- 

More accurate expressions for the thermodynamic properties of 
pure components [15] and gas mixtures take into account the an- 
harmonicity of vibrations, electronic excitation, simultaneous 
dissociation of various components, formation of nitrogen oxide, 
and a single ionization. For pure gases, these effects are 
accounted for by the introduction of the corresponding partition 
functions. The degrees of dissociation and ionization are ex- 
pressed in terms of partition functions, and the thermodynamic 
functions- in terms of the degree of dissociation, pressure, 
and temperature. In this, one assumes that dissociation is com- 
pleted before the onset of ionization. On the basis of the 
expressions obtained for gas components, one deduces the analytic 
expressions for the composition and thermodynamic functions of 
an arbitrary mixture of nitrogen, oxygen, and argon. The com- 
position of a mixture is found by solving a relatively simple 
system of equations by the method of successive approximations. 
The thermodynamic functions are obtained in the form of algebraic 
expressions in the degree of dissociation, p, and T. Their 
calculation is distinguished by its simplicity from the calcu- 
lation in [14]. The ionization of a mixture, as in [12], is 
considered for a single-component gas. A t  the same time, the 
calculation is quite laborious, and digital computers must be 
used. The computational error for a mixture does not exceed 1%. 
The time expended is much shorter than in "exact" calculations. 
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The availability of a standard program for calculations 
according to this and the previous method permits us to use them 
in numeric gas dynamic calculations. 

Finally, in methods for the approximate calculation of an 
equilibrium state, one approximates the equilibrium state tables. 
The approximation may be accomplished by either selecting and 
approximating an analytic expression depending on the parameters 
selected for the problem [17,18,191 or by expanding the tabular 
values of thermodynamic functions in series in a certain system 
of functions. 

To reduce the approximation error, it is more convenient not 
to use the thermodynamic functions themselves, but rather their 
ratios to expressions approximating the thermodynamic functions 

polynomials, dependent on lg p and the temperature, was made 

and hM are taken from the approximate representation [121. The 
relative approximation error of this type does not exceed fractions 
of 1%, even if one uses only six terms of a series in each of 
the variables. 

with lower accuracy. Such an approximation using Legendre / 74 

for the functions '(P, and - [20] of the air, where Z ( P , T ) ~  
z (Pm TIM h# 

Non-eequ-iil-i-b r ium ide a1 d i s so c i a t ing gas 

The model of an ideal dissociating gas may be generalized to 
the case of nonequilibrium dissociation C21J.Starting with the 
elementary concepts on the reaction rates Freeman suggested the 
following expression for the rate of dissociation of an ideal 
dissociating gas 

(2.24) 

where C and s are some constants. 
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The structure of the formula resembles the expression of 
the law of mass action if the expression for the reaction rate 
constant (1 .46)  is written explicitly. Since in the state of 
equilibrium we have (2 .16) ,  the rate of the reverse recombina- 
tion reaction is 

The rate of the reverse reaction depends on the concentration 
of the atomic component, and just as in any reaction that goes 
through triple collisions, it is proportional to the square of 
the density. 

From Eqs. ( 2 . 2 4 )  and (2.25) we obtain the following for the 
rate of dissociation 

D -- 
(I-+) e *'-L a:].  

d t  Pd 

(2 .26)  

The entire kinetics of the nonequilibrium process is determined 
by the parameters C and s (in additLon to the constants D and 

Pa9 that characterize an ideal gas). Their values should be 
selected based on the reaction rates for real gases. It will 
be noted that (CpT-.)-' has the dimension of time and it may be viewed 
as the characteristic time of the process. 

Equations of motion o f  .a g a s  

The equations of gas dynamics taking into account the non- 
equilibrium processes can be written under the assumption that 
a local thermodynamic equilibrium exists for each degree of 
freedom. Thus, for each degree of freedom one can introduce 
its temperature, energy, entropy, etc. The system of hydro- 
dynamic, thermodynamic, and kinetic equations describes the 
motion of a gas and the process of the establishment of equili- 
brium between individual degrees of freedom. In those cases 
when there is no equilibrium for some degrees of freedom class 
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(for example, vibrational), the class is subdivided into sub- 
classes. New degrees of freedom are introduced which satisfy the 
assumptions about the thermodynamic equilibrium, for example the 
relaxation between the levels. Thus, the principal formulation 
of the problem remains unchanged. 

Let us make a short derivation of the gas dynamic equations 
of continuity, momentum, and energy for a relaxing gas, follow- 
ing basically the exposition in C221 (see also C23-261). 

It will be assumed that a gas consists of n components, 
participating in r transformations. The number of components 
includes the degrees of freedom that are in the state of quasi- 
equilibrium. Thus, one can introduce for each such degree of 
freedom the temperature, enthalpy, and other thermodynamic para- 
meters. It will also be assumed that there are no mass forces. 
We recall that at each point of space occupied by a gas, the 
velocity of component k may in general differ from the mean 
local velocity of the center of mass 

n +  ' n  
-c 

P where P = C P h .  v=x""p"* k k 

To deduce the equation of continuity we consider in the space 
an arbitrary stationary volume V bounded by a fixed surface S 
[22] .  The rate of change of the mass of component k in the 
volume 

is equal to the sum of the flux of the mass of component k enter- 
ing volume V through the surface, and the rate of the formation 
of k due to processes inside V: 

Here d3. is the vector surface element whose positive 
direction is to the outside; VkjJj is the rate of formation of 



I 

the component k per unit volume due to process j. 

Vkj is defined as the ratio of pk and the accepted express- 
Applying Gauss' Theorem to the surface integral in 

j' 
ion for J 
Eq. ( 2 . 2 7 ) ,  we obtain the equation of continuity for component 
k in a differential form /76 n ( 2 . 2 8 )  

-5=-  div pkGk$ C V k j J j ;  &= 1, 2.. . n. 
j - 1 .  

at 

Since the total mass is conserved as a result of all internal 
processes,we obtain upon summing over k, the equation of contin- 
uity in the ordinary form 

If one introduces the "diffusive flux" of substance k rela- 
6 + - b  tive to the center of mass . Eq. ( 2 . 2 8 )  can be 

written in the final form 

To deduce the momentum equations we apply d'Alembert's 
principle to the separated gas volume. The principle asserts 
that at each instant of motion all forces applied to the system, 
including the force of inertia, mutually balance each other 

where w' is the acceleration of a gas element, and 
P is the surface force vector directed along the outside nor- 
mal. The equation can be transformed [ 2 3 ]  to the form 
n 

.* . 

where the vector divergence of the tensor P is defined by 
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and its i component is 

Tensor P is considered symmetric (Pij=Pji) . Decomposing tensor 
P in two parts: static pressure p multiplied by the unit tensor 
U, and the viscous stress tensor ll , 

P = - p U + f ,  

we find the momentum equation in the vector form 
. I  . .  .. . ' div pU+' divJI. d q  -- --- 

dt P P (2.32)- 

Thus the form of the momentum equation does not differ from 
the equations of a nonrelaxing gas. 

To derive the energy equation consider a certain gas volume. 
The change of energy in the volume is determined by the energy 
flux through its surface 

d 

where I ,  is the energy flux through a unit area per unit time. 

Applying Gauss' Theorem to the volume, we obtain the 
energy equation in differential form 

The energy flux consists of the convective term 
mechanical work done to the system Pz , and the "heat fluxtf - 
the term I,, including all other energy forms 

P.($G2+e)g , the 
4 

91 



Here the i component of p z  is x p 1 , . ,  . 
k 

Using the representation (2.31) and introducing enthalpy 
, we bring the energy equation to its final form P 

P 
h=e+ - 

It will be noted that using the relation 

da +divapg, P,t=dt. 

which follows from Eq. (2.29), and the expression 

-b da -=* + v grad a, 
dt d t  

we can write Eqs. (2.28) and (2.33) in the form 
' r  

and 

Eqs.(2.34), (2.32), and (2.35) form the system of gas dynamic 
equations. - 

The specific form of v k j ,  11, ?&, IT, J~ 
of the problem and on the processes considered. It is clear that 
the corresponding equations must be added to the system of the 
gas dynamic equations. 

depends on the formulation 

Below the diffusion, viscosity, and heat conduction pro- 
cesses will only be considered in Chapter 5 which is devoted 
to the boundary layer, and the energy flow from the outside in 
the form of radiation only in Chapter 6. In the absence of 
these processes the equations of motion simplify and assume the 



following form 

where u, v, w are the components of the velocity $ ' 

To the gas dynamic equations we must add the equations that 
describe the internal processes and thermodynamic properties 
of a gas. 

In the following two chapters we shall only consider the 
chemical reactions and the excitation of the vibrational degrees 
of freedom of a gas. 

To set up the equations of chemical kinetics we must first 
of all know the mechanism of chemical reactions. After a cer- 
tain mechanism is established one writes down the expressions 
for the rates of formation of the components VkjJj  in each of 
r reactions. For example, if the continuity equation is taken 
in the form (2.36a) and the molar-volume concentrations are 
used for reaction rates, then 

V k J = M k ( b k - - a , ) ;  Jj=kf fi [ X I ~ ' - - R ,  5 [x,f'* (2.37) 
1 7 9  1-1 1-1 

where fzk,  br, kj, R depend on j ( j=1  ... r )  . 
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One can write the continuity equations by also using other 
expressions for the concentration 

n1 pm Rm 
y t = - - -  --Et-; 

P w 

1 

Then the left-hand side of Eq. (2.36a) may be put in one of the 
following forms 

. ZMknk 
k - 

where n = C n k ;  M=- n ; however, the right-hand side will 
involve an expression for the reaction rate (2.37), transformed 
to the corresponding variables. It will be noted that the concen- 
trations chs a k s Y k  ,divided by the density, permit us to simplify 
the equations. 

k 

To relate Pis Ps Ts h,m to the concentrations and to each 
other, oneuses the thermodynamic relations: 
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where 

,.,. 

(2.40) 

d is the specific enthalpy of formation. 

(2.41) 

Here, cv refers to the heat capacity at constant volume of a 
gas with unexcited vibrational degrees of  freedom. For the relaxa- 
tion of the vibrational degrees of  freedom of energy evib one 
must use the corresponding relaxation equations (see Eq. (1.75)). 
For example, in the simplest case the relaxation equation may be 
obtained by analogy with Eq. (2.30). Using the expression for 
the specific energy, divided by the density, we obtain the re- 
laxation equation in the simple form 

(2.42) 

Finally, one can use the following relations that may ke viewed 

as Dalton's law: P== F Mi [XI] =+ Mlnl; 
1 

as well as the relations giving the molecular weight: 

The last group of relations expresses the equations of 
material balance (2.12) 

/81 
( 2  45) 

All these relations in general overdetermine the system and in 
specific cases only some of them are used in solving a problem. 
Thus, with the concentration variables chosen the total number 
of equatlons of chemical kinetics, equations of material balance, 
ane the .,_ 'essary equations from the group of (2.431, (2.44) 
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must equal the number of components in the system. 

The present system of differential equations is close in 
form t o  the system of equations for a gas that does not undergo 
any transformations. Therefore the transition to various coordi- 
nate systems is possible by means of the transformations ob- 
tained for classical gas dynamics (see for example [23]). Here 
for illustration we shall write the equations in the natural 
coordinates for the two-dimensional case. It will be noted 
that in steady state motion 

da -. 
dt 

-=vgrada 

and Eqs. (2.36a), (2.36~) may be written as 

(2.46) 

In the natural coordinates s, n, where s is the coordinate 
along a streamline and n is perpendicular to it, the equations 
of adiabatic flow 
relaxation assume 

The equation 

taking into account chemical reactions and 
the following forms C271. 

of continuity 
sin 8 -0. 1 dp 1 du dB --+ydg +x+i-- Y 

P d s  

Here p is the density; u is the stream velocity; 6 is the 
angle that the streamline makes with the x axis; y is the coordin- 
ate perpendicular to the x axis; J = 0 for the two-dimensional 
flow and j = 1 for axisymmetric flow. 

The momentum equations are 

(2.48) 
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The energy equation is 
(2.50) /82 

The equation of state for each component (2.39a) and for a 

mixture is 

The equation of continuity f o r  each component is 

pu *= 2 VjJJ.  (2.51) 
dS 

1-1 

To the system we may add the relation z a k - l  and the 
k 

equation of material balance. For example, for the air 
(21% O2 and 79% N2 by volume) 

I 1 1 
Z Q O  + ~ , Q 0 .  + ,on0 21 =- 

1 1 1 7 9 ‘  z Q ~  + 14 “N, + ~ Q N O  

Finally, to the system we must add the caloric equation of 
state (2.40) and the equations of vibrational relaxation (2.42), 
ionization, and conswvation of charge (if these processes are 
considered). 

2.2 General properties of the flow of a relaxing gas 

Relative values of the characteristic 
times for various processes 

Each of the relaxation processes, described by the equations 
of the form (1.35), (1.57), occurs at a certain characteristic 
rate which depends on the physical conditions in which the process 
takes place (temperature, pressure, and concentration of  compo- 
nents). This rate may be compared with the characteristic re- 
laxation time T. If the relaxation times for various processes 
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differ widely, then one can distinguish regions in which certain 
processes are dominant, and others occur much slower. The slow 
processes are said to be "frozen". The opposite case involves 
processes for which the relaxation times are very short so 
that local equilibrium is establlshed almost instantaneously. 
Such processes are called equilibrium processes. 

The subdivision into regions of flow according to the equi- 
librium and frozen processes is convenient in approximate calcu- 
lations and is widely used in practice. As a criterion for con- 
sidering or neglecting the relaxation processes we use the 
ratio of the characteristic time that a gas particle spends in 
a given flow reglon, t = L/v, where L is the characteristic 
length, and v is the characteristic flow speed, to the character- 
istic time of the relaxation process.* 

The smaller the ratio, the greater the accuracy with which 
the process may be considered frozen; conversely, the larger the 
ratio, the closer is the flow t o  an equilibrium flow. 

Thus, the effect of relaxation processes depends not only 
on the thermodynamic parameters of the flow, such as the density, 
temperature, gas composition, but also on the dimensions of the 
flow region L and the flow speed v. 

Speed of sound 

To the t w o  limiting cases of the flow of a relaxing gas 
"frozen" one, af, and there correspond two speeds of sound: 

"equilibrium" one, 
of sound, which is not accompanied by any changes in the energy 
of the internal degrees of freedom of the molecules. Such, for 

mle:Yirbtr-  'cdrrespond5 -to the propagation 

* Karman t 2 8 1  calls this ratio the first characteristic 
number. 



example, is the propagation in a gas of a vibrational process at 
a very high frequency when the internal degrees of freedom do 
not have enough time to exchange energy with the active degrees 
during the vibration period T (the ratio f > > l  ) .  Conversely 
if the disturbances propagate at a low frequency ( + < l )  the 
exchange of energy of internal degrees of freedom follows the 
change in the external conditions and the process occurs quasi- 
statically and reversibly. 

The frozen speed of sound is defined as ( $ ) S , g ,  

where the derivative is taken at constant gas composition and 
constant entropy. The equilibrium speed of sound is defined as 

entropy and equilibrium composition of the gas. These relations 
may be written in terms of the derivatives of frozen h or, respec- 
tively, of the equilibrium E entropy of the gas with respect to 
the density and pressure 

u : = ( $ ) ~ , , ~  , where the derivative is taken at constant 

For example, for an ideal dissociating gas the frozen speed 
of sound is defined as 

and the equilibrium speed of sound as 
o1 (1 -a:) ( 1  + 2 5) + (8 f3a1-  a : ) ( r )  T I  

RT. 2 
&= I T  \ 2  (2.55) 

a1 (1 - al) + 3 (2--1) [+ )- 
Fig. 2.6 shows the plot of the ratio (Q~/Q,)P for an ideal 
dissociating gas modeling oxygen [29]. 

In general the speed of sound in a relaxing gas depends on 
the frequency and varies between the equilibrium and frozen 
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Figure 2.6. Ratio of 
the speeds of sound versus 
the temperature for "oxygen- 
like" ideal dissociating gas: 
1 - for p = 0.01 kG/cm2; 
2 - f o r  p = 0.1 kG/cm2; 
3 - f o r  p = 1 kG/cm2j 
4 - for p = 10 kG/cm 

speeds of sound. Thus, the 
dispersion of sound occurs 
in a relaxing gas. In addi- 
tion, the sound signal pro- 
pagates with damping that 
also depends on the fre- 
quency. A l s o :  the frozen 
speed of sound is greater 
than its equilibrium value 
[30]. In magnitude these 
two speeds do not differ 
very much, however, the 
difference is of great 
theoretical importance. 

The perturbations introduced in the flow first always propa- 
gate at the frozen speed of sound since for an exchange of the 
energy of internal degrees of freedom to occur it is necessary to 
wait a certain time on the order of the relaxation time. During 
that time the speed of the propagation of disturbances gradually 
changes and in the limit becomes equal to the equilibrium speed 
of sound. This leads to interesting and fairly complicated 
phenomena that occur due to the propagation of disturbances intro- 
duced in a moving gas [31,321. 

The lesser the role of the internal degrees of freedom of - 1 8 5  
the molecules, the smaller will be the difference between the 
frozen and the equilibrium speeds of sound. If the effect of the 
internal degrees is completely nonexistent, the difference be- 
tween the two speeds of sound vanishes. Thus we arrive at a 
single speed of sound that plays such an important r o l e  in 
classical gas dynamics. 
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Variation of entropy 

The equations of motion of a relaxing gas were obtained under 
the assumption t t a t  the gas may be represented by a set of 
subsystems in a state close to equilibrium. For equilibrium 
systems it is not. difficult t o  obtain the expression for the ent- 
ropy, and the variations of the entropy for each of the sub- 
systems may be written simply as dS,=d* , where dQi is the 
amount of heat received by the subsystem. 

If relaxation processes occur in a nonequilibrium system, then the 
entropy of the system increases, even if the system does not 
exchange energy with the external medium. 

Ti 

This will be shown using an example of a system consisting 
of two quasi-equilibrium subsystems. Suppose that the temperature 
of one of the subsystems is T1, and of the second T2. If the 
first subsystem releases heat in the amount dQ, and the other 
acquires this amount of heat, then the change in the entropy of 
the system will be 

Since T1>T2, the value of dS will be positive. The relaxa- 
tion processes result in a dissipation of mechanical energy also 
in the general case. At the same time, one can see that the 
entropy of the individual subsystems may either increase or de- 
crease in the process of relaxation. If the translational de- 
grees of freedom of a gas are taken as one of the subsystems, and 
one of the internal degrees of freedom is taken as the other, 
then during the excitation of the internal degrees of freedom the 
entropy corresponding to the translational degrees of freedom 
will decrease. If, in addition, afterwards the internal degree 
of freedom of a gas element becomes frozen, then the entropy 
of the translational degrees of freedom remains reduced in its 
entire subsequer-t motion. This phenomenon may lead t o  an 

- - .  
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occurrence of relaxation entropy layers. 

The change in the total entropy of a gas may be compared 
wfth the Value Of the entropy itself." If these changes are 
relatively small, then they can be neglected and the entropy of 
the flow may be considered constant; [33]. 

/x The variations of entropy, due to an exchange of energy with 
the internal degrees of freedom, are absent in the two limiting 
cases of flow: equilibrium and frozen. In the first case the 
temperatures of the equilibrium subsystems are always equal and 
the expression in (2.56) is zero. In the second case the inter- 
nal degrees of freedom are completely excluded from the exchange. 

Energy p aramet er 

The ratio of the energy Q, participating in the exchange 
(in particular, of the heat of reaction), to the enthalpy of 
the gas, h, is still another parameter that characterizes flows 
with an exchange of the energies of internal degrees of freedom. 
In foreign literature C281 this parameter is referred t o  as the 
so-called second characteristic number, equal t o  -- . De- 
pending on the problem at hand the energy parameter may be con- 
structed using either the total entropy or the local value of 
entropy, or the entropy of the active degrees of freedom. 

Q L  
cPT ut 

If the ratio Qlh is low, then one can neglect the varia- 
tion in the energy of the active degrees of freedom due to 
nonequilibrium processes. Then one can exclude the effect of 
the inertial degrees of freedom on the active ones and the 
relaxation of the inertial degrees of freedom may be viewed 

* We recall that according to Nernst's theorem one is 
able to determine the absolute value of the entropy. 
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in a given field of the thermo-gasdynamicparameters  determined 
by the active degrees of freedom. 

2.3 Equations of motion in the characteristic form 

To calculate the flows in a supersonic region one often uses 
the method of characteristics, which may be applied to the flows 
of a relaxing gas [27, 34, 353. We shall limit ourselves to con- 
sidering the equations of the characteristics only in the two-di- 
mensional axisymmetric cases * in application to Eqs. (2.47) - 
(2.51). 

Using Eqs. (2.481, (2.501, and (2.39a), one can rewrite 
Eq. (2.47) in the form 

' d b  -- I d p  ( M Z - l ) + - + j - - -  
i 

pu2 ds dn Y 

- where c P = ~ : ~ c p i  . M = K / U ~  is the frozen Mach number; 
i 

( 2  57) 

(2.58) 

Eqs. (2.57) and (2.58) form a system of quasilinear partial 
differential equations with respect to p and 6 , To them /87 
one must add Eqs. (2.51) and the algebraic relations for h, 
p ,  and other variables. For u>4t2 the system is hyperbolic and 
its characteristic directions are given by 

an 1 
tgp=-=+ * 

1/M2 - 1 as (2.59) 

The characteristic equations hake the form (see also [34]): 

(2.60) 

They involve derivatives with respect to just one variable: s1 or 
In this respect Eqs. (2.48) and (2.51), which are also 

characteristic (the characteristics are streamlines), are 

presented, for example, in the book by J. D. Hayes and 
R. F. Probstein [lo], p. 330. 

2' S 

- 

* For equilibrium flows the method of characteristics is 
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analogous to them. 

The variation of concentration may also be calculated along 
streamlines in accordance with the relaxation equations (2 .51 ) .  

In the x, y coordinates the streamlines are defined by 

-- a& .- tga 

ay - tg@* PI. 

dx 

-- and the Mach lines 
dx 

(2.61) 

(2.62) 

To these equations, we must add the equations describing the 
composition and thermodynamics of a gas. 

2.4 Linearization of the equation 

Sometimes one can consider the linearized system of equations, 
which often gives useful information on nonequilibrium gas flows, 
without applying complicated computational methods [3641,26]. 

We shall show how one can obtain a linearized system of 
equations from the general equations of motion of a gas with 
internal degrees of freedom. A s  a basis, we shall take System 
(2 .36)  and add the equation for an arbitrary relaxing parameter 
q that characterizes the internal degree of freedom 

where e is a quantity that characterizes the reaction time. The 
smaller 6, the faster will be the reaction. 

If a gas is in equilibrium, dq/dt is zero, and Eq. (2.63) 
determines the state of equilibrium, then 

whence 

(2 .64 )  

If e = 0, then Eq. (2.63) implies ~ ( p , p , q ) = O  and the gas is in 
local equilibrium. This is the case of the equilibrium flow. 
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If @+=, the equation passes into &Lconst ; the flow is frozen. 
We shall assume that the linerarization is done relative to 1 8 8  

The perturbations of - the main flow U = ~ r .  O = W = O ,  p=p... h-h,. q=q.. . 
the main flow will be denoted by using a bar above the symbols. 
Substituting the linearized variables in the system, we obtain a 
system of equations for the perturbations 

( 2 . 6 6 )  

dh' = hpmdP' + hPmP' + L,=q', (2.70) 
where the indices denote derivatives with respect to the 
corresponding variables. 

- Now let us introduce q,', that corresponds t o  local equili- 
brium 

(2.71) Lp,P' + LPmP' + Lqm? = 0. 

With the aid of this equation, we can write the relaxation 
equation (2.63) in the form 

. a  where --=-- is the relaxation time of a nonequilibrium 
LgI, process. 

If several reactions are possible in a system, then the 
system may also be brought to the equations of the form similar 
to (2.72) C42-441. The equation of the vibrational relaxation 
can be written directly in the form (2.72). 

- 
q can be determined from Eq. (2.65), whose differential form 

is (2.73) 
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Eqs. (2.66 - 2 . 7 0 ) ,  ( 2 . 7 2 ) ,  (2.73) form a complete system of 
equations in eight unknowns. The system may be reduced to a 
single equation. After some transformations, using the expressions 
for the equilibrium and frozen speeds of sound, and the correspond- 
ing numbers M,, =- 9 MIw =- Um , we obtain the equation um 

a,, a/- 

where 

Applying the rot operator to the linearized momentum equation 
a 2  + grad p' = 0; 

P&m dx 

d we obtain - a (rot>)=O . Inasmuch as -_ d , the vorticity 
of a liquid element remains constant. This is an important 
property of linearized flows. If in an unperturbed flow there 
is no vorticity, the latter will also be absent in the entire 
flow. Consequently, one can introduce a perturbation potential 

ax dt -'Q ax 

Now Eq. (2.74) becomes an equation for the potential 

Eq. (2.75) becomes the Prandtl-Glauert equation f o r  the 
equilibrium flow at K = 0, i.e. at -rm = 0. In the second 
limiting case, when K = m the equation also changes Into the 
Prandtl-Glauert equation In which one uses the frozen speed of 
sound. 

For intermediate values of K, the characteristics of the 
equation are determined by terms involving derivatives of third 
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at 

1. 

2. 

3. 

4. 

5. 

order. In particular, for two-dimensional flows (3 =.o) the 
characteristics are given by the equations y = const 
and z- dg - - f  

elliptic or hyperbo1.ic type, depending on whether AI/, is smaller 
or greater than 1. The type of equation is preserved for all K 
that differ from zero. However, for K = 0 it is possible for 
the type of the equation to change, since in this case the 
equation may be of the elliptic or hyperbolic type depending 
on the ratio of EL,  t o  unity. Cases are possible when one of 
the terms Me-, MI- is greater than unity, and the other smaller. 
In these cases, the type of the equation changes discontinuously 

8 1 2  

1 

vM;m-l . Correspondingly, Eq. (2.62) is either of 

k = 0. 

REFERENCES - /9 

Zel'dovich, Ya. :B. A Proof of the Uniqueness of the Solution 
of Equations f,:,r the Law of Mass Action, Zhurnal Fizicheskoy 
Khimii, Vol. 11, No. 5, 1938. 

Predvotitelev, A. S., Ye. V. Stupochenko, A. S. Pleshanov, 
Ye. V. Samuylov and I. B. Rozhdestvenskiy. Tables of 
Thermodynamic Air Functions (for Temperatures from 200 to 
6,000 OK and Pressures from 0.001 to 1000 Atmospheres), 
Izd. AN SSSR, 1961. 

Predvotitelev, A. S., Ye. V. Stupochenko, Ye. V. Samuylov, 
I. P. Stakhanov, A. S. Pleshanov and I. B. Rozhdestvenskiy. 
Tables of Thermodynamic Air Functions (for Temperatures 
from 6000 to 12000OK and Pressures from 0.001 to 1000 
Atmospheres), Izd. AN SSSR, 1957. 

Predvotitelev, A .  S.,Ye. V, Stupochenko, A. S. Pleshanov, 
Ye. V. Samuylov and I. B. Rozhdestvenskiy. Tables of 
Thermodynamic Air Functions (for Temperatures from 12000 
to 20000°K and Pressures from 0.001 to 1000 Atmospheres), 
Izd. AN SSSR, 1959. 

Pleshanov, A. S., and S. G. Zaytsev. Composition, Thermo- 
dynamic and Gas-dynamic Properties of Carbon Dioxide for 
Temqeratuqs from 1000 to 12000°K and Pressures from 
10- t o  10 atm. In the Collection: Fizicheskaya 
gasodinamika, tcploobmen i termodinamika gazov vysokikh 
temperatur (Pkysical Gas Dynamics, Feat Exchange, and Thermo- 

107 



dynamics of High-Temperature Gases), Izd. AN SSSR, 1962. 

Kuznetsov, N. M., Termodinamicheskie funktsii i udarnyye 
adiabaty vozdukha p r i  vysokikh temperaturakh (Thermo- 
dynamic functtons and Shock Air Adiabates at High 
Temperatures), Moscow, "Mashinostroyeniye" , 1965. 

Properties of the Air in Thermal Ionization and a Shock 
Wave. Zhurnal Fizicheskoy Khimii, Vol. 32, No. 3, 1958. 

Hilsenrath, J. and C. Beckett. Thermodynamic Properties of 
Argon Free Air. Nat. Bur. of Stds. Rept. No. 3991. 

Lighthill, M. J. Dynamics of a Dissociating Gas P. I. 

Selivanov, V. V. and I. Ya. Shlyapintokh. Thermodynamic 

Equilibrium Flow. J. Fluid Mech. Vol. 2, 1957, p. 1. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13 

14. 

15. 

16. 

17. 

18. 

19 

10 8 

Hayes, U. D. and R. F. Probstein. Theory of Hypersonic 
Flows. Moscow, IL, 1962. 

Mikhaylov, V. V. Analytic Representation of the Thermodynamic 
Functions of Dissociating Air. Inzhenernyi Sbornik, Vol. 28 
1960. 

Mikhaylov, V.V. Approximate Analytic Representation of Thermo- 
dynamic Functions of the Air. Inzh. Sb., Vol. 31, 1961. 

Mikhaylov, V. V. Approximation of the Enthalpy and the Equa- 
tion of State of Carbon Dioxide. Inzh. Zhurnal. Vol. 2, 
No. 2, 1962. 

Hansen, F. Approximation for the Thermodynamic and Transport 
Properties of High Temperature Air. NASA Techn. Rep. 
R-50, 1959. 

Sevast'yanov, R. M. Thermodynamic Functions of' High-tempera- 

Sevast'yanov, N. M. and M. D. Zdunkevich. Thermodynamic 
Functions of a Gas Mixture at High Temperatures. Inzh. 
Zhurnal. Vol. 4, No. 4, 1964. 

ture Gases. Inzh. Zhurnal, Vol. 3, No. 3, 1963. 

Kvashinia, S. S. and V. P. Korobeynikov. A Solution of Cer- 
tain Problems on the Motion of the Air Considering Dissocia- 
tion and Ionization. Izvestiya AN SSSR, "Mekhanika i 
Mashinostroyeniye". No. 2, 1960. 

Vertushkin, V. K. Approximation of Thermodynamic Functions 

Krayko, A. I. Analytic Representation of the Thermodynamic 

of the Air. Inzh. Zhurnal, Vol. 2, No. 4, 1964. 

Functions of the Air. Inzh. Zhurnal, Vol. 4, No. 3, 1964. 



20. 

21. 

22. 

23 

24. 

25 

26. 

27 

28. 

29 

30 

31 

32 

Naumova, I. I. Approximation of Thermodynamic Properties - /91 
of the Air. Zhurnal vychislitel'noy matematiki i mate- 
maticheskoy fiziki. Vol. 1, No. 2, 1961. 

Freeman, N. C. Nonequilibrium Flow of an Ideal Dissocia- 
ting Gas. J. Fluid Mech. No. 4, 1958. 

Ee Groot, S. and P. Mazur. Nonequilibrium Thermodynamics. 
1964. 

Kochin, N.Ye., I. A. Kibel', and N. V. Roze. Teoretiches- 
kaya gidromekhanika (Theoretical Hydromechanics), 
Vol. 1, Vol. .  2 Leningrad-Moscow, GITTL, 1948. 

Reacting and Relaxing Medium. In the Collection: Gas 
Dynamics and Heat Exchange in the Presence of Chemical 
Reactions, Moscow, IL, 1962. 

Wood, V. V. and J. G. Kirkwood. Hydrodynamics of a 

Gubanov, A. I. and Yu. P. Lun'kin. Equations of Kinetics 
of Dissociation of a Gas Considering Diffusion. Zhurnal 
Teoreticheskoy Fiziki, Vol. 27, No. 11, 1957. 

Stupochenko, Ye. V. and I. P. Stakhanov. Equations of 
Relaxation Hydrodynamics. Doklady Akademii Nauk, 
Vol. 134, No. 4. 1960. 

Spurk, I. H., N. Gerber and R. Sedney. Characteristic 
Calculation of Flow Field with Chemical Reactions. 
AIAA J. Vol. 4, No. 1, 1966. 

Areas. Z. f. Flugwissenschaften Vols. 1-2, 19556; 
Karman, Th. Dimensionless -- Vari'ables in Aerodynamic Fringe 

Clark, J. and M. MacChesny. Dynamics of Real Gases. 1967. 

Landau, L. D. and Ye. M. Lifshitz. Mechanics of Con- 
tinuous Media. 1953. 

Stakhanov, I. P. and Ye. V. Stupochenko. Structure of 
Mach Lines in Relaxing Media. Doklady Akademii Nauk, 
Vol. 134, No. 5, 1960. 

Stakhanov, I. P. and Ye. V. StuDochenko. Certain Problems 
of the Hydrodynamics o f  Relaxing Media. ZhPMTF, No. 2, 
1963. 



33 

34 

35 

36 

37 

38 

39 

40. 

41. 

42. 

43 

44. 

110 

Eschenroeder, A .  Q. Entropy Changes in Nonequilibrium 

Belotserkovskiy, 0. M. and V. K. Dushin. Supersonic 

Flows. Phys. of Fluids, X, No. 10, 1963. 

Flow Over Blunt Bodies of a Nonequilibrium Gas. 
Zhurnal Vychislitel'noy matematiki i matemati- 
cheskoy fiziki. Vol. 4, No. 1, 1964. 

osesimmetrichnykh sverkhzvukovykh techeniy pri 
nalichii neobratimykh protsessov. (Calculation of Flat 
and Axisymmetric Supersonic Flows in the Presence of 
Irreversible Processes.) VTs An SSSr, 1964. 

Katskova, 0. M. and A. N. Krayko. Raschet ploskikh i 

Clarke, J. T. The Linearized Flow of a Dissociating Gas. 

Vincenti, W. G. Non-Equilibrium Flow Over a Wavy Wall. 

Moore, F, K. and W. E. Gibson. Propagation of Weak Dis- 

J. Fluid Mech. Vol. 7, No. 4, 1960. 

J. Fluid Mech., Vol. 6, No. 4, 1959. 

turbances in a Gas Subject to Relaxation Effects. 
JASS, No. 2, 1960. 

Clarke, J. F. Relaxation Effects on the Flow Over Slender 
Bodies, J. Fluid Mech. Vol. 11, No. 4, 1961. 

brium Flow. JAS, No. 9, 1962. 

Cone of Revolution. Doklady AN Byelorussian SSR, 
Vol. 8, No. 8, 1964. 

Pavlova, L. M. Nonequilibrium Flows of a Dissociating Gas 
Close to Equilibrium. Izvestiya AN SSSR, "Mekhanika i 
MashinostroyeniyeR, No. 3, 1961. 

Ryhming, I. L. On Slender Airfoil Theory f o r  Nonequili- 

Khodyko, Yu. V. Flow of a Relaxing Gas over a Slender 

Tkalenko, R. A. Supersonic Nonequilibrium Gas Flow over 
Slender Bodfes of Revolution, ZhPMTF, No. 2, 1964. 

Krayko, A .  N. A Study of Weakly Perturbed Supersonic Flows 
for an Arbitrary Number of  Nonequilibrium Processes. 
Prikladnaya matematika i mekhanika, Vol. 30, No. 4, 1966. 



CHAPTER 3 

NONEQUILIBRIUM ONE-DIMENSIONAL FLOWS 

3 . 1  Normal shock wave 

/ 92 One-dimensional flows are the simplest case for which one can 
study and estimate the effect of nonequilibrium processes. A great 
role in the study of the relaxation processes and their effect 
on the flow characteristics is played by the calculations of normal 
shock waves. This is explained, on one hand, by the fact that to 
obtain experimental data on reaction rates at high temperatures 
we use shock tubes, and therefore the calculations of shock waves 
are of direct interest in the estimation and verification of the 
role of various reactions from the point of view of the compari- 
son of computational results and experiment. On the other hand, 
in the case of flows over blunt bodies the relaxation phenomena 
are manifested primarily when a gas flows through a front shock 
wave and the calculations of normal shock waves may give important 
information on the role of relaxation. 

The results obtained for normal shock waves may be generalized 
directly to oblique shock waves. (For this, one resolves the 
velocity of the flow incident on an oblique shock wave into com- 
ponents that are normal and tangential to the wave. The normal 
component changes during the transition through the wave, as in 
a normal shock wave, and the tangential component remains un- 
changed) . 

A shock wave is characterized by a sharp variation of the 
state of thermodynamic equilibrium of a gas. When a moving gas 
element passes through a shock wave, as a result of molecular 
collisions the energy of translational motion is transformed 
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into thermal energy, and after relaxation takes place, the gas 
achieves a new state of equilibrium. When the wave has high 
intensity, the heating of the gas may be sufficient f o r  the 
relaxation processes to begin. This is associated with a change 
of the energy of the inert degrees of freedom of the gas. 

The relaxation processes determine the structure of a shock 1 9 3  
wave, i.e., the transitional zone between two equilibrium states. 
The rate of relaxation of different degrees of freedom is diverse 
since the rate of energy exchange in collisions for different 
processes differs by a large factor. Thus, to establish equili- 
brium in translational and rotational degrees, one needs from 3 
to 5 molecular collisions. To establish equilibrium in vibration- 
al degrees of freedom, one needs on the order of 1,000 collisions, 
and to establish chemical and ionic equilibrium the number of the 
required collisions is many times greater. The difference between 
the rates at which equilibrium is established in different pro- 
cesses results in a situation where a quasi-equilibrium state is 
rapidly established in certain degrees of freedom, and then the 
much slower process occurs of the transition to full thermodyna- 
mic equilibrium. 

Thus, in the case of a complete spatial separation of 
different processes the structure of a shock wave is as follows. 
In the narrow front whose extension is on the order of several 
free paths, the equilibrium is established in the translational 
and rotational degrees of freedom. A sharp discontinuity in the 
temperature, pressure, and density exists. Then the vibrational 
degrees of freedom become excited, and, as a result, there is a 
drop in the temperature. In the relaxation process, the degrees 
of freedom that were excited earlier remain in quasi-equilibrium, 
but their temperatures change and become closer as a full thermo- 
dynamic equilibrium is approached. The establishment of full 
equilibrium occurs asymptotically,and the width of the shock wave 
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is determined by the distance at which deviations from the state 
of final equilibrium reach a certain small fraction of their 
equilibrium values. 

The feasibility of separating the excitation processes for 
different degrees of freedom vanishes as the temperature behind 
a shock wave increases, since at high temperatures the character- 
istic times for different processes become comparable. Estimates 
show that the feasibility of process separation is retained until 
the flow incident on the shock wave in the air reaches approxi- 
mately the speed of 7 km/sec (it is also possible to use one of 
the methods in which dissociation is coupled to vibrations). How- 
ever, experiments were performed [l] that show that, when the M 
number in front of .= shock wave in oxygen ranges from 10 to 14, 
vibrations interact strongly with the excitation of the trans- 
lational and rotational degrees of freedom, and for M>14, disso- 
ciations also participate in the coupling. 

We are particularly interested in the structure of the discon- 
tinuity, which is determined by the relaxation of the internal 
degrees of freedom of a gas, and a great deal of attention is 
given to the vibration and chemical nonequilibrium processes. 
Thus, the distances are measured from a somewhat indeterminate 

This, however, does not introduce substantial errors, since the 
basic processes thal; are of interest occur at distances of many 
tens and hundreds of free paths. In such a formulation, one 
neglects diffusion, viscosity, and heat conductivity, since 
these processes are associated wlth large gradients of hydro- 
dynamic quantities, existing mainly in the discontinuity of 
translational temperatures. 

front of the discontinuity in the translational temperatures. 1 94 



Approximate calculation of the structure of shock waves 

The flow in a shock wave is described by the equation of 
continuity, momentum and energy 

P1%- PooUa; (3.1) 

s, 4 
h,+-==A, 2 +.. (3.3) 

To these equations, one should add the thermodynamic relations, 
generally written considering the internal changes In a gas. 

Here the velocity of the flow is relative to a system asso- 
ciated with the front of a shock wave; u, p, p ,  h are the speed, 
pressure, density, and specific enthalpy of a gas. The sub- 
script "1" denotes the state behind the shock wave, and the 
sub s c rip t ''CO denotes the equilibrium state in front of a 
shock wave. 

f P  If there is no relaxation, then for an ideal gas h = - -  

and one can express the flow parameters behind a shock wave in 
terms of the parameters in front of the shock wave, the M, 

x-1  p 

number of the shock wave ) and the adiabatic 
exponent K :  

(3.5) 

In particular, if M,>I , then Eqs. (3.4-3.6) become: 
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C l e a r l y ,  as M, 
t a i n  l i m i t s ,  and p y  (and TI)  i n c r e a s e  wi thou t  l i m i t  ( s t r o n g  
shock wave). 

imreases the  v a l u e s  of u1 and p approach  c e r -  1 

The l i m i t  i n  cBse o f  a s t r o n g  wave i s  o b t a i n e d  from E q s .  
(3.1-3.3) when one may n e g l e c t  the p r e s s u r e  and e n t h a l p y  i n  
f r o n t  of a shock wave as compared w i t h  PmUm and - 2 4 3  

2 
The s ta te  o f  a gas  may be c o n v e n i e n t l y  r e p r e s e n t e d  i n  the  

1 
P 

p,  V = - c o o r d i n a t e s :  p r e s s u r e ,  s p e c i f i c  volume. P a s s i n g  i n  

Eqs.(3.1-3.3) to t h e  s p e c i f i c  volume, w e  o b t a i n  t h e  r e l a t i o n s  

v- 
v1 =I ’ 
-- 

which fo l lowfrom t h e  mechanica l  c o n s e r v a t i o n  l a w s  a l o n e ,  and 

The f a t t e r  r e l a t i c n  i s  c a l l e d  the shock adiabate. S ince  t he  
s ta te  i n  f r o n t  of  a shock wave i s  assumed to be known, Eq .  (3 .11)  
i n  t h e  p ,  V p l a n e  r e s u l t s  i n  a s t r a igh t  l i n e  tha t  p a s s e s  th rough  
t h e  p o i n t  pa,  V, (F ig .  3 .1) .  



P Using the  c a l o r i c  e q u a t i o n  
of  s t a t e ,  the en tha lpy  of  thermo- 
dynamica l ly  e q u i l i b r i u m  s t a t e s  
may be r e p r e s e n t e d  i n  the form of  
a f u n c t i o n  of p ,  V,  and the  shock 
adiabate may a l s o  be r e p r e s e n t e d  
i n  t he  p , V  p l a n e .  I n  c o n t r a s t  
w i t h  t h e  s t r a i g h t  l i n e  d e s c r i b e d  
by Eq .  (3 .11 ) ,  r e p r e s e n t i n g  t h e  F i g u r e  3 . 1  R e p r e s e n t a t i o n  

of  s ta tes  i n  a shock wave 
i n  t h e  p,V p l a n e :  
1 - s t r a i g h t  l i n e  (3 .11 ) ;  
2 - shock adiabate 

e n t i r e  sequence  o f  s ta tes  o f  a 
gas  e lement  i n  a shock wave, t h e  
shock adiabate r e p r e s e n t s  on ly  
the  e q u i l i b r i u m  s ta tes .  The 

f i n a l  e q u i l i b r i u m  s ta te  of  a g a s  i s  de termined  by  t he  p o i n t  of  
i n t e r s e c t i o n  of  a shock adiabate and t h e  s t r a i g h t  l i n e  (3.11) 
(see F i g .  3 . 1 ) .  I n  t h e  p,V p l a n e ,  t h e  t r a n s i t i o n  from the  i n i -  
t i a l  t o  the  f i n a l  s t a t e  co r re sponds  t o  t h e  t r a n s i t i o n  from p o i n t  
paJ , V, t o  p o i n t  pl ,  V1 a long  t h e  s t r a i g h t  l i n e  ( 3 . 1 1 ) .  

96 

For  an  idea l  g a s ,  it i s  easy t o  o b t a i n  t h e  e q u a t i o n  of a shock 
adiabate i n  e x p l i c i t  form. S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  t he  

e n t h a l p y  of  an i dea l  g a s  h=c,T=- Pv i n  Eq. (3 .13)  
x 

%- 1 

As the  I n t e n s i t y  o f  a shock wave i n c r e a s e s ,  t h e  r a t i o  of  s p e c i f i c  
volumes approaches  a c o n s t a n t  [see a l s o  (3.811. 

x -  1 
e- ($)r x+l. 

and,  consequent ly ,  t h e  shock adiabate i n  t h e  p , V  p l a n e  i s  bounded 
on t h e  l e f t  by an asymptote  which depends on the  a d i a b a t i c  
exponent  of  t h e  g a s ,  K .  I n  p a r t i c u l a r ,  f o r  a monoatomic g a s  
x =-- w e  o b t a i n  7 =z ; f o r  a d i a tomic  g a s  x = - we g e t  5 

1 
3 

1 , and i n - g e n e r a l  f o r  x +l w e  g e t  (2)r "S  
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Taking a derivative with respect to IC of (3.14) one can show 
that at constant K and unchanged initial state in front of the 
wave the shock adiabate, corresponding to larger  l lies entirely 
for V<V, t o  the right of the shock adiabate corresponding to 
the smaller K .  

Neglecting the significant changes in the density in a 
shock wave, the pressure and enthalpy at large compressions depend 
relatively little on the compression. Using Eqs. (3.1) - (3.3), 
we can obtain 

(3.16) 
P1= p m u t  (1- E) ; 

For example, if the gas is diatomic, then 

(PI) ,  =P,.,( 2 I - + ) ;  (h& =-(I-$), .', 
2 

and if the gas is monoatomic 

(3.17) 

In those cases when the energy of the internal degrees 
changes, and the gas undergoes physico-chemical changes, it is 
no t  possible to represent the equation of a shock adiabate 
in explicit form relative to p and V. The curve representing the 
shock adiabate, in those cases will have a more complicated form 
as compared with the one shown in Fig. 3.1. 

However, one oar! obtain a qualitative idea of the changes 
i n  a shock wave on the basis of fairly simple concepts. Let us 
imagine that the region of relaxation behind a shock wave is sub- 
divided into a number> of zones corresponding to different relaxa- 
tion processes, and a t  the end of each zone a thermodynamic 
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equilibrium is successively estab- 
lished in each of the processes, 
at the same time as the pro- 
cesses that are still unexcited 
remain frozen [2,3]. Thus, after 
the excitation of the transla- 
tional and rotational degrees of 
freedom the gas behaves as a 
monoatomic gas. Then upon the 
excitation of the vibrational 

V 

Figure 3.2 Variation of 
the state in a shock wave 
with relaxation for XI<% . 

I degrees of  freedom it behaves 
like a multiatomic gas. Then, after complete dissociation (and 
ionization), it behaves like a monoatomic gas again. This 
suggests that the state of  a gas after passing each of the zones 
may be found on shock adiabates corresponding to different K .  

In particular, this at once implies that the degree of compression 
increases when the vibrational degrees of freedom behind a shock 
wave become excited, and the degree of compression may decrease 
during dissociation. 

Suppose that an equilibrium state to which there corresponds 
a certain K is established after a certain process. This state 
is represented by a point of intersection o f  a straight line1 
(Fig. 3.2) by a shock adiabate constructed for this value of XI . 
If in the process o f  relaxation that follows this state K in- 
creases, then the point representing the successive state of 
equilibrium moves along the straight line 1-2 to the right and 
below the shock adiabate corresponding to the new value of xz . 
(see Figure 3.2). I f  K decreases, then the image point moves to 
the left and upward. Strictly speaking, in this case it is 
necessary to consider the variation of the energy of internal 
degrees of freedom of  a gas, and more precisely the changes of  
states may be associated with xe'[4] , determined by the re- 
lation (2.23). 
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Eq. (3 .14)  may i n  g e n e r a l  b e  w r i t t e n  i n  t he  form - / 9  8 
PI - 

which f o r  s t r o n g  shock waves assumes t h e  form 

The shock adiabate co r re spond ing  to t h e  s ta te  of e q u i l i b r i u m  
behind  t h e  shock wave may be  c a l c u l a t e d  d i r e c t l y  by  u s i n g  t h e  
v a l u e s  o f  % , t a k e n  .from the  tables of e q u i l i b r i u m  s t a t e s  o f  the gas 
(analogous to t h o s e  g iven  i n  F ig .  2 . 4 ) .  However, t he  c a l c u l a -  
t i o n  o f  p r e s s u r e  and t empera tu re ,  on which %e depends must b e  made 
us ing  t h e  e q u a t i o n s  o f  t h e  c o n s e r v a t i o n ,  t h e  c a l o r i c  and thermal  
e q u a t i o n s  of  s ta te ,  and the  l a w  of  m a s s  a c t i o n .  I n t r o d u c t i o n  of  

a l l o w s  a s i m p l i . f i c a t i o n  o f  t he  c a l c u l a t i o n  by t h e  method of  
s u c c e s s i v e  approx ima t ions  b u t  i n  g e n e r a l  %e does n o t  have to 
be i n t r o d u c e d .  

I n  e x p l i c i t  form t h e  sys tem f o r  c a l c u l a t i n g  a shock adiabate 
f o r  s t r o n g  shock waves i n  a d i a t o m i c  g a s  w i t h o u t  c o n s i d e r i n g  
i o n i z a t i o n  has the . fol lowing form [4 ] :  



When ionization (wnich is assumed to start after dissociation 
comes to a full stop) is considered in the system of equations, 
one changes the last four equations 

The Sach equation (3.28) is written for the case of a single 
ionization. 

A similar study can also be made for each of the zones of 
partial establishment of equilibrium. In this case, introduction 
of xe permits a considerable simplification of the problem since 
one does not have to use tables for each state of partial equili- 
brium. Eqs. (3.20)-(3.28) are also valid in this case. 

Equilibrium shock adiabates f o r  bromium and oxygen, obtained 
by the method of successive approximations [41, are shown in 
Figs. 3.3 and 3.4. The variation of pressure, density, and 
temperature versus M, is shown in Figs. 3.5-3.7. 

An analysis of the equations and theoretical results leads to 
the following conclusions. When vibrations are excited (increase 
of c p , a = p - O  ) x,  decreases with increasing temperature behind 
a shock wave, and consequently, the compression increases. This 
decrease in Xe does not depend on pressure. As dissociation 
begins for small u when the separation of the shock wave into 
quasi-equilibrium zones is only possible, the contribution of 
dissociation depends on the value of the ratio 
As long as this value is much less than unityx,decreases with an 
increase of temperature (Eqs. (3.23), (3.24)). The pressure 
dependence is determined by Eq. (3.25) which shows that with a 

CD 
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Figure 3.3. Shock adiabate Figure 3.4. Shock adiabate for 
in re- for bromium f o r  Tm==293K. PI- oxygen for ?',= 293 K 

0.2p76 kG/cm2 in re lat i on lation to pm/p (dashed line 
t o  p,/p (dashed line corresponds corresponds to an ideal gas): 
to an ideal gas) 

Figure 3.5. Depen.dence of 
equilibrium pressure in a 
shock wave on M, for T = 293 K 
(dashed line correspon8s to an 
ideal gas with a ccnstant value 
of x). 

1 - for p, - w . i o - ~  

2 - for p, -0p76 kG/cm2 
kG/cm2; 

Figure 3.6. Dependence of 
equilibrium density in a shock 
wave, degree of dissociation, 
and ionization on M, for Tm= 293 K 
(dashed line corresponds to an 
ideal gas with a constant value 

1 - for p, -=.IO* ; kG/cm2 
2 - for p, -m 

of x ) :  

k G/cm 
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/ l o o  decrease of pressure behind a shockwave,identical degrees of 
dissociation are obtained at lower temperatures (see Fig. 3.6). 
When the degree of dissociation is high, the contribution of the 
dissociation energy becomes considerable, the value of Icein- 
creases, and the amount of compression decreases. 

The maximum compression will be much greater than in the case 
of an ideal gas and may, f o r  example, equal 20. The effect of 
ionization on compression is similar to the effect of dissociation, 

gas results in a decrease of x a .  For large initial ionization 
increases, with the origin of the second ionization it de- 

creases again, etc.. As a result a shock adiabate assumes a wavy 
character (see Fig. 3.3). A more detailed analysis shows that the 
parameters in a shock wave may change nonmonotonically when pass- 
ing from zone to zone (see also [ 5 , 6 ] ) .  In practical calculations 
of equilibrium states behind shock waves in a gas mixture, in 
addition to the method of successive approximations [4,71, methods 
were proposed that use tables of equilibrium states [8, 9 ,  lo,]. 
Finally, there are tables of gas parameters behind a normal shock 
wave that are based on tables of parameters f o r  equilibrium states 
C11, 12, 131. 

and in general the appearance of additional heat capacity in a , t  

/ 101 

Calculation of the Structure of  Shock Waves in Air 

To study nonequilibrium flows in normal shock waves it is 
necessary to solve the system of differential equations that 
describes the chemical kinetics of the gas. If in calculations 
one does not use digital computers, then only estimates arepossible, 
which in certain cases permit the obtaining of fairly accurate 
results [14]. However, the choice of the simplifying assumptions, 
necessary for a solution, and especially an estimate of the 
conditions of the validity of the solutions obtained are compli- 
cated and should be based on a clear understanding of  the role of 
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different kinetic prccesses and the ability to distinguish 
dominant reactions. 

The development of computers had the result that the cal- 
culation of a normal shock wave became a theoretically simple 
problem. The basic condition of obtaining correct results is 
to know the kinetics of the processes. Such calculations were 
made in both this comtry (for example, 115,161) and abroad 
(for example, 117,181). The basic features of the air flows 
in shock waves are well known. At the present time we can 
only speak of increasing the accuracy of calculations as the 
new data on reaction rate constants appear, and of studies of 
more subtle effects in shock waves, such as, for example, the 
variation of electron concentration. Also in the case when 
computers are used, there still remains the difficulty of dis- 
tinguishing the dominant processes since when too many processes 
are considered, the calculations become laborious. However, 
even here computers may be useful since they make it possible to 
make calculations that permit one to estimate the effect of 
individual processes. 

Lin and Teare's calculation remains asone of the most com- 
plete ealculations of the structure of shock waves in air C181. 
The calculation was made for chemical reactions according to 
the scheme (1.66)-(1,71) which considers a large number of 
different ionization reactions. The reaction rates for a majority 
of ionization reactions are known only superficially. The calcu- 
lation estimates their relative importance. 

The gas dynamics equations of flow in a shock wave have the 
form 

Pm 82: e , + E  +T=e.. .' +--$, . 
P 1  Pm 



79 

40 

a 
0 

Figure 3.7. Dependence of the 
equilibrium temperature 
In a shock wave on M, f o r  
T, =293 K (dashed line corres- 
ponds to an ideal gas with a 
constant x )  : 
1 - for p , - m x 1 0 - 4  kG/cm2. 
2 - f o r  Pm-0.2278 kG/Cm2. 

Figure 3.8. Typical distribu- 
tion of temperature and density 
behind a shock wave in air for 
u,= 6.9 km/sec, calculated 
considering the connection be- 
tween the vibrational excitation 
and chemical reactions (solid 
line for p, = 0.02 mm Hg, 
dashed line for p, = 2 mm Hg)* 

y (1.31) is convenient to use as the concentration of components. 

~ 

The thermodynamic relations are written as 
I 

1 where ei depends on the translational and vibrational temperatures 
of  the components, and Em is the molecular weight of the gas 
in front of the shock wave. 

Dalton's law implies that 

* x/h,  is the ratio of the distance behind a translational- 
rotational discontinuity to the mean free path of molecules in 
front of the discontinuity. 
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Finally the equation for the conservation of mass under 
the assumption that the air consists by volume of 79% nitrogen 
and 21% oxygen yields 

70 f % , + 7 N O  - 21 . (3.32) 
f N f % N s + + N O  79 

The connection with the relaxation of vibrational excitation was 
considered using the CVD method (see p. 48), i.e., the dissociation 
rate constant was taken in the form 

where 

and the vibrational temperature Tvib is related to the transla- 
tional relaxation by the equation 

9 (3.33) deKr - e (T)i -Cut 

dt bl 
-- 

where 
hv no 
Tv Pr 
Tvib 

In this case, the vibrational relaxation of O2 and N2 was con- 

eKI = 71- .  
exp - - 1 

/lo3 

sidered, and it was assumed that the vibrational temperature of NO 
is in equilibrium with the translational temperature, since NO 
is formed from particles with sufficient energy. 

The equations of chemical kinetics are written for each 
component, for example, 

However, in this form the system of equations turns out to be over- 
determined, and one may either exclude Eqs. (3.311, (3.32) or 
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exclude one or two kinetic equations; to determine the sufficient 
concentrations of components one uses Eqs. (3.31), (3.32). 

Subsequent calculations reduce to solving a system of 
differential equations of the form (3.331, (3.34) using the 
relations (3.291, (3.301, (3.311, (3.32) for the initial condi- 

the problem is rather typical of shock wave calculations. 
tiOllS yot=osl;  YN,=u0,79; yN=yO=yNO=ex==O . This fOrITlL€latiOn Of 

The calculations were made in the pressure range 0*02<~<0,2 

mm Hg and speed range 4,5<u,=G,7..km/sec. With the aid of a 
computer, one obtains the variation tf the chemical composition 
of the gas with time or distance x= u ( f ) d f  from the shock front 
for the translational and rotational degrees of freedom. d 

Typical plots of gas dynamic parameters and the composition of 
the mixture are shown in Figs. (3.8) and (3.9), respectively. One 
should note the typical rapid variation of the concentration of 
O2 and N2 at the beginning of the process (within the distance of 
ten free paths from the wavefront, thedegree of dissociation is 75 
and 5 0 % ,  respectively; this is associated with a temperature drop 
within the same length by a factor of 2) and a very slow approach 
to equilibrium values. 
atures differ from their equilibrium values by 10% only at a dis- 
tance of several hundred free paths. 

Thus, forN2 the concentrations and temper- 

First, dissociation o r  oxygen occurs. The dissociation of 
nitrogen is much slower and to a lesser extent, even at speeds 
on the order of 7 km/sec. The fact that the maximum concentra- 
tion of NO2 exceeds the equilibrium value is of basic importance. 

The fundamental reaction that starts the entire process 

(104 

behind the shock wave is in the form of the dissociation of 02. 
Atomic nitrogen, particularly at moderate shock wave speeds, is 
formed as a result of the exchange reactions (1.69) - (1.70). 
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Figure 3 . 9  
of neutral 
shock wave 
km/sec ( s o  
Hg, dashed 

. Typical distribution Figure 3.10. Molar fractions 

on the distance behind a 
lid line forp = 0.02 mm shock wave (dot-dash lines 

based on the solution [18] 
for um = 6.9 km/sec, solid 
lines based on the solution 
[191 for um = 6.55 km/sec) 

particles behind a of air components depending 
in air for um= 6.9 

line for pm= 2 mm Hg). 

These reactions along with (1.68) which runs in the opposite 
direction lead to a formation of NO. 
reactions is established faster than in the others. Reaction 
(1.68) reaches rapidly a state of quasi-equilibrium, and follow- 
ing a change in the temperature, it leads to a drop in the con- 
centrations of NO.  Thus one obtains a maximum of y N O .  At 
higher concentrations of NO and 0 reaction (1.69) goes from right 
to left and also results in a drop of concentration of NO. The 
reactions that result in a formation of NO are bimolecular, and 
therefore the value of the maximum is practically independent of 
the pressure. 

The equilibrium in exchange 

The fact that dissociation of nitrogen is practically absent 
in weak shock waves and that in strong ones it starts after 
dissociation of oxygen comes to an end was often used in calcula- 
tions (for example, C141). 
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The effect of a different choice of reaction rate constants /io5 
does not result in any significant changes of gas dynamic para- 
meters and gas composition behind a shock wave, as one can see 
from Fig. (3.10) which shows the results of shock wave calcula- 
tions using the constants proposed in 1961 [19] and in 1963 [18] 
(see also [15]). Comparison with experiment shows that theoreti- 
cal results differ from experimental ones at high shock wave 
intensities. However, the difference is relatively small (2-5 

values of reaction rate constants are improved. In general, the 
accuracy of the existing calculations is satisfactory for main 
gas dynamic applications. 

times over the length of relaxation) and it decr,eases as the r .  

The law of binary similitude pt = const is satisfied for the 
greater part of the shock wave. This is associated with the fact 
that the fundamental reactions (1.66) - (1.70) are binary and go 
in the forward direction. The reverse reactions, however, are 
ternary, and at gas densities that exist behind a shock wave 
they may be neglected in the main part of the shock wave with the 
exception of the region close to the state of equilibrium, where 
they play an important role. 

In Figs. (3.8) and (3.91, the distance measured on the axis 
of abscissas is essentially divided by the density, since the 
free path is inversely proportional t o  the density. According 
to the binary law of similitude, the dependence on the initial gas 
pressure in front of a shock wave is manifested only at the end 
of the relaxation zone. . A <  -.l. 1 

Calculation of the ionization of air 
in a shock wave 

The accuracy of the electron concentration calculation is 
lower than for neutral components, since the theoretical rates of 
ionization reactions depend not only on the accuracy of the 
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ionization rate constants, but also on the accuracy with which the 
concentrations of the gas components that become ionized have 
been calculated. Therefore, the use of different sets of 
reaction rate constants has a particular effect on the electron 
concentrations. 

The rate of ionization for different groups of processes is 
shown in Fig. 3.11 for three speeds of a shock wave. Curve 1 
(atom-atom) refersto the ionization processes in collisions 

reactions. Curves 3 (molecule-molecule and atom-molecule) 
refer to the sum of reactions of the molecular components. 

/ i o 6  
N-0 ,  0-0, .N-N,. and gives the sum of ionization due to these ’ I I  I I \; 

- 

According to the computational results, the atom-atom reactions 
are the most important group of ionization processes, especially 
if the shock waves are relatively weak. The ionization processes 
by electron impact may be neglected at flow speeds relative to the 
wave of less than 5 km/sec, but they may become important at 
speeds greater than 10 km/sec. 

The effect of pressure on ionization is hardly felt, since 
the binary collisions play the dominant role. The N-0 (1.109) 
reaction is dominant among the atom-atom reactions in the range 
considered. However, as the wave reaches a speed of 9 km/sec, the 
effect of the N-N (1.110) reaction becomes just as important. 

Normalized electron and ion densities are plotted in Fig. 

At moderate shock 
3.12. The electron concentration increases monotonically until 
the atom-atom reaction starts to reduce it. 
wave speeds, the NO+ ions form the principal fraction of the 
ions, and at speeds over 9 km/sec the N+, O+ ions become dominant. 
The maximum of the electron concentration, manifested when flow 
speeds in front of a shock wave become from 5 to 9 km/sec, is 
important. At shock wave speeds of 2-4 km/sec, the electron con- 
centration is rather small, and at speeds over 9.5 km/sec the 
maximum of the electron concentration vanishes. 
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Figure 3.14. Dependence of the product of the relaxation time 
and the pressure before the front of the shock wave on the 
velocity of the shock wave (solid line - ionization relaxation 
for u , s 9  km/sec from [18]; points - experimental results from 
[20]; dot-dash line - estimate of dissociation relaxation). 

The reactions N+O*NO+fe, N+N*Nz++e give the main 
fraction of electrons in the initial stage. As the electrons 
accumulate, the role of the electron-atom collisions increases, 
and the rate of ionization is determined by the electron tempera- 
ture (see also [22,23]). In contrast with the fact that the 
velocities before a shock wave - where extension of the zone of 
relaxation is determined by the kinetics of molecule dissocia- 
tion - range up to 9 km/sec, at velocities above 10 km/sec there 
occur qualitative changes in the process, and the length of the 
relaxation zone is determined by the ionization processes. In 
addition, in the 9-10 km/sec velocity range, the time of relaxa- 
tion increases discontinuously (Fig. 3.14). / l o 9  

The sharp widening of the relaxation zone is associated with 
the disappearance of the maximum of electron concentration. Cal- 
culations [ 2 4 ]  show the following process 'development. Dissocia- 
tion of O2 and N2 occurs behind a shock wave front, and the 
electron concentration increases due to the reactions (1.109) and 
(1.110). The charge redistribution process slows down the reverse 
processes by lowering the concentrations of NO+ and N2+. 
results in establishment of a local equilibrium of all ions. The 

< c ,- 
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temperature drop behind a wave due t o  dissociation lowers the rate 
of formation of electrons according to the reactions (l.lOg), 
(1.110). 
velocities of the flow before the wave are less than 9.5 km/sec, 
it results in the formation of an [el maximum before the dissocia- 
tion ends. At large flow velocities, the rate of reactions (l.lOg), 
(1.110) becomes less than the rate of dissociation of N2. 
results in a situation where nitrogen dissociates almost completely, 
and the energy conbribution of ionization is still low. ThereCooe.,fl 
with an increase in the velocity of the flow before a shock wave, 
the equilibrium temperature and the electron concentration behind 
it increase sharply. Near the front of the shock wave, the re- 
actions (1.109) and (1.110) do not have enough time t o  produce 
an equilibrium concentration of electrons, and after reactions 
(1.1091, (1.110) decelerate, the electron concentration slowly 
approaches its equilibrium value after dissociation had come to 
an end. The disappearance of the maximum results in a situation 
where a concentration of electrons is reached which is comparable 
with equilibrium after a long time, and it is only the latter 

Since the dissociation of nitrogen continues when the 

This 

that determines the extension of the relaxation zone. 

An analysis of ionization 
processes when the velocities 
before a shock wave are greater 

up t o  p=0,5peq.(p) the process  a l s o  
occurs according to a binary 
scheme, and for each velocity 
one can give a universal de- 
pendence on pressure (Fig. 3.15) 

Figure 3.15 Profile of the 
parameters of a non-equili- 

for uoo= 12 km/sec . gas behind a shock wave 

c211. 
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Effect of-the connection between dissociation 
and excitation of vibrations 

Calculations showing the effect of the excitation of vibra- 
tional degrees of freedom on dissociation were made for a shock 
wave in nitrogen and oxygen [25,261. In this case, the relaxation 
times obtained by Blackman (1.601, (1.61) were used, and the 
dissociation rate constants for oxygen (1.72). Dissociation of 
nitrogen was assumed to go through the reactions 

N2+ N 2 2N+ N; N , + N , Z  2N + No, 
at. 

where 
f 110 

Computations show that, when the velocity of the shock wave 
corresponds to a 10-20% dissociation, the latter terms in Eq. 
(1.75) do not play any role. The vibrational temperatures 
in the CVD model may have a maximum exceeding the equilibrium 
temperature and even greater than the corresponding local value 
of the translational temperature. The vibrational temperature 
becomes equal to the translational temperature during the relaxa- 
tion process and then follows it. 

The CVDV model differs from the CVD model (Figs. 3.16, 3.17; 
equiprobable possibility of dissociation). 

In the CVDV model, the time of relaxation of vibrations 
increases substantially, the time of the formation of atomic 
components increases and the vibrational temperature always 
is lower than the translational tempeature, even though in some 
cases it attains a maximum j u s t  as in the CVD model. 

The formation of a "plateau" of vibrational temperature turns 
out to be characteristic. The vibrational temperature, after the 



initial sharp changes, remains almost constant, slowly approach- 
ing the translational temperature when passing to an equilibrium 
stage. This is associated with the fact that the transition of 
energy from translational degrees of freedom to the vibrational 
ones is almost balanced by a removal of energy as a result of 
dissociation. The experimental values of the rate of dissocia- 
tion are determined precisely in that region of quasi-equili- 
brium. Therefore the dependence of the pre-exponential factor 
in Arrhenius' law on the temperature comes into play. When cal- 
culating relaxation behind shock waves with dominant dissociation 
from upper levels in the region of quasi-equilibrium we used the 
dissociation constants obtained by Camac and Vaughan C271, but 
without considering the dependence of the pre-exponential factor 
on the temperature 

(k/leq 9- 10" exp x 

/111 

By the same token the temperature dependence is introduced 
in the factor ~=k~/(k~).~. which is taken as equal to unity at the 
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temperature 4,000°K. In the expression for the vibrational 
energy we considered cubic terms and took 34 levels for the 
harmonic oscillator. 

In the calculation we studied the effect of various parame- 
ters but primarily U (see Bq. (1.88)), which was taken equal to 
- D - - -  3D , and 00 , where ~ = ~ , = ! j g o o o ~  is the charact- 
6 k ’  3 k ’ k ’ k  k 

eristic temperature of oxygen dissociation. The relaxation time 
-T,, was the second parameter whose effect was studied. 

As already noted, Fig. 1.13 (curves 1,2) clearly shows the 
deceleration of dissociation, caused by the delaying effect of the 
excitation of the upper levels of the molecule - so-called 
time of incubation. By selecting values for k,, and U one can 
obtain the dissociation constant and the time of incubation that 
closely correspond to experimental data. For this calculation 
the agreement was obtained for U=- 
(1.58), and for U = -  and z, equal to one-half the theoretical 
value. 

and T~ calculated using D 
6k 

3k 
/I12 

The variation of the pre-exponential factor is shown in 
Fig. 3.18. This temperature dependence for models with dominant 
dissociation in the 4,000-8,0OO0K region is fairly sharp - on 
the order of 1/T . For an equiprobable dissociation the tempera- 
ture dependence is on the order of 1 / T .  Thus, it is possible to 
obtain a satisfactory agreement between this scheme and the 
experimental data. 

3 

Calculations of shock waves in the air considering vibra- 
J - & l J  A -  , 

tional relaxation of components are given in [28 ] .  

Shock waves in gases different from the ~. air . 

In addition to the air the calculations of normal shock waves 
were also made for other gases C291; the scheme for these calcu- 
lations is basically similar to the one already presented. 



Figure. 3.18. Effect of the non- 
equilibrium of vibrations on the 
dissociation rate constant: 

B - for T~-IIZ  crd 
A - for 'b'('.,theopy 

theory 
Figure 3.19. Dependence of the 
concentration (in cm-3) of 
neutral components on time (in 
sec) spent in a shock wave for 
M,= 41.3 ( 0 . 7 4  N 2 ;  0.25 CO) 

Calculations of the direct shock waves in a gas consisting 
of C02, N 2  and Ar were made using schemes and reaction constants 
from Table 8 for different compositions of the atmosphere(0.09 C02, 
0.01 Ar, 0.9N2and 0.74 N 2 ,  0.25 C02, 0.01 Ar) for different 
altitudes [30]. As an example we give Figs. 3.19 and 3.20. As 
in the air, the atoms form fairly fast behind a discontinuity; 
however, the remaining molecules also play a great role. At the 
beginning of the process the fundamental role is played by the ion 
N2+,  then atomic ions dominate. The ion equilibrium is attained 
much later than the equilibrium of chemical composition. There 
are also differences depending on the initial composition of the 
gas - state behind a shock wave in gas mixtures with a high con- 
tent of C 0 2  approaches equilibrium slowly. 

Direct dissociation [reactions (1) , (2) ,:Table 81 was the basic/ll3 
mechanism of the decomposition of C02 and N2. 
become important in later stages of the process. The electrons 
form mainly due to associative ionization [reaction ( 1 3 ) l .  The 
reaction in which CN forms (18) turns out to be very rapid, and 

Reactions (3) and (15) 

A 







, lie 'du derivatives of gas dynamic functions, for example - 
dx 

on the line x=u& . Since the width of the relaxation zone 
Increases as '.rM , the maximum values of the derivatives du/dx 
etc., approach 0 as ' x - ~  

Thus, according to the linear theory with time the wave becomes 
"washed out", and it does not approach an asymptotic stationary 
state. 

independently of the value of uo. 

This result disagrees with the actual limiting state of 
i 

a gas in the wave before a piston moving at a constant velocity. 
The reason for it is the fundamentally nonlinear character of 
flow in a compression wave (what is paradoxical is that the 
structure of flow becomes most complicated precisely in the 
limiting case when u e d  ) .  We shall describe the structure 
of the limiting state on the basis of E331 and C1251. 

The solution will have a different character depending on the 
value of the parameter 

(3.35) 

There is a certain piston velocity uOJc,equal in order of magni- 
tude t o  q-d , for which the velocity of the wavefront becomes 
as t+- strictly equal to the frozen speed of sound, a f .  In 
a coordinate system moving at the speed af,tothis case corres- 
ponds a steady flow with Mf = 1. The derivative du/dx at 

however, is continuous (see Fig. 3.22, case D/u;=I >. 
x=qt (wavefront) is discontinuous; the function itself, 

For  'uO>uO. the wavefront represents a discontinuity 
moving at the speed D>af . The width of the relaxation zone in 
this case will be on the order of sD.. For 1116 

0 < uo< uo. (3.36) 

the wave has a smooth profile, and the velocity of its propagation 
D will vary in the range 
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- .. . . . . .. , 

'U le 
5 l;rt 

0 

Figure 3.22. Velocity 
distribution in a wave with 
a smoothDprofile : 
1 - for--i  ; 
2 - for a f a p < - e ;  
3 - f o r  a,-D-D-ae ; 
4 - for ~,-D>o-., . 

Figure 3.23. A scheme of the 
development of a relaxation 
process: a- for war; 
b -.for u<~a, 

Figure 3.24. A scheme of the 
development of a relaxation 
process: 
b - for e >  e,. a - for e< ee; 

Here depending on the value of the parameter s the width of the 
relaxation zone, d, will have different values: 
a) for s-I, (i.e., for hO-u,-k, 1. 

d,  - a p; (3.38) 
b) for s<l 
zone increases in inverse proportion to s: 

(Joe. , for ko<uf-ae. . , - )  the width of the relaxation 

This property of very weak compression waves with a smooth profile 
was first discovered by Ya. B. Zel'dovich C321. 
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Instability - of the flows of a relaxing gas .. 

A characteristic property of steady flows of a relaxing 
gas is their instability which is manifested when flow velocities 
u vary in the range o,>u>u; C33,381. Without giving the Proof 
which can be found in these papers we shall give a qualitative 
description of the relaxation process occurring when the relaxa- 
tion parameter q deviates from its equilibrium value qe. 

Let us consider a homogeneous equilibrium gas flow(q = q,), 

Suppose thatatx = x1 (point A in Figs. 3.23 and 3.24) 
the value of q is given a small increment and it becomes equal to 
q' (point B). Here according to the law of the conservation of energy 
the local equilibrium value of qe will change and will be equal to 
qe' (point C ) .  If then the velocity of the flow u is less than 
the equilibrium value or greater than the frozen velocity of 
sound ( u a ,  or o n , )  , then the relaxation process will develop /117 
according to the scheme shown in Fig. 3.23, a and b (solid lines 
show the variation of q, dashed lines - variation of qe>. As a 
result the system will return to its initial equilibrium state. 

which moves with velocity u along the x axis. 

For o,>u>u. the behavior of the relaxation process will be 
completely different (see Fig. 3.24). In the case shown in 
Fig. 3.24, a, the system achieves a new equilibrium state that 
differs from the initial one. In this equilibrium state W ~ Z ~  . 
What is important is that in this case in the initial stage of 
the process the curves describing the variation of q and qe move 
apart instead of coming closer. 

In the case shown in Fig. 3.24, b, the velocity of the flow 
as a result of the relaxation process reaches the value of af but 
equilibrium will not be reached. Subsequent steady flow is 
impossible (when the gas flows with an addition of heat there 
develops a phenomenon of the type of "heat crisis"). 
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3.2 Nonequilibrium flows in noizles 

Basic properties . of steady nonequilibrium 
flows in a stream filament 

The study of a nonequilibrium expansion of chemically reacting 
gas mixtures in a stream filament is of considerable interest 
in connection with the development of hypersonic aerodynamic 
tubes, gas-dynamic lasers, and jet engines designed for a 
flight at high supersonic velocities. Along with the purely 
practical side these problems also deserve attention from a 
theoretical point of view, since they permit us to study in the 
most simple form a number of features that are characteristic 
of any expanding flows of a relaxing gas. 

Let us consider a steady state nonequilibrium gas flow in a 
stream filament of variable cross-section (quasi-one-dimensional 
flow in a nozzle)*. We shall assume that a thermodynamic equili- 
brium exists within each degree of freedom and the relaxation 
process ends by establishing an equilibrium between the active 
and internal degrees of freedom (see Section 1.1). 

In the absence of viscosity, heat conductivity, and diffusion 1118 
the full system of equations describing a nonequilibrium flow of 
a multicomponent gas mixture in a stream filament consists of the 
equations of continuity, momentum, energy, thermal and caloric 
equations of state, and the equations of kinetics, and has the 
form 

( 3 . 4 0 )  dp du dF - 
P 

puF=const or -+y +7-O; 

udu + -0; 
P 

~ * Three-dimensional gas flows in nozzles are studied in 
C39-441 
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(3.43) 
(3.44) 

Here <qi> denotes the set of all relaxation parameters qlYq2,  ...,qN 

which describe a nonequilibrium state of the gas, for example, 
energy of vibrations, concentration of components, etc.. In 
contrast with equilibrium flows, where qi==Ci (Ci are constants), 
in nonequilibrium gas flows these parameters are not functions of 
the gas state alone but depend also on the kinetic properties 
of the medium (rate of the physico-chemical processes) and on 
the flow dynamics, for example, on dp/dt. The equations express- 
ing the rate of change of the parameters qi in a gas flow are 
called the kinetics equations or relaxation equations.* The basic 
form (2.36a) is rarely used directly. Other forms that follow from 
(2.36a) are used more often. Naturally, the relaxation equations 
assume different forms depending on which processes they charac- 
terize, how these processes are interrelated, and in terms of 
which variables the equations are written. ** 

If as the parameters qi we choose the specific variables 
(per unit mass), for example the molar-mass concentrations or 
mass fractions, then in terms of these variables the relaxa- 
tion equations may be written in a form which is simplest and 
* In physical chemistry the equations of kinetics usually 
refer to the equations for the rates of flow of the physico- 
chemical processes in a system at constant volume. 
** As the variables characterizing the composition of a mixture 
we can use the molar or mass fractions and a { ,  molar- 
volume, and molar-mass concentrations [xr]  and ci, etc. (See 
Sections 1.3 and 2.1). 

- -  
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most general for different processes 
dql- - Fr ( P P  T’ <qr>h d t  

(3.45) / 119 

where d/dt denotes the total time derivative (in the case of a 
steady quasi-one-dimensional flow d/dt = u d/dx). The 
specific form of the functions Fi for different physico-chemical 
processes is given in Chapter 1. In particular, for vibrational 
relaxation in a simple diatomicgas, Eq. (3.45) assumes the 
form (1.57) (model of a harmonic oscillator) 

r :, r “-.J 

and for an ideal dissociating gas - the form (2.26) or its 
equivalent 

(3 47) 

where &(T, p) 
ciation (see Eq. (2.16)). 

is the equilibrium value of the degree of disso- 

For a mixture of chemically reacting gases the relaxation 
equations can be written in terms of the variables ai and ci as 

where 
1-th component, mole/cm3 sec (see Eq. (1.36) ) . 

J I = J l ( P *  T, < q k > ) =  ( b k - a k l d t  d [ X r l  is the rate of change of the 

The form of the functions Ji in terms of the variables 
T, [X,] and variables T , p ,  cr, for a single reactior, is given in 
Chapter 1. For a system of m reactions with ,the participation ~- 
of n components n *fj+ 

~ u r j X r ~ ~  bijXr; j=1,  2, ..., m 
i - 1  k r j  i-1 

In terms of the variables ci Eqs. (3.48) assume the following 
form (we sum the rates of change of thei-th component in a l l  j 
reactions): 
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T, .having the dimension of time, is essentially the time of 
relaxation: the characteristic time needed by a gas to reach 
equilibrium. For example, for a flow close to equilibrium the 
function F may be expanded in a Taylor's series 

Considering that F ( p ,  T, qe)=o , Eq. (3 .55 )  may be approxi- 
mately written as 

( 3 . 5 9 )  

where t is determined by the ratio ( 3 . 5 7 ) .  In this form the 
physical meaning of r as the characteristic time of the process 
for establishing equilibrium is obvious. (Here we shall not 
dwell on various individual special cases. Also we shall not dis- 
cuss the fact that, when F is given not as a function of p and 
T, but as a function of another pair of thermodynamic parameters, 
for example p and p, then zl=- - generally speaking may 
differ somewhat from 'I given by ( 3 . 5 7 ) .  For more details, see 
C341; below this is unimportant.) 

/122 
( 3;; 

Let us study the behavior of q(t) when a gas moves in a 
narrowing-widening stream filament (in a Lavalle nozzle), origina- 
ting in the precombustion chamber where the gas is in equilibrium. 
Here, at least in the initial portion of the stream filament, the 
flow will be close to equilibrium (flow velocity is small), and 
Eq. (3.55) may be approximately written in the form (3 .59 )  *. If 
qe and T are constant, then the solution of E l .  ( 3 .59 )  will be in 
the form 

(3 .60 )  ( t )  = qe + (4  (01 - qe) e+, 

_. ~ 
~ 

~~ _. 

* For certain processes, as for example for vibrational 
relaxation, this form is exact whether or not q and qe are close 
to each other (see Chapter 1). 
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Hence it is clear that for fhB1 , even if the initial 
state of the gas differs considerably from equilibrium, within 
a major portion of the interval of t, with the exception of the 
narrow region near t = 0 with the characteristic time scale fl--z 

the flow will be close to equilibrium. In the other limiting 
case when f/r.sgl, the flow will be close to a frozen one. 

In real flows, both T and qe depend on T and p, and vary 
greatly along the nozzle. In addition, even though these types 
of flows may be realized in individual parts of the nozzle, also 
in those cases the general structure of the flow will be more 
complicated. 

The variation of q(t) along a nozzle depends on the relative 
values of the three time scales T, t, and tchar that are associated 
with the thermo-kinetic properties of the gas and the gas-dynamic 
characteristics of the flow [-c(t) is the time of relaxation; 

is the characteristic gas-dynamic time - time spent by a gas tchar 
particle in a given part of the nozzle (for example, in the region 
of supersonic velocities or in the region, where z - f .  ,etc.); 
t+(t) is the time scale characterizing the rate of change of qel. 

We take 

With this definition, t,is the time segment within which the 
equilibrium value of qe changes by a value of its order of magni- 
tude. 

Sometimes the scale t,is chosen<on the: basis of T(t) or h(t) 
[45,461, for example 

f e r =  -- . I : I" 
It is not hard to estimate the order of magnitude of the change /123 
of t*T along a nozzle, if one uses the ideal gas model with a 
constant heat capacity. 



In this case 
(3.62) 

where r is the radius of the critical nozzle cross section,.X 
is the reduced velocity, equal t o  u/a* 

Calculations show that the value of t,T along a stream fila- 
ment outside of the region X << 1 does not change greatly. Thus, 
if the distribution of the cross-sectional area of the nozzle is 

- 
F E F/F,  = 1 + ( ~ / 2 ) 2 ;  I = r/tg B (3.63) 

(the nozzle is approximately conical with the vertex half-angle 
6 ), then in the range from M = 1 t o  M = 3 the value of t,T de- 
creases approximately by a factor of 3. 

When a gas moves in the nozzle, a sharp change occurs 
usually not only in the local values of . r ( t )  and t , ( t ) ,  but in 
the ratios T/t+, . r / tchar,  etc.. Usually this is caused by a very 
strong dependence of the time of relaxation T on the temperature 
and pressure. Thus, for vibrations, dissociation, and a number 
of other processes, the value of T, when a gas moves from the pre- 
combustion chamber t o  the area of moderate supersonic velocities 
changes by several orders, and the ratio . r / t ,  changes from 
r/t, <<1 to t/t, >>I. Without giving a full classification 
of the types of nonequilibrium flows depending on the relative 
values of the scales t ,  t, and tchar,we shall only note the basic 
regimes. 

If in the portion of the nozzle under consideration 

and if the initial state in that portion is close to equilibrium, 
then the flow will be close to equilibrium in the entire portion. 
If 



t h e n  t h e  f low w i l l  be c l o s e  to a f r o z e n  one*. The r e g i o n  of a 
n o t i c e a b l e  d e v i a t i o n  from e q u i l i b r i u m  i s  n a t u r a l l y  c h a r a c t e r i z e d  
by t h e  c o n d i t i o n  

.r--t,. ( 3 . 6 6 )  
Usual ly  i n  t h e  i n i t i a l  p o r t i o n  of t h e  subson ic  s e c t i o n  of t h e  

nozz le  T <<t, ( o r  A-tO t , + m )  and the  f low w i l l  be c l o s e  t o  e q u i l i -  
grium. L a t e r ,  as T i n c r e a s e s  o r  t, d e c r e a s e s ,  t h e  v a l u e s  of T 

and t, become o f  t h e  same o r d e r ,  which r e s u l t s  i n  a n o t i c e a b l e  
d e v i a t i o n  from e q u i l i b r i u m .  The subsequent  c h a r a c t e r  of  t h e  

v a r i a t i o n  of q i s  de termined  by the  r e l a t i v e  v a l u e s  of  t h e  s c a l e s  

' and t c h a r  
w i l l  b e  denoted  by t h e  s u b s c r i p t  " p " ) .  

i n  t h e  r e g i o n ,  where T - t ,  ( t h e  pa rame te r s  i n  t h a t  r e g i o n  

If ~ ~ ~ ~ ~ ~ ~ - ( t ~ ~ ~ ~  1 interm 
) t h e n  t h e  f low w i l l  f r e e z e  r a p i d l y  and " ( t cha r  i n t e r m '  i n t e r m  o r  T 

qf  w i l l  be on t h e  o r d e r  o f  ginterm o r  even q f z  q i n t e r m  (qf  i s  t h e  

f r o z e n  v a l u e  of q ) .  The f r e e z i n g  p r o c e s s  deve lops  i n  p r e c i s e l y  
t h i s  f a s h i o n  i n  many p r a c t i c a l l y  impor t an t  c a s e s  ( r a p i d  f r e e z i n g ,  
l o c a l i z e d  i n  a n a r r o w . r e g i o n  between r e g i o n s  of n e a r - e q u i l i b r i u m  
and nea r - f rozen  f l o w s ,  see S e c t i o n  "Method of I n s t a n t a n e o u s  
Fr e e z i n  g '9. 

/124 

1 t h e n  b e f o r e  t h e  f low However, i f  T~~~~~~ < '( tchar i n t e r m '  
f r e e z e s  ( i f  i t  f r e e z e s  a t  a l l )  t h e  v a l u e  o f  q w i l l  change cons ide r -  
a b l y  and c a s e s  are  p o s s i b l e  when qf<<qinterm. 

F i g .  3 .25  g i v e s  a schemat ic  p l o t  of  q ( t )  which i s  t y p i c a l  o f  
nonequ i l ib r ium f lows  i n  a n o z z l e .  T h e  same p l o t  i n c l u d e s  v a l u e s  
o f  Qe f o r  an  e q u i l i b r i u m  f low (TEO) and qe which are  l o c a l l y  - 
e q u i l i b r i u m  v a l u e s  o f  q co r re spond ing  t o  t he  l o c a l  v a l u e s  of  T and 

and the  c h a r  For  c e r t a i n  combinat ions o f  t h e  s c a l e s  T, t, and t 
co r re spond ing  i n i t i a l  c o n d i t i o n s ,  c a s e s  are p o s s i b l e  when q = q  c o n s t ,  
i . e . ,  t he  f low i s  a t  t h e  same t i m e  c l o s e  t o  e q u i l i b r i u m  and t 8 a  
f r o z e n  f low.  



. L I  

p in a nonequilibrium flow. 

’ 

We set 
8 = q - qr.. ( 3  67) 

It is clear that, in order for the flow to be close to equili- 
brium, it is necessary that 

(More precisely, it is also necessary that 
V q e  << 1 

d’Idt << dqe/dt). 

di 
Eqs. (3.59) and (3.67) imply 

q = q e - f ( + + z ) -  

Considering that in the region of a near-equilibrium flow the 
differences q.ie and q - g e  ai;’e,%f’ theT’same order, we obtain 

Thus, the condition (3.64) becomes necessary for the flow to be 
close to equilibrium. 

For relaxation processes described by Eq. (3.59), it is easy 
to obtain a condition sufficient for the existence of a frozen 



state. Eq. (3.59) for qe <<q implies 

Consequently, for t>tl the flow will be close to a frozen one 
(qwonst) if I 

which agrees with the condition (3.65). 

The specific features of nonequilibrium flows in nozzles 
were studied in detail by Bray [47] using the example of an ideal 
dissociating Lighthill gas. Typical results of Bray's calcu- 
lations are shown in Figs. 3.26-3.29. They were obtained f o r  the 
following conditions in the precombustion chamber: To/Td=O.l and 

2 
POlpded = 5 ' 1 04, kG/m 
for oxygen and To= 11300 K and p0=215 
case the initial degree of dissociation is 0.69. 

The cross-sectional area of a nozzle was given by Eq. (3.63). A l l  

(3.4711. For other values of s for which calculations were 
made (-0.5<s<2,5) the behavior of a, basically remains the same, 
and the following general law is confirmed: the stronger the 
dependence of the relaxation processes on T and p ,  the more rapid 
the freezing process and the more narrow the transition region 
between the equilibrium and frozen flows. 

, which corresponds to To= 5900 K and po= 115 
kG/cm2 for nitrogen; in this 

the results were obtained for s = 0 [s is the exponent in Eq. /I26 

Figs. 3.26-3.29 show the results for several values of a 
dimensionless parameter of the dissociation rate 

which includes both the physico-chemical properties of the gas 
and the geometrical characteristics of the nozzle. For usual 
hypersonic nozzles, the values of c~ range from 3 0 1 0 ~  to 3-10 
The plot a(F/Fn) shown in Fig. 3.26, is typical of flows of 
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Figure 3.30. Criterion to be 
used in determining the 
freezing point of the vibra- 
tional degrees of freedom in 
a nozzle. 

for the degree of dissociation 

I1111 11111 I 11111111111 I I 

Figure 3.31. Effect of the 
freezing of the vibrational de- 
grees of freedom on the asymptotic 
values of pressure in a nozzle 
for 2 - 1  and 2. 

To 

Figure 3.32. Effect of the 
freezing of vibrational degrees 
of freedom on the asymptotic 
values of the velocity and 
density in a nozzle. 

is written as 

where rDis the rate of dissociation, and rR 
recombination. 

is the rate of 

In the region of a near-equilibcim- fLow, I the rakes 
rDand rR are both large as compared with 121 , i.e., 

, . .., ., I 

As the gas expands in the nozzle, rD and rR decreases 
due to the decrease in T and p .  This is accompanied by a 

(3.72) 
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p r o g r e s s i v e  d e v i a t i o n  of  a from i t s  e q u i l i b r i u m  va lue  ae ,  where 
t h e  dec rease  of  rD occur s  p a r t i c u l a r l y  s h a r p l y  due t o  the exponen- 
t i a l  dependence of  rD on T (rD-e-D’”Rr) 
almost  f r o z e n  f low,  the  ra te  of  d i s s o c i a t i o n  rD becomes n e g l i g i b l e  
as compared w i t h  rR, and 

. I n  the r e g i o n  of an  

Thus, as t h e  s t a t e  of  the  f low changes from an  a lmost  
e q u i l i b r i u m  f low t o  an almost  f r o z e n  f low,  rD changes from a 
v a l u e  much greater t h a n  

Consequent ly ,  there should  e x i s t  an i n t e r m e d i a t e  r e g i o n  where 

‘ do t o  a v a l u e  much less t h a n  . IS1 
w i l l  be  on the  o r d e r  of rD When the  i n t e r m e d i a t e  r e g i o n  I SI ‘\ 

is of  small s i z e ,  t h e  v a l u e s  of  a, p and T i n  i t  w i l l  no t  d i f f e r  
very  much from the  v a l u e s  o f  G , Q e  and Te i n  t he  e q u i l i b r i u m  f low.  
Therefore ,  i t  is l o g i c a l  t o  d e f i n e  t he  f r e e z i n g  p o i n t  as a p o i n t  a t  
which the  f o l l o w i n g  r e l a t i o n  is sat isf ied 

where ‘f, i s  a c o n s t a n t  on t h e  o r d e r  of  u n i t y  which is u s u a l l y  
t a k e n  as e q u a l  t o  u n i t y .  Thus, t he  f r e e z i n g  p o i n t  is d e f i n e d  

. by Bray  as a p o i n t  a t  which 
(3.73)  

The r e s u l t s  of  c a l c u l a t i n g  the  f low parameters u s i n g  the  
method of  i n s t an taneous .  fpee’zing Md-l t h e  c r i t e r i o n  (3.73)  are 
shown i n  F i g s .  3.26-3.27 w i t h  dashed l i n e s .  Bray n o t e s  tha t  a 
be t t e r  agreement w i t h  the  r e s u l t s  of  e x a c t  c a l c u l a t i o n s  may be 
ob ta ined  i f  5=1.6. However, the  method i tself  g i v e s  no basis 
f o r  an  a p r i o r i  s e l e c t i o n  o f  such a v a l u e  o f  6 . What is i m -  
p o r t a n t  is something e lse  -namely ,  t he  f a c t  tha t  the  r e s u l t s  
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only weakly depend on the choice of 5 . 
Using the method of instantaneous freezing, one can calculate 

fairly simpl’y the flow parameters for a gas with simple kinetics. 
For  diatomic gases, for example, 02, N2, C12 with a nonequilibrium 
excitation of the vibrational degrees of freedom Phinney 
[58] (see also 1117, 1181) obtained approximate universal rela- 
tions for the position of the freezing point and asymptotic (M-too) 
values of the ratios of velocities (u/ue)= , densities (p/pe)m 

pressures (p/pe)m , and temperatures (TIT,), in nonequilibrium 1 129 
and equilibrium flows (Figs. 3.30-3.32). Here u and 
etc., are taken for the same value of F; the distribution of 

is given by Eq. (3.63). For sufficiently large values of M, 
the ratios u/u~, p/pe ,etc. will be close to their limiting (M=oo) 
values, and therefore the same plots may be used within a wider 
range of the M numbers. 

ratio of the temperature at the freezing point, Tf, t o  the tempera- 
ture in the combustion chamber, To, as a function of To and the 
dimensionless parameter @ : 

ue, p and pe, 

Fig. 3.30 shows a plot* which can be used to determine the 

r 

(3 .74)  a)= ; %l=r(To, Po). 
2~ tgaV2RTolM 

Fig. 3.30 also shows the values of F,/F. at the freezing 
point. The possibility of using the method of instantaneous 
freezing in the calculation of multicomponent mixtures of gases 
with mutually interrelated reactions is not so evident, at 
least for the cases where not one,but several reactions are 
energetically and kinetically important. However, there have 
been attempts to extend the method of systems with a fairly 
complex kinetics [61-631. 

* The plot is constructed on the 
A. V. Chirikhin using the procedure 

basis of calculations by 
of 1581, see also [117]. 



Remarks on nonequilibrium flows with vibrational relaxation. 

1. Similitude of flows in nozzles. If in E q s .  (3.40) - / 130 
( 3 . 4 4 )  and (3.46) describing the flow with a nonequilibrium 
excitation of vibrational degrees of freedom, we change to 
dimensionless variables 

F -  - P -  T , I?=-, p = P  , p=-, r==- 
I F. Po Po To ' 
X - xs=- 

- U - , eh=-'"( z )  . 
&?=- R1=- 1% &To 

and consider that 
e,=R1T/(expB/T- l), zp-B exp AT" '  and F=F(x\  

( A , B , O , F ( x )  are given), then the system of equations becomes 

where 

- d; 1 d3  &?--+,--o; 
dx P d? 

(3 .75)  

The conditions in the pre-combustion chamber will be 
- - - -  - -  - -  where >==fl/Tw utO; p=p=-T= 1; eko=ekeo=B/(exp8 - l), 

Hence it is clear that different flows will be similar for 
identical parameters A, N, x ,  s and functions F ( z )  . If one 
considers flows of the same gas at the same freezing temperature 
To', then the pabam&ers K , N  and 5 automatically coincide. 1131 

If in addition we limit our discussion to a family of 
nozzle contours ( 3 . 6 3 )  and as the characteristic dimension we 
take f=r / tg6 ,.then the expression for F becomes F = 1 + P  , 2.e. 
it will not involve any additional parameters. In this case, 



the only similitude parameter will be X (the ratio of the 
time of relaxation in the precombustion chamber to the 
characteristic time l/mo) . Considering that To and 
the gas composition are fixed, we conclude that the flows of the 
same gas in a nozzle (3.63) at the same temperature in the pre- 
combustion chamber To will be identical if the combination 

meter (an example of the law of binary similitude). 
padtgfi, is identical, i.e. pdltgf) is the similitude para- 

2. Time of relaxation When calculating T one must keep 
in mind that, when a gas expands in a nozzle, i.e., under the 
conditions when the energy is transmitted from the vibrational 
to the translational degrees of freedom, the time of relaxation 
may differ from its value behind shock waves when the energy is 
transmitted from the translational t o  vibrational degrees of 
freedom. This fact was established by Hurle, RUSSO, and Hall 
(see [59]), who found that the relaxation time of vibrations 
in an expanding nitrogen flow is approximately 70 times less 
than the time of relaxation in a shock wave (in the early 
papers the ratio of these times was found to be 1/15 [60]). To 
determine T in a nozzle the study [59] proposes the formula 

N 2  

ptN, (in the nozzle) =3.10-’2exp(181r-’’3) - k + ? c  (3.76) 
cm 

One of the basic reasons underlying the difference between T 
in the nozzle and ‘I in the shock wave is, according to many 
workers, the influence of the anharmonic vibrationsr (.see, ~ f o ~ ,  - -  . 
example, 11191, [1201). In this case Eq. (3.46) becomes 
generally inapplicable and should be replaced with a more com- 
plicated system of kinetic equations. A number of researchers 
also note the very strong effect of impurities 11211. At this 
point, these questions still cannot be considered to be 
solved. 

I 

I 

t 
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3. Investigation of vibrational relaxation acquires 
great practical importance in connection with the development 
and creation of a gas-dynamic laser, one of those most important 
elements is a non-equilibrium flow of a special gas mixture, for 
example, a mixture of C02 and N2 with an inverted population of 
the vibrational levels (see, for example, [121]). 

Results of exact calculations and experimental data 
l _ l _ _ _ .  - 

In the case of flows of complex gas mixtures with mutually 
related reactions, reliable numerical results can only be ob- 
tained by making exact calculations. A majority of such flows /132 
will not follow the simple picture that was described above. In 
particular, the transitional region may not be so narrow that one 
could speak of instantaneous freezing. In addition, there may not 
exist any clearly expressed regions with qi = const. 
action of relaxation processes (for example, vibrations and 
dissociation) complicates the character of flow even more. 

The inter- 

Thus far, a large number of theoretical [52-55, 61-701 and 
experimental studies [41, 42, 69, 71-79] have been performed 
whose results give a more detailed picture of the development of 
nonequilibrium processes in the flows of air and other gas 
mixtures with a fairly complicated kinetics, and which also 
help in selecting a more accurate kinetic model of a gas and in 
explaining the effect of various factors. With a small exception, 
the theor&ic&P,and.experimental results are in good mutual 
agreement. 

Figures 3.33 - 3.36 give data for nitrogen and air. The' 
experiments were made in a hs7personic nozzle, nearly conical 
w i t h  a 30° vertex angle and the diameter of the critical section 
equal to 25.4 and 12.7 mm; the M number at the exit from the 
nozzle was 10. 

161 



I 

Figure 3.33. Ratio of total 
pressure behind a normal shock wave 
to total pressure in the precombus- 
tion chamber as a function of the 
geometric ratio of areas (for 
nitrogen) :- 
1 - theoretical values for an 
equilibrium flow for PO= 7 
kG/cm2 and To= 6000 K; 
theoretical values for an ideal 
gas for ~=1.4; experimental data 
are indicated with: triangles - for 
p0=7 kG/cm2 and TO= 6000 K; circles - 
for po= 35 kG/cm2 and Tor4800 K. 

Figure 3.34. Ratio of 
static pressure t o  the 
pressure in the pre- 
combustion chamber for 
nitrogen for. po"7 kG/cm2 ,. 
1 - theoretical values 
for an equilibrium flow; 
2 - theoretical values 
for an ideal gas for 
K = 1 . 4 ;  triangles 
indicate experimental 
data. 

Figure 3.33 C711 shows a p l o t  of the ratio of the total 
pressure behind a normal shock wave PO', to the total pressure 
in the precombustion chamber (these data were used t o  determine 
the correction for the effect of the displacement thickness of the 
boundary layer and to calculate the effective ratio of the 
areas (F/F.),ff ) .  Measurements of' the pressur? p ' show that / 133 . Q  , 2 ~ ,... + 

it is practically independent of the character of *he flow: 
whether it is in equilibrium or frozen. 
the static pressure depends substantially on nonequilibrium 
processes (see Figures 3.34 C711, 3.35 and 3.36 C721). 

In contrast with pot 

Let us consider in more detail the development of non- 
equilibrium processes in an air flow at fairly high braking 
temperatures (T~-6000-8000 IC) . If the concentration of nitrogen 
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Figure 3.35. Ratio of static 
pressure to pressure in the pre- 
combustion chamber as a function 
of the effective ratio of nozzle 
areas for the air f o r  p = 31 
kG/cm2, T = 4000 K, Z= 9.7' cm (see 
Eq. (3.6391: 
1 - theoretical values for 
equilibrium flow; 2 - theoretical 
values for an ideal gas for K =  1.4; 
dots refer to experimental data. 

Figure 3.36. Ratio of static 
pressure in the flow to the 
pressure in the precombustion 
chamber as a function of  the 
effective ratio of nozz1.e 
areas for the air for p = 17.5 
kG/cm2, To= 7000 K, I= 9.75 cm. 
1 - theoretical values f o r  
equilibrium flows; 
2 - theoretical values for a 
flow frozen with the values 
of the parameters equal to 
those in the precombustion 
chamber; 3 - theoretical 
values for 2 - 3 cm; 4 - theo- 
retical values for 2 - 2 cm; 
dots refer to experimental data. 

atoms depended only on the single dissociation-recombination 
reaction N z + M s N + N + M  , then one might expect that the. method 
of instantaneous freezing will give good results, since the 

' recombination of N2 would occur only in triple collisions whose 
number would fall off very rapidly with a decrease in density, 
and the rate of dissociation would become negligible because 
of the factors e-Dhr . However, in reality due to bimolecular 
exchange reactions with the participation of nitrogen monoxide 
(N+OostNO+O and O+S2==NO+N) the rate at which nitrogen 
atoms "disappear" remains fairly high (these reactions have rela- 
tively low energies of activation) and nitrogen atoms hardly 

. -  ( 1 .  1 
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become frozen (more precisely, the freezing does occur, but 
at such low temperatures that the frozen concentration of 
nitrogen will constitute a small fraction of the concentration 
of nitrogen in the precombustion chamber (see Fig. 3.37 C541). 

For oxygen, the picture will be different. In this case 
the rates of exchange reactions, which involve oxygen atoms, 
are low due t o  the high energy of activation, and these reactions 
cannot stop the process of oxygen freezing. The results given 
in Table 11 [54] give an idea of the effect of nonequilibrium 
processes in the air on the parameters of the flow in a hyper- 
sonic nozzle. (The shape of the nozzle is determined by 
Eq. (3.63) for 2 = 1 cm; it is assumed that the vibrational and 
electron degrees of freedom are in equilibrium with the transla- 
tion'al and rotational degrees; ionization is not considered). 

TABLE 11 

RATIO OF GAS DYNAMIC PARAMETERS IN A NONEQUILIBRIUM 
FLOW OF AIR TO THE CORRESPONDING VALUES IN AN EQUI- 
LIBRIUM FLOW AT THE SECTION, WHERE Me = uC/ac = 20 ( I  = 1 cm)* 

0,155 
0,425 
0,359 
1,095 
0,913 
1,455 

0,048 
0,875 
0,855 
1,014 
0,987 
1.06 

~ 0,194 
0,159 
0,121 
1,110 

2,301 
~ 0,901 

I 

0,0813 
0.544 
0,497 
1,045 
0,957 
1,305 

*Commas represent decimal points 

Detailed results of the calculations of the air flow in a 
hypersonic nozzle for different To and po are given in C551. 
The shape of the nozzle was taken to be the same as in C54-J. The 
kinetics of the reactions differed somewhat from the one used 
there. Figure 3.37, b and c 1551 illustrate the development of 

1 6 4  



a 

b C 

Figure 3.37. Distribution of the concentrations of components 
during expansion of air in a hypersonic nozzle 2 = 1 cm (solid 
lines - nonequilibrium flow; dakhed lines - equilibrium flow): 
a - for ~0=8000 K, po= 100 kG/cm2; b - for 8000 K, p0=362 kG/cm2, 
p,/p, = 10 (p, is the density of the air under normal conditions); 

c - for To = 10,000 K, po = 528 kG/cm2, p0/pH=1o. 



non-equilibrium processes in the flow of air through a nozzle, 
depending on the variation of conditions in the precombustion 
chamber. 

The flow of ionized gas is one of the important cases when 
the method of instantaneous freezing may lead to considerable 
errors. Studies [801 and [811 show that in this case there is no 
clearly expressed region of frozen flow that would be character- 
iz&lr~~'cohsthntf &lbctron concentration (Figure 3.38, [80]>. 

The electron concentration in the area right after the 
transition region decreases smoothly, and is sufficiently well 
described by the asymptotic solution in which one neglects the 
equilibrium concentration of electrons as compared with the non- 
equilibrium concentration. /I36 

I 

Analytic solutions 

In gas dynamics of nonequilibrium flows, the analytic 
solutions are very rare. They permit us to distinguish the basic 
determining parameters and on their basis to make a stricter 
classification of various types of flows. 

Blythe [82, 831 considered the vibrations, dissociation, and 
ionization under conditions where the energy of these degrees of 
freedom is much less than enthalpy. This permitted him to 
separate to a first approximation the equations Ib'f gas-dynamiis' 
and kinetics, and to construct a solution whose analysis has 
shown, in particular, that in this case the method of instantan- 
eous freezing is not mathematically correct. 

Cheng and Lee [84,85] made a detailed study of a flow with 
nonequilibrium dissociation under the condition that everywhere 
in the region, where the flow is close to equilibrium, the energy 
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Figure 3.38. Electron concen- 
tration in air flow through a 
hypersonic nozz3eatTo = 8000 K, 
po = 1000 kG/cm : 
1 = exact solution; 2 - solution 
for equilibrium flows; 3 - approxi- 
mate solution by the method of 
instantaneous freezing; 4 - approxi- 
mate solution by the method of 
instantaneous freezing in combin- 
ation with an asymptotic solution 
in which one neglects the equili- 
brium electron concentration as 
compared with a nonequilibrium 
concentration. 

a b 

Figure 3.39. Dependence of 
frozen enthalpy (a) and frozen 
adiabatic exponent (b) for the 
air on reduced entropy. 

parameter is of the order 
of unity ( Q D o - R T )  . In this 
case the kinetic processes 
exert a strong influence 
on the distribution of the 
gas dynamic parameters. It 
is shown that in this case 
the entire flow may be 
divided into, thq-,Pollowing, '- 
four regions: 1) region of 
equilibrium, 2) region of 
beginning transition, 3) 
region of sharp transition, 
and 4) region of recombina- 
tion. 

It was established 
that the model of instanta- 
neous freezing gives 
sufficiently accurate v'alues 
for the speed, specific 
momentum, and frozen degree 
of dissociation a m .  However, 
for the temperature the 
solution in the region of 
recombination will not be 
close to the exact solution- 
(one has in mind the order 
of the relative error of,, 
the constructed solution), 
even though the discrepancy 
from the exact solution is 
numerically small. 



The study [84] also gives the conditions for freezing, i.e., 
when ax-rm=~m#O . It is established that in nozzles whose 
cross-sectional area varies as F - 9  , the freezing will occur / 137 
for k > 1/2. 

An analysis of the freezing of the electron concentration 
ne for flows in an expanding stream filament for gases with 
different kinetics was made by A.V. Vasil'yeva and Yu. S. Sayasov 
[86]. On the basis of the asymptotic solutions obtained, they 
studied, in particular, the dependence of nem on the concentra- 

tion of a slightly ionized admixture xA and showed that there 
is a certain critical value of xA, starting at which the frozen 
concentration nem, is practically constant. 

Similitude of flows in nozzles I.. 

If we bring Equations (3.40) - (3.45) t o  a dimensionless 
form and separate all determining dimensionless parameters, then 
for complex gas mixtures there will be so many of these para- 
meters that their direct use will be of 1ittle.practical value. 
Therefore, this method of separating dimensionless combinations 
(similitude parameters) which is traditional in classical gas 
dynamics, has not become very widespread as applied to non- 
equilibrium flows [911. 

Much more productive is the approach associated with the . .  

search for the conditions of an approximate partial similitude 
and the construction of approximate correlation relations. The 
so-called "entropy correlation", proposed by Bray [ 871, has 
become most popular. 

Using the example of an ideal dissociating gas, Bray has 
shown that within the framework of the method of instantaneous 
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freezing,the enthalpy hf and the temperature Tf at the freezing 
point should depend only on the entropy S o  and enthalpy H in the 
precombustion chamber and nozzle geometry. Furthermore, Bray 
has shown that the dependence of hf and Tf on H will be very 
weak, and approximately we may assume that the enthalpy and 
temperature at the freezing point for a fixed nozzle are deter- 
mined only by the value of the entropy in the precombustion 
chamber, i.e., that 

r' r r (  > I r\ ,, I 
h, = h, (&I): T,= Tf (So). (3.77) 

Later it was shown C-51 that this relation is also approxi- 
mately satisfied for more complicated gas mixtures, for example 
by the air, 
trations of 
calculating 
the entropy 

not only for hf and Tf, but also for frozen concen- 
individual components C881. Auxiliary materials for 
the nonequilibrium flows of the air on the basis of 
correlation are contained in 1891 and [go]. 

Figures 3.39, a and b, give the values of hf and Kf for the 
air, constructed on the basis of results of [55 ,  88, 891. Here 
S = S / R , ,  S is the specific entropy, Rm is the gas constant 
f o r  non-dissociated air, R, = R/M-, where M, = 28.97. The cross- 
sectional area of the nozzle was determined by (3.63). The 

basis of the tables by A.S. Predvotitelev, et al., [81 and [SI. 
These values of entropy differ from the values used when con- 
structing the correlation relations in [55] and others." 

- 
values of S inFigures3.39, a and b were determined on the /138 

. . .  . .  . 

The relationship between the values of entropy in C8, 91 and 
C55, 88, 891 for the temperature and pressure ranges Tci2000 r( 

~~ 
. .  * 

Foreign authors normally use the tables by Hilsenrat, 
et al., and Gilmore. 



and 10cpc1000 kG/cm2 can be approximately represented' by 

( 3  78) 

Figure 3.40 gives the values of s' versus T and p, constructed 
on the basis of [81 and C91. 

Basic determining parameters and approximate relations 

For approximate estimates, it is advisable to use certain 
parameters (characteristic variables) which reflect the total 
effect of various physico-chemical processes and under certain 
conditions play the role of similitude parameters. 

I I ( (  1 .  , - ,  - 

Along with the energy parameter W and the compressibility 
factor Z, which were introduced -in Chapter 2, we define a para- 
meter K *  which relates pressure and density along a streamline in 
an adiabatic flow: 

/139 - 

(3.79) 

Here K~ is the adiabatic exponent calculated under the assumption 
of the local freezing of the physico-chemical processes ("frozen" 
adiabatic exponent) ; enthalpy h is assumed given as h=h ( p ,  p, 41, 42, 

...,qn) . The partial derivatives are taken at constant remaining 
arguments; the subscript $ means that the derivative is calcu- 
lated along a streamline. 

By virtue of the specific features of nonequilibrium flows 
in nozzles, i.e., the rapid freezing of the internal degrees of 
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freedom, in practical calculations 
one does not deal with the complex 
expression (3 .79) ,  but with its 
asymptotic forms: with the isen- 
tropic exponent ("effective ratio 
of specific heat capacities") 

the region of an almost equili- 
Figure 3.40. Reduced brium flow and at constant value 
entropy versus temperature 
and pressure. of the frozen adiabatic exponent 

in the region of a frozen flow. 

The quantity K~ can be determined using thermodynamic 
tables at each point of the flow field; one can also determine 
the constant averaged values of K~ for a certain section of 
the nozzle. 
approach K, which is the value of the isentropic exponent of 
the,gas under normal conditions (for diatomic gases, K-= 1.4). 
At temperatures T-6000-8000 K , ~,=1,15-1,2 , and its 2.verage 
value within the nozzle section from the precombustion chamber 
to the section, where M = 10, may amount to 1.2-1.3. 

As the gas expands and T decreases, T K~ will 

The frozen adiabatic exponent is easily determined if we know 
the concentrations of the gas mixture components 

where C and Cv are the molar heat capacities, and f i  are P 
molar fractions. 

For gas mixtures, consisting only of monoatomic and diatomic 
components 

7 -=E,,, 
xf = 5 - *PEAI ' 
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where 2zA, 
components. /140 

is the sum of the molar fractions of all monoatomic 

For  example, for the air in the absence of ionization, 
%A, - EN+EO+EA, . Let us estimate the temperature, pressure, 
and other gas dynamic parameters in a nonequilibrium (frozen) 
hypersonic flow (see [l23]). We assume that we know the distri- 
bution of these parameters in the corresponding equilibrium 
flow, i.e., in the same nozzle and for the same deceleration para- 
meters, as well as the frozen elzergy ef and frozen adiabatic 
exponent K~ (for the air, they can be approximately determined 
from Figures 3.39 and 3.40). A comparison of the parameters 
for the equilibrium and nonequilibrium flows will be made for the 
same section of the nozzle F (and not for the same M number). 

For M >> 1 we have 

where 

Furthermore, since the gas flow rate through a nozzle only 
weakly depends on nonequilibrium processes, from the condition that 
the flow rates in the equilibrium and nonequilibrium flows be 
equal, we get 

(If the freezing occurs in the supersonic part of the nozzle, then 
the equality pu=peue is satisfied exactly). 
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To determine T and p, we use the concept of instantaneous 
freezing,.which is the same as assuming that the entropy is 
constant. L e t " 1 "  denote the flow parameters at the freezing 
point. Then in the region downstream of the section F1 

Now if we let 

where 

and we can write 

where the subsdcript "e" refers to the parameters in the 
equilibrium flow. 

From Equations (3.84) and (3.84a) we obtain 

where 

(3.85) 
/141 

(3.86) 

If we assume that the section in which one compares the 
parameters of a nonequilibrium (frozen) and equilibrium flow 
is in the hypersonic part o f  the nozzle, where Me = M, (Ma- 
is the molecular weight of a given gas under normal conditions,) 
then from Clapeyron's equation, in view of Eq. (3.851, we get 



where Z1 = M,/M1 is the compressibility factor. 

The ratio M/Me can be determined from the relation 

where K- is th,e,value of K~ for a given gas mixture under 
normal conditions (for diatomic gases K- = 1.4). 

2 For example, for the air at To= 8000 K, po = 100 kg/cm , 
= 20, Z = 1  cm [the shape of the nozzle is given by Equation Me 

(3.6313 and M1 = 3 we have 

w, 0,2; x, % 1.46; Ax 0,2; x- = 1,4; p/pl & I F ,  

whence p/pe=O,12; T/Te=o0,o9 and M I h ~ 2 . 7  

On the basis of these relations, one can extrapolate the 
experimental and theoretical data. 
p/pe)* and T/Te)2 are given for a certain section rr2rr in the 
hypersonic part of the nozzle, where the temperature Te is 
relatively low and xe=:xo. 

Thus, for example, if 

, then for F 7 F2 we have 

These formulas indicate, in particular, that there is a 
qualitative difference between the asymptotic (for F-) behavior 
of p/pe, T/Te and M/Me in the freezing of the vibrational degrees 
of freedom and the freezing of the recombination processes. 1142 - 
17 4 



These estimates imply that in a hypersonic nozzle the non- 
equilibrium processes may have a substantial influence on the 
pressure, temperature, and the M number, and a fairly insignifi- 
cant effect on the velocity and density. The velocity head and 
pressure of deceleration behind a normal shock wave also differ 
very little in the equilibrium and frozen flows: 

-- p i  --rY QU2 ,I-- WY (3 90) 
P k  pc.: 2 -  

- 7  c+illf i ,V l j i i j  : t  m~ s~yt311w 
More accurate estimates are given in [l232 and [1241. 

Peculiarities of nonequilibrium flows 
near the critical section of the nozzle 

The equilibrium flows and flows of ideal gases, due to their 
isentropicity, have a remarkable property: the transition from 
the subsonic to supersonic velocities occurs in the most narrow 
section of a stream filament. In fact, from Equations (3.40) and 
(3.41) it follows that 

du dF 

U F dP1dQ 
-- - - / ( A - l ) ,  

where in the nozzle d u / d ~ + o  , and by virtue of the isentropicity 
of the flow (dp/dp),=& . Therefore, dF/F = 0 for M = 1. This 
fact greatly simplifies the calculation of such flows in super- 
sonic nozzles, since the flow rate is known beforehand, and all 
dimensionless gas-dynamic functions ( p/po ,  T/T~, p/po , M number, 
and others) depend on the ratio of the areas F/F*, conditions 
in the precombustion chamber, and chemical nature of the gas, 
and are independent of the shape and size of the nozzle. In 
particular, for an ideal gas p / p o , T / T o  , etc., depend only on 
F/F, and K .  
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Nonequilibrium flows do not possess this property. For them, 
the state of flow in the nozzle is determined not only by the 
thermodynamic properties of the gas and the ratio of the 
areas F/F,, but also by the entire prehistory of the motion, 
associated with the behavior of F(x), and the critical section 
does n o t  coincide with the most narrow section of the nozzle. 
(Here the critical section is defined as the section where the M 
number, calculated using the frozen speed of sound, is equal to 
unity). 

For simplicity and ease of visualization, let us first 
consider the characteristic features of nonequilibriurii flows near 
the critical section of a nozzle using the example of a gas with 
nonequilibrium excitation of the vibrational degrees of freedom. 
In this case, the full system of equations, describing a one- 
dimensional flow, can be written as 

pu F = const; udu = - dp /  p; u2/2 + c,T + e, = const; 

/ 143 Certain qualitative features of nonequilibrium flows can be - 
seen directly from the form of the equations. The difference 
from the section of an ideal gas is manifested only in the 
energy equation which has the form of the energy equation for 
an ideal gas with an addition of heat [93]: 

In such a treatment, the relaxation equation can be 
viewed as an equation giving the law of heat addition: 

dQ= -tiek 



E l i m i n a t i n g  p and p from (3 .91 ) ,  w e  o b t a i n  t h e  r a t i o  which i s  
v a l i d  a long  the s t r eam f i l a m e n t  

and 
du dF (x-1)dek (M2- 1)-=-+ 
u F rRlT * 

(3 .93)  

where M has been c a l c u l a t e d  u s i n g  t h e  f r o z e n  speed of sound, 

0 w i l l  b e  s a t i s f i e d  s i m u l t a n e o u s l y  only  when dek=O. . x=xj=cp/c0 . It i s  c l e a r  t ha t  t he  e q u a l i t i e s  M = 1 and dF = . , . ... 

Cons ide r ing  t h a t  a long  a nozz le  dek<O , we may conclude 
t h a t  t h e  c r i t i c a l  s e c t i o n  w i l l  be  found i n  the expanding p a r t  of  
t h e  nozz le ,  s i n c e  f o r  M - 1 w e  have -=- >6 dF ( X  - 1) dek 

F xRJ 

For f lows c l o s e  to e q u i l i b r i u m ,  Equat ions  (3 .92)  and (3.93)  
may be conven ien t ly  put  i n  a s l i g h t l y  d i f f e r e n t  form 

where 

I f  t h e  flow i s  i n  e q u i l i b r i u m ,  t h e n  ek=eke and dQ = 0 ,  and 
M = 1 i n  t h e  most narrow s e c t i o n  of t h e  nozz le .  ( I n  a n o n e q u i l i -  
b r i m  f low,  t h e  l o c a t i o n  of t h e  s e c t i o n  where Me = 1 i s  d e t e r -  
mined by more s u b t l e  p r o p e r t i e s  of t h e  f low; f o r  dQe<O t h e  
s e c t i o n  where Me = 1 w i l l  be i n  t h e  nar rowing  p a r t  of t he  n o z z l e . )  

An e q u a t i o n  similar t o  (3 .93a )  w i l l  no t  be hard to o b t a i n  even 
i n  a more g e n e r a l  c a s e .  Assuming tha t  t h e  en tha lpy  h i s  g iven  as 
a f u n c t i o n  of p ,  p and pa rame te r s  qi ,  we can w r i t e  dh as 
dh = hpdp + hp dp + Zh, ,dq i .  E l i m i n a t i n g  dp,  d p ,  and dh from t h i s  



equation and from the first two equations of System (3.91), and 
I? and M=u/u, , we get /144 considering that ur= -- 2 

hp - VP. 

= 0. 
I: hu,dm 

PI? 
(M2- 1) --- du dF + f u F  

At the critical section(M = l), we must have 

Fdx Ph, 

(3.94) 

(3 .95)  

The characteristic features of the transition through the 
speed of sound, and analysis of states close to equilibrium and 
frozen ones, and certain problems of the theory of the flow of 
a nonequilibrium gas considering friction and heat transfer, are 
discussed in C64, 94-97']. 

Comments on the methods of calculating non- 
equilibrium flows 

In a nonequilibrium flow, we do not have a prior knowledge 
of either the position of the critical section, o r  the mass flow 
rate, and therefore the calculation of nonequilibrium flows in- 
volves certain difficulties. Figure 3.41 shows schematically 
the integral curves for Equations (3.40) - (3.45). Each curve 
corresponds to a certain value of the flow rate m. Curve 1, pass- 
l r g  through a singularity B (saddle point), repredents tt i&r ' j i T C  . 'm ; 

desired solution (m = ml) . The integral curves, passing above 
and below point B, correspond to subsonic and supersonic flows 
in the entire nozzle. To the integral curves to the right and 
left of point B there correspond nonreal regimes of flow m>ml. 
Thus, to solve the problem of a supersonic flow in a nozzle, 
we must basically find an integral curve 1 passing through 
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the  two s i n g u l a r  p o i n t s  A and B ( a t  p o i n t  A ,  t h e  speed of  f low i s  
z e r o ) .  

Given a gas  f low r a t e  ml, t h e  c a l c u l a t i o n  of  a n o n e q u i l i b r i u m  
f low can be b a s i c a l l y  done i n  t h e  f o l l o w i n g  way: s i n c e  i n  t h e  
i n i t i a l  par t  of  t h e  subson ic  s e c t i o n  of t h e  nozz le  the  flow i s  
a r b i t r a r i l y  c l o s e  t o  e q u i l i b r i u m ,  t h e n  w i t h  t he  a id  of  the equa- 
t i o n s  f o r  an e q u i l i b r i u m  f low one can  d e v i a t e  somewhat from p o i n t  
A and c a l c u l a t e  a l l  gas  dynamic pa rame te r s  a t  a c e r t a i n  s e c t i o n  1, 
where M,l=Kl . The v a l u e s  of these pa rame te r s  are used as s ta r t -  
i n g  v a l u e s  f o r  t h e  subsequent  numer i ca l  i n t e g r a t i o n .  

I n  r e a l i t y ,  the  f low r a t e  m i s  not  g iven ,  and t h e r e f o r e  i n  
t h e  d i r e c t  method when t h e  shape of  t h e  nozz le  i s  g iven  and one 
f i n d s  t h e  s o l u t i o n ,  t h e  c a l c u l a t i o n  of  nonequ i l ib r ium f lows 
proceeds  u s i n g  t h e  t r i a l  and e r r o r  method: one i s  g iven  t h e  f low 
rate  m,  and t h e  e q u a t i o n s  a r e  i n t e g r a t e d  f o r  t h i s  m .  I n  t h i s  
case ,  g e n e r a l l y  speaking ,  Cond i t ion  (3 .95)  w i l l  no t  be sat isf ied.  
T h i s  i n d i c a t e s  t h a t  f o r  a s e l e c t e d  f low r a t e  t h e  f low th rough  
a g iven  nozz le  w i l l  e i t h e r  be imposs ib l e  or w i l l  be  e n t i r e l y  sub- 
s o n i c .  We can ach ieve  a s i t u a t i o n  where Cond i t ion  ( 3 . 9 5 )  w i l l  
be  s a t i s f i ed  by  s e l e c t i n g  m b y ,  f o r  example,  t h e  t r i a l  and e r r o r  
method. 

/ I 4 5  

Usual ly  t he  f low r a t e  of  a gas  th rough  a nozz le  i n  a non- 
e q u i l i b r i u m  f low i s  c l o s e  t o  t h e  f low r a t e  me i n  an e q u i l i b r i u m  
f low,  and t h e n e f w e  Lt i s  a d v i s a b l e  t o  u se  me as t h e  s t a r t i n g  
v a l u e  of  t h e  f low r a t e  when us ing  t h e  curve  f i t t i n g  method. After 
one p a s s e s  t h e  c r i t i c a l  s e c t i o n ,  t h e  c a l c u l a t i o n  of t he  s u p e r s o n i c  
f low w i l l  no t  p r e s e n t  s e r i o u s  d i f f i c u l t i e s .  

I n  t he  case  when t h e  energy  pa rame te r  i s  small, good r e s u l t s  
are o b t a i n e d  w i t h  the  method of  s u c c e s s i v e  approx ima t ions  i n  which 
one f i rs t  c a l c u l a t e s  t h e  g a s  dynamic parameters of  t h e  



corresponding frozen or equili- 
brium flow and on their basis 
one calculates qe, T and q(x) to 
a first approximation. Then the 
values of p,p,T, qe and T are 
improved, and q is found to a 
second approximation, etc. To 
calculate the flows with non- 
equilibrium excitation of vibra- 

Figure 304'* Integral tions, it turns out that two 
for Eqs. (3.40) - (3.45) 

approximation steps are suffi- 
cient C49-511. In general, the 

smaller the energy parameter, the faster the convergence of 
the procedure. 

In practice, nonequilibrium flows in a nozzle are often calcu- 
lated using a reverse method in which one is given the flow rate 
and the distribution of any gas dynamic parameter along the nozzle, 
and then one determines the remaining parameters and the varia- 
tion of the area, F(x). Even more often one uses a combined 
method of computation, where the subsonic region of flow is cal- 
culated using the reverse method, and the supersonic region - 
using the direct method. 

If it is desirable that in the combined method the nozzle 
contour be close to the starting contour, then it is advisable to 
be given the distribution of the density or velocity as functions > ' "  - '  

that are least sensitive to nonequilibrium processes, and to take 
these functions from the calculation of an equilibrium flow [54]. 

Pressure and temperature may also be used as the given 
functions. In the latter case, for some simple gas models the 
solution can be obtained analytically C971. It is clear that 
the reverse method is preferable in those cases when general 
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properties of flows are being studied, and there is no need t o  

consider the flow in a certain nozzle given beforehand. To 
overcome the difficulties involved in the calculation of 
nonequilibrium flows, it is convenient to use special techniques 
presented in C541 and C981. 

Isegration of equations, describing flows 
glose. to equilibrium 

The inclusion of the kinetic equations in the system of 
equations of gas dynamics significantly complicates the calcula- 
tions. Even greater difficulties arise in the case when the flow 
I s  close to thermodynamic equilibrium. And this does not occur 
as a result of any peculiarities of the flow field, but as a rule 
as a result of the properties of the computational schemes that are 
not adapted to the integration of equations of the kinetic equation 
type with small parameters in front of higher derivatives. When 
these equations are integrated by the usual Euler o r  Runge-Kutta 
methods, the necessity t o  stabilize the computation requires that 
such a small integration step be chosen that the calculation, even 
using today's fast computers, is still t o o  laborious. 

.Let us consider some features of the integration of such 
equations using the example of the simplest kinetic equation 

where 
f ( q ,  l ) = q c ( t ) - q ,   conat. at. ( 3 . 9 7 )  

/ 146 - 
. . , I * _  , 

Let us determine the error in the calculation of q when 
using the simplest first-order difference scheme 
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Let us assume that qe(t) in the initial data are known 
exactly, so that the entire computational error for q will be 
due to the error of the method. Letting 24 denote the exact sol- 
ution of E q .  (3.96), from E q .  (3.98), we obtain 

i.e., the total error in the calculation ofq2by Eq. (3.98) for 
A / T > ~  will be on the order of AZ- . Similarly, one can calcu- 
late the error~3 for q etc. For Ek, for example, we obtain 

A 

3’ 

Therefore, for A / T w ~  a small error in the determination of q in 
the preceding step ( o r  preceding approximation if we deal with a 
more complex kinetic equation and calculate qk by the method of 
successive approximations) leads to a large error in the 
calculation of q in the subsequent step (next approximation). 

Thus, for A h > l  we come across a catastrophic growth of the 
error, which mak,es the calculation according to a scheme like 

’ (3.98) practically impossible. Here the actual solution of the 
differential equation (3.96), the function q(t), may be very 
smooth, for example, almost linear, and the calculation of q(t), 
generally speaking, may be conducted using a very large step. 

From all of the above, we can conclude that the scheme (3.98) 
is impractical fo,r numerical integration of Equation (3.96) for 
very small T. 

For E q .  (3.96) one can easily f i n d  a scheme which is 
free from the deficiencies of Scheme (3.98). Let us consider 

182 



t 

the scheme 

from which, in view of (3.97), we obtain 
Qc,n+l-Qn A . -. 

(1 + Ah) qn+i = qn + 5 

(3.99) 

This scheme, just like Gcheme (3.98), is a first-order scheme of 
approximation, but in contrast with Scheme (3.98) it does not 
require restrictions on the value of A/T' and permits us to con- 
duct the computation for A/T >>1. 

In practice, one ordinarily uses difference equations of a 
higher order, and the function f ( 4 . 1 )  in Eq.  (3.96) is not 
solved for q. 

If for the integration of E q .  (3.96) we use the second- 1147 
order difference scheme 

and in each step we conduct the calculation using the method of 
successive approximations, then as one can easily see - for 
example, for the case (3.97) [39] - for the convergence of the 
iterative process it is necessary that the following condition 
be satisfied 

A<%. ( 3 101) 

Just as in the previous example, the transition to non- 
explicit schemes, one can construct various stable finite- 
difference schemes that do not require that the Condition (3.101) 
be satisfied. The techniques of constructing such schemes and 
an analysis of the solutions of equations of type (3.96), called 
"inelastic", can be found in the papers by 0. N. Katskova, A .  N. 
Krayko, P. I. Chushkin, N.S. Galyun, V.N. Kamzolov, and 



Yu. G. Pirumov, V. P. Strulov, V. P. Shkadov, L. I. Turchak, 
V. K. Dushin, Curtis and Girschfelder, Trinor, et al. [39, 40, 
44, 52, 64, 99-1033. 

On the basis of Schemes (3.98) and (3.98a), one can construct 
a whole class of finite-difference schemes depending on the para- 
meter 1.1: 

(1.102) 4n+l -  !In fn f"+l 
=p:+(l-p)L)- , O < p < l .  

A 
. . C - . :  

For 1.1 = 1 we obtain Scheme (3.98); f o r p =  0 - Scheme (3.98a); 
for 1.1 = 1/2 - Scheme (3.100). 

In the selection of the optimal finite-difference scheme, 
one has to consider at least two factors: decrease of the error 
in each step and making sure that the error is damped in the 
initial data. A compromise solution of this problem can lead to 
a selection of values of p, different from zero to one-half 

~ O G P < ~ / ~  . An analysis of various finite-difference schemes of 
the type of (3.102) from these positions is made in [52] and 
[loo]. 

Another method, also permitting us t o  increase the integra- 
tion step is the method of linearization relative to a known 
equilibrium solution [45, 54, 1041 or the method of local lineari- 
zation, developed by Moretti [105,106] in which the system of 

nonlinear equations of kinetics in the successive intervals .. isl-i)lcr,, 
replaced by a system of linear equations which can be solved 
exactly. Other methods are known, in which it is possible to 
avoid the difficulties of integration of near-equilibrium 
flows ClO7l. 

All these methods are quite laborious, even though, just like 
the methods of constructing stable finite-difference schemes, they 
permit us to considerably increase the step of integration. 
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IrOp t imal" no z z le 

As already noted, the freezing of internal degrees of free- 
dom and the resulting binding of a large fraction of enthalpy 
in the form of chemical energy, not transformed into the energy 
of translational degrees of freedom, is accompanied by a con- 
siderable decrease (as compared with equilibrium flows) of the 
temperature and pressure, and a lesser decrease of the velocity 
and specific momentum. However, in a number of c,ases even a 
relatively small chanqe in momentum may have a decisive influence 
on the total characteristics of the engine, in particular on its 
thrust. Such a situation will exist, for example, in the case 
of air-feed jet engines C108-110]. Figure 3.42 [ l o 8 1  shows a 
graph illustrating the character of the variation of thrust of 
a typical air-feed jet engine as a function of the M number 
for the flight (fuel-mixture of hydrogen and air, ratio - 
stoichiometric). When M is near 11, the thrust decreases to 
practically zero thanks to the freezing of the recombination / 1 4 8  
processes. 

In this connection, the problem arises of optimum profiling 
of the nozzle, i.e. the construction of a nozzle contour for 
which thrust losses due to nonuniformity are reduced to a mini- 
mum.* Such a nozzle, as is clear from physical considerations, 
should remove the freezing point of the contents farther away 
and lower the value of the frozen energy. One should separately 
consider two sides of the problem: what can be obtained by the 
profiling of nozzles alone (for a given size), and what is 
obtained by increasing their length. Attempts to lower losses 
of thrust due to lack of balance by making highly elongated 
nozzles are, from the practical point of view, of little value 
for the following reasons: on the one hand, even a considerable in- 

t Other aspects of nozzle optimization (for example, obtain- 
ing a uniform flow for a minimum length, etc.) which require 
that the two-dimensional character of the flow be considered, are 
not discussed here. 
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crease in the dimensions of the nozzle does not have a substantial 
effect on the magnitude of the frozen energy (in typical cases, 
for example, an increase of the dimensions of the nozzle by a 
factor of 10 results in a reduction of the frozen energy by 
approximately a factor of 1.5 C551). 
length of the nozzle is increased, the losses due t o  friction 
become significantly greater, so that the question of the 
optimum length of the nozzle must be solved considering all 
factors. Such an anglysls was made in C1111. General questions 
involving the construction of optimum contours for nonequilibrium 
flows were considered in [112,1131 as well as C115-J. 

On the other hand, when the 

. ,  

Figure 3.42. Thrust of a typical 
air-feed jet engine (dashed line - 
nonequi librium flows, solid line - 
equilibrium flow) : 
F - net thrust per kilogram of air 

In view of the difficulty of solving the boundary-value / 148 
problem to which the problem of optimum profiling in its exact 
formulation can be reduced, the numerical results were obtained 
only in the one-dimensional approximation. In the case of the 
flow of oxygen through an axisymmetric nozzle for the following 
initial data in the entrance section: M1= 1.1; rl= 2 cm, T1=5000 K, 
p1 = 100 kG/cm , z = 1 m (length of the nozzle) and p.. = 0 it 
turned out, for example, that for optimum, conicai$-ahd $&%bolic 
contours, 38, 25, and 20%, respectively, of the thrust difference 
for the equilibrium and frozen flows is realized Cll4l (see also 
C1161) 

2 

f '  ,: 

These results of course may be viewed only as estimates of 
the possible gain in thrust; t o  obtain more accurate data, it is / 149 
necessary to consider the two-dimensional character of the flow. 
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CHAPTER 4 
c 

NONEQUILIBRIUM FLOW AROUND BODIES 

4.1 General properties and characteristics 1 1 5 5  

During the flight of hypersonic aircraft in the atmosphere 
of the Earth at altitudes of 40-80 km at velocities of more 
than 3 kmlsec, nonequilibrium becomes an important property of 
the flow, since in this range of velocities and altitudes the 
characteristic relaxation lengths In the shock layer are 
commensurate with the size of the body and the energy - related 
to the internal degrees of freedom - is great enough that the 
physical-chemical processes may greatly influence these gas 
dynamic parameters. Table 12 gives an idea of these values 
where the altitudes H are presented at which the characteristic 
width of the relaxation zone behind a direct shock wave is 
1 cm and 1 m.* 
in the frozen and equilibrium flows behind a shock wave. 

The table also gives the temperatures Tf and Te 

The practical necessity of studying nonequilibrium flows 
around blunt bodies is determined by the fact that the braking 
trajectories in the atmosphere of the Earth of many types of 
hypersonic aircraft (artificial earth satellites, hypersonic 
orbital aircraft, aircraft returning from space, etc.) lie 
within the altitude and velocity region where the' flow is 
greatly determined by nonequilibrium processes. 

* The distance at which the temperature differs by 10% from 
its equilibrium values is used as the relaxation length d. 



Figure 4.1 shows typical flight trajectories of hypersonic 
aircraft and the boundaries of different flow regions in the 
region d/A << 0.1 (d is the characteristic relaxation length be- 
hind a normal shock  wave,^ - distance of the shock wave from 
the body), the flow is close to equilibrium flow, and in the 
region d/A>10 - close to frozen flow. Close to and above the 
boundary d/A = 0.1, the nonequilibrium processes have a great 
influence on the flow dynamics. 

- , 4 :  r r  -+tF: d , r c  I r e  n r  

This chapter will investigate inviscid adiabatic flows 
of gas mixtures, whose components represent reacting gases 
which are thermally perfect. The equation of state 

TABLE 12% 

TEMPERATURE BEHIND A NORMAL SHOCK WAVE AND ALTITUDE ABOVE THE 
SURFACE OF THE EARTH, WHERE THE CHARACTERISTIC RELAXATION 
LENGTHS BEHIND THE NORMAL SHOCK WAVE ARE 1 CM AND 1 M 

* Translator's Note: Commas represent decimal points. 

Note. The M, number and temperature Te were calculated for 
H = 70 km. 



ec 

Figure 4.1. Boundaries of different 
flow regions around a blunt body 
(for Rb = 1 m) , and typical flight 
trajectories of hypersonic aircraft: 
1 - glider; 2 - intercontinental 
ballistic rockets; 3 - artificial 
earth satellite; 4 - Lunnik (glider) 

-Figure 4.2. Diagram of non- 
equilibrium flow around a 
wedge [dashed line - bound- 
ary of relaxation zone 
behind shock waves (arbitr- 
ary), (dot-dash line - 
boundary of the relaxation 
entropy layer close to the 
wedge surface (arbitrary)]. 

Figure 4.3. Determination 
of the relaxation layer 
thickness. 
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f o r  these m i x t u r e s  has t h e  form A . 5 7  

We s h a l l  assume tha t  t h e  energy e q u a t i o n  ( c a l o r i c  e q u a t i o n  

';- 1 I , I 
o f  s t a t e )  may be g i v e n  i n  t he  form 

The n o t a t i o n  and more de t a i l ed  e x p r e s s i o n s  f o r  h and p are  
g i v e n  i n  S e c t i o n  2 . 1 .  

The sys tem of  d i f f e r e n t i a l  e q u a t i o n s  d e s c r i b i n g  t h e  flow 
of  i n v i s c i d  non-heat conduc t ing ,  r e l a x i n g  gas  c o n s i s t s  of t h e  
c o n t i n u i t y  e q u a t i o n ,  momentum e q u a t i o n s ,  energy  e q u a t i o n ,  
and k i n e t i c  e q u a t i o n s  ( r e l a x a t i o n  e q u a t i o n s )  

4 *+ p div V=O; 
dt 

-+-=oo; dV grad p 
4 

dt  P 

Here d /d t  d e s i g n a t e s  t h e  t o t a l  t i m e  d e r i v a t i v e  
d a a a -.=- a + u - + v - + w - .  
dt d t  ax dY az 

(4.3) 

(4.4) 

(4.5) 

( 4 . 6 )  

( 4 . 7 )  

* The form h = h ( T ,  <qi>) 
t h e r m a l l y  i d e a l  gases. 

i s  only  v a l i d  f o r  m i x t u r e s  o f  
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To close system (4.3) - ( 4 . 6 ) ,  we must add t o  it equations 
(4.1) and (4.2). Specific expressions for Fi for certain 
processes and notes on selecting the parameters qi are given 
in Chapter 1, and Sections 3.2 and 2.1. 

, , 

. 

In practice, instead of certain equations of kinetics 
( 4 . 6 ) ,  the following equations are frequently used. 

w 
Or 

Elli== 1 
i 

as well as the equations expressing the conservation of atoms 
of a certain type (see Chapter 1). The energy equation ( 4 . 5 )  
may sometimes be more conveniently written in the form 

df (4 .9 )  

from which the Bernoulli equation follows for stationary flows 

(4.10) 

The boundary and initial conditions for nonequilibrium flows 
have the same form as for ideal gas flows in the absence of 
viscosity and thermal conductivity: non-flow conditions on the 
body surface, and dynamic' compatibility conditions at the shock 
wave front, which supplement the conditions of the continuous 
change in the parameters qi when passing through a shock wave. 
For steady flows these conditions assume the following form. 

\ 

I (4.11) 

PmVnco P I V ~ ~ ;  
2 

P m  t P-=vnm=P1+ P1V2,1; 

h,  + VL '2 = / I ,  + V;/i'; 

I V-m=V-l; 
qico=qil ( i =  1, 2,. . ., n), 
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where 

hl=h ,  ' 7 1 ,  qlm, q2mr - ;. , 4,". 

If certain degrees of freedom are excited in a uniform manner, 
the expression for the enthalpy hl assumes the form 

where qle 
degrees o i  freedom which are in equilibrium; qie= qie(T1,. p , )  

qZe..., qke are the,parameters which describe the 
,,? 

When a nonequilibrium flow passes around a body,. an impor- 
tant role is played by the relaxation parameter 7 which equals 
the ratio of the characteristic relaxation time to the 
characteristic gas dynamic time tc ; 

- 
C' 

'c = T / t  (4.13) 

This parameter characterizes the relative rate at which the 
equilibrium is established in the flow. If we have the follow- 
ing in the entire flow region being examined 

(4.14) 

we shall call this flow essentially nonequilibrium flow. If 

z>> 1, 

then it is close to frozen flow, and if 
- 
'c << 1, 

it will be close to equilibrium flow. 

(4.16) 

However, as a rule, in the problems of flow around bodies - 
striving tothe corresponding limiting s t a t e s  (P = 0 and T = 

is non-uniform, i.e.,there are different types of layers, 



regions ("lines" "surfaces", " points " )  where the flow parameters 

greatly differ from their values in frozen and equilibrium flows. 
These are typical examples of flows with singular perturbations. 
Some of these layers, which are usually called relaxation, entropy 
or vortex layers, have a great deal in common with a viscous 
boundary layer. 

1 1 5 9  

In the.cases of F <<1 o r  7 >>1 the primary influence of 
nonequilibrium Ts, as a rule, localized in these singular regions. 
The parameters of these regions are the relaxation layer behind 
the shock wave, in which the flow parameters asymptotically 
strive to their equilibrium values, the relaxation entropy 
layers close to the surface of a blunt and pointed body, 
etc. These layers will be described in greater detail in an ex- 
amination of flows around a wedge, a cone, a blunt body, etc. 

In many cases, in the case of flow around bodies, the 
region t-l will comprise a comparatively small portion of the 
entire shock layer region, and thus in a large portion of it 
the flow will be either close to equilibrium flow or close to 
frozen flow. Those flows which are frozen in certain regions 
(usually they are called simply "frozen", although it is more 
correct to call them "freezing") represent a special example of 
flows which differ greatly from similar equilibrium flows and 
flows of an ideal gas. 

- 

The influence of nonequilibrium processes on the flow 
dynamics is determined by many factors which characterize the 
thermodynamics and kinetic properties of a medium, the flow 
regimes, geometry of the body, etc. If we attempt to find 
all of the dimensionless parameters which determine the flow, 
then for complex gas mixtures a more cumbersome system is 
obtained for these parameters than in the case examined above 
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of one-dimensional flows (see Section 3.2). Therefore, in 
problems of flow around bodies,methods are of great importance 
which are based on utilizing certain parameters (characteristic 
values) which play the role of parameters of approximate, 
particular similarity and which synthesize in themselves the 
basic relationships which reveal the influence of physico-chemi- 
cal processes on the gas dynamic characteristics. These parameters 
may include universal parameters which are common for many 
classes of flows - for example, the energy parameter W, $he I ,  , , , 
compressibility factor Z, and the parameter Y,= (::::)+ - (for 

more details, see Section 3.2) - and particular parameters 
which pertain to individual types of flows, for example, the 
parameter of the effective compression in a shock layer around 
blunt bodies, etc. (See Section 4.6). In the flow field of an 
ideal gas, these parameters are constant (W=O, Z = i ,  ~ , = c o n s t = ~ , / c ~ , )  . 
In an equilibrium flow, they are functions of the state. In a 
nonequilibrium flow, they are determined to a significant 
extent by the kinetic properties of the medium and the flow 
configuratioqand they greatly differ from the values of these 
parameters in equilibrium and frozen flows. 

It is sometimes assumed, when determining the influence /160 

of nonequilibrium processes on flow dynamics, that the values 
of the gas dynamic parameters in a real nonequilibrium flow 
will lie in the region between their values in equilibrium and 
frozen flows. In some cases, this assumption makes it possible 
t o  establish the”boundaries between which the parameters of 
nonequilibrium flows are located. However, this is not  always 
the case. One example may be the flow around blunt cylinders 
and plates, when thermodynamic equilibrium is rapidly established 
close to the front of the front shock wave (in the region where 
the wave is close to a normal wave), and then there is a sharp 
freezing of the physico-chemical processes as the flow expands. 



The necessity of taking into account nonequilibrium 
processes greatly complicates the mathematical description 
of the flows. The simple formulas which are frequently encounter- 
e d  in classical gas dynamics are almost completely lacking here. 
Even in those rare cases where analytical solutions can be 
obtained, it is difficult to analyze them, as a rule, due to the 
cumbersome nature of the expressions. Therefore, a knowledge of 
the basic characteristics of nonequilibrium flows should be 
obtained with the 's-imp-1es.I~- models of nonequilibrium media, resort- 
ing to a qualitative analysis and approximate estimates in order 
to avoid cumbersome formulas and algorithms. Only the final re- 
sults will be given for flows with complex kinetics. The 
interesting details of the calculations may be found in the 
original articles and special handbooks. We should now stress 
the fact that in the majority of cases, reliable quantitative 
results may only be obtained on the basis of precise numerical 
methods, with adequate allowance for the kinetic properties of 
the medium. 

4.2 Laws of similarity in the case of hypersonic flow 
around slender bodies. 

Let us examine hypersonic flow around slender bodies, when 
t h e p e r t u r b a t i o n s i n t r o d u c e d  by the bodies into the flow are 
small (small as compared with the velocity head - for pressure, 
and the velocity of unperturbed flow - for velocity). In this 
case, the method of smallperturbationsis an effective method 
for solving the problems of gas dynamics for flows of an ideal 
gas and a gas in a state of thermodynamic equilibrium. The 
results obtained by this method, particularly the law of plane 
cross-sections (the principle of equivalence with unsteady 
flow considering a small number of measurements) and the 
law of similarity represent a very powerful method f o r  an 
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experimental and theoretical investigation of hypersonic flows 
(for more details, see [l, 2, 31). 

The question then arises as to the extent to which these 
1161 results may be applied to nonequilibrium flows. - 

The law of plane cross sections, and its generalization 
to the case of slender bodies at large angles of 

similarity which follows from this, remain in force for non- 
equilibrium flows. Physically, this is apparent, since the 
decisive characteristic which lies at the basis of the law of 
plane cross sections, is the approximate constancy of the gas 
velocity component along the body axis (which makes it possible 
to examine the flow in transverse cross sections). This 
characteristic is satisfied for slender bodies which move at 
hypersonic velocities, independently of the specific form of 
equation of state and the velocities of the physico-chemical 
processes. 

attack, given by the V. V. Sychev [4], and also.the law of . _ _  

It follows from a rigorous mathematical proof,which we shall 
not give here, that the error of the law of plane cross sections 
for nonequilibrium flows, just as in the classical case, will 
be on the order of a2 (9 - is a small parameter which characteri- 
zes the maximum angle of deviation of the velocity vector; the 
relative body thickness may be used as 9 for steady flows). 

. . <  

Thus, in the case of nonequilibrium flows, if we disregard 
terms on the order of 9 as compared with unity, we arrive at 
the equations of the small perturbation method, which represent 
the exact equations for the corresponding unsteady flow 
in a plane. In essence, these equations are just as complex as 
the initial equations of stationary flows, and there are still 
no examples of their solutions obtained without any additional 

2 

207 



simplifying assumptions. One assumption which simplifies the 
problem, in particular, may be the condition E e l ,  where E 

is the ratio of the.density in the unperturbed flow p m  t o  the 
density behind the shock wave (for an ideal gas e-%- --I). 

The methods for calculating such flows and the bibliographic 
references may be found, for example, in [l and 21. 

% + I  

By means of the combined method based on the concurrent 
application of the law of plane cross sections and the method 
of the "thin shock layer" in [SI, for example, a solution is 
given for the problems of the flow of gas with relaxation of 
vibrational degrees of freedom around a thin wedge and cone. 

The solution is given in a form which is customary for 
this method, for example 

p = p1 + Ep2 + E2p3 + *..; 

p = P l b  + P2 + EP3 + . * - 
etc. In the first approximation, the solution does not 
depend on the vibrational energy and is the same as for an ideal 
gas. A term caused by the nonequilibrium is no t  included in the 
solution of the second approximation ,for the pressure p2 and the 
axial velocity component u2. 
case are least sensitive t o  the influenc? of relaxation pro- 
cesses. One feature of the expression p for a wedge and a 
cone lies in the fact that the pressure - in contrast, for example, 
t o  the density - changes in a non-monotonic manner in the 

This means that p and u in this 

3 

~ ' I ,  2 ~ d\:< 

relaxation process from a frozen state to an equilibrium state. 
/162 

Let us now turn t o  the law of similarity for hypersonic 
flow around slender bodies. This law follows from the equations 
of the small perturbation method, and it may be regarded as a 
direct result of the law of plane cross sections. The functional 
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dependence of gas dynamic parameters for steady flow 
around bodies, whose surface may be described by the following 
equation ir, a Cartesian (x, y, z) coordinate system connected 
with 'the body 

f ( 3 - C  y, z)=O (4 .17 )  

(a family of affinely similar bodies) has the form 

where a is the angle of attack. 

Similar expressions exist for the remaining gas dynamic 
functions and the aerodynamic coefficients, for example 

For slender, three-dimensional bodies located in a flow at 
a large angle of attack, the parameters V-9 and a / a  may be 
replaced by their generalized form V,sin a and 9 ctg a [ 4 1 .  
When there is slight blunting, one similarity parameter appears 

where c i  is the eL'fectire bluntness drag coefficient**; 
d - characteristicbluntness dimension (thickness); j = 0 in the 
plane case and j = 1 in the axisymmetric case. (For more details 
see [l], Chapter V, or [21,  Chapter 11). 

* Here, in the calculation of c the force pertains to the 
** 

Y' body area. 
For calculation of c; see, f o r  example, [3, 6, 71. 
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Relationship (4.18) represents a very general form follow- 
ing from the law of plane cross sections, and is only valid 
t o  the same extent that the law of plane cross sections is valid. 
Therefore, it may be applied both for an ideal gas and for a real 
gas in the case of equilibrium and nonequilibrium physico-chemical 
processes. 

Attention should be called to the following two factors: 
I. Formula . .  &._. (4.18) _ . -  is only valid for one and the same medium 

with its individual thermochemical and kinetic properties. In the 
case of an ideal gas with constant heat capacity, the individual 
nature of the medium is characterized by a single parameter 
K .  The possibility of simulation in this case is extended not only 
t o  dimensions, form of the bodies, and velocity V,, but also t o  

the medium. 

In the general case, the possibility of simulating the 
media is excluded. The possibility only arises for gases, whose 
equation of state and equation of kinetics have certain special 
(self-modeling) properties which allow similarity. 
an ideal dissociating gas has such properties. The right t o  
simulate a medium must be "paid for" by a large number of new 
similarity parameters (in the general case not only physical 
processes, but also the state of the unperturbed flow must be 
simulated. For more details, see, for example, [SI). 

For example, 1163 - ,  

For certain simple gas models, the law of similarity may 
assume a simple form in the case of nonequilibrium flows. For 
example, for the model of vibrational relaxation which is 
characterized by the condition 

c,& = cons! and r = const, 
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relationship (4.18) assumes the form 

As compared with the case of an ideal gas, only two new 
similarity parameters occur here cck/c,and V,T/L . (In this 
example, the similarity is extended to the medium, i.e. the 
requirements that it is necessary to have oneand the same 
gas in order t o  observe the similarity is eliminated here.) ( . ,  . . .  - .r r - *  

11. The second comment pertains to the invariance of the 
equations when the linear scales are changed, i.e., the possi- 
bility of a geometrica.lly similar transformation of the models 
with a change in their dimensions. 

The equations of motion for ideal or equilibrium gases 
assume such a transformation in the absence of viscosity. This 
transformation is not possible in the case of dissipative processes, 
for example, caused by viscosity or nonequilibrium. This is due to 
the appearance of new dimensional quantities in the equations of 
gas dynamics and..kinetics (in the case of nonequilibrium flows, 
the characteristic relaxation times are such quantities), from 
which we may form the dimensionless combinations - 
i.e. 

TioVm 

L 

Tclovp (i= 1.2,. . .) -similarity parameters (4.21) 
L 

L' L -  

In the general case, for similar flows the quantities 
must be the same, since they are determined by the density, 
temperature and initial values of the parameters qi. Therefore ' - '  

the ratio V,/L must be identical for such flows, and since V-9 

is the similarity parameter, this means that in the general 
case of nonequilibrium flows, which obey the functional law (4.18), 
the value of L6 must also be identical, i.e., / 1 6 4  
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L 9 - similarity parameter (4.22) 

Condition (4.22) means that in the general case of arbi- 
trary nonequilibrium flows the affine similarity transformation 
must be accompanied by the necessary condition of conservation 
of transverse body dimensions (L 9 characterizes the transverse 
dimension of the body). 

Thus, in the general case of an arbitrary medium with non- 
equilibrium processes, the requirements of the hypersonic simil- 
arity law are not very exacting for varying certain parameters 
in model experiments or in comparing different flows. 

Much greater practical advantages may be obtained from the 
similarity law in certain special cases o r  in the case of its 
approximate application. Thus, the number of similarity 
parameters is reduced, and, in the place of old parameters, 
certain new similarity parameters appear which make it possible 
t o  expand the simulation possibilities. For example, for pure 
two-atomic gases which dissociateaccording to the scheme 
A2 + B2 Z 2 AB, i.e., when the forward and inverse reactions 
are binary (see Section 1.3), the gas equilibrium composition 
does not depend on pressure (density), and is always determined 
by temperature. Therefore, the density p m  may be excluded. from 
the number of decisive parameters. 

The relaxation time’r in gases in the case of,sueh bTnary - - .  
f (T) processes is inversely proportional to the density T=- . 

Taking this relationship into account and utilizing the basic 
condition (4.21) of the constancy of the parameter r V m / L ,  for 
binary processes, instead of two similarity parameters L 3  and Pm, 

, i.e. we obtain one similarity parameter pa  L 9  or - 

P 

PCOL 

v, 
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P L ~ (  or:$-)- similarity parameter (4.23) 
for binary processes. 

Similarly, for three-molecular reactions (reactions of the 
third order), the combination p 2 L 9  could be the similarity 
parameter, etc. 

, L  . - L ~ . - .  J r  ' i  L -. - 
In practice, gases are most frequently encountered which 

A + B + M ,  i. e., dissociate according to the scheme AB + M 
the forward reaction (dissociation) is of the second order 
and the inverse reaction (recombination) is of the third order. 
If recombination reactions can be disregarded in flows of these 
gases, the law of binary similarity p,L = const will be satisfied 
in these cases, although it is only approximately true. (The 
degree to which this law is approximated is usually verified 
by computations or experimentally). These gases include nitro- 
gen, oxygen and air when the flow is far from an equilibrium 
flow. The applications of the binary similarity law will be 
discussed in greater detail in Section 4.6. /I65 

In conclusion, Table 13 shows the use of similarity laws 
in the case of flows around slender affinely similar bodies 
at small angles of attack. (See Table 13 on Page 214). 

4.3 ,uopequilibrium flows around a wedge and cone 

Let us now turn to specific examples of flows, when 
the influence of nonequilibrium processes is apparent in the 

wedge with an attached shock wave. The unperturbed flow may 
be both an equilibriumflow (q, = qe, ) anda nonequilibrium flow 
(qa, # q,,). 

purest form. Let us examine supersonic flow around a 11 

(The latter is typical for experiments in hypersonic 
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TABLE 13 

Characteristic; 
of medium 

Similarity 
parameters 

Possibility of 
medium simula- 
t ion 

Possibility of 
changing linear 
scales of modeli 
retaining geo- 

Ideal 
gas 

Possible 

Possible 

metric similarity 

Similarity para- l a  
meters in limiting %' ' 
case of flow with 
very strong impact 
waves (M 9 m 1 I 
wind t u n n e l s ) .  

k r b i t r a r y  gas ir 
zquilibrium 

state 

. r b i t r a r y  non 
equilibrium 

gas 

Nonequilibrium gas, 
obeying condition 
of binary similar- 

itv 

Q ,  

Impossible (only possible in certain cases, 
for example, for an ideal dissociating gas, 
and also in the case of partial simulation) 

Impossible Only possible 
when condition 

e,L8=const 

is  satisfied 

Let  us  s e l e c t  t h e  c h a r a c t e r i s t i c  r e l a x a t i o n  l e n g t h  behind  
t h e  shock wave U ~ T ~  as t h e  b a s i c  l e n g t h  s c a l e  ( u  i s  t h e  v e l o c i t y  
component a long  t h e  wedge s u r f a c e  and t h e  index  "f"  co r re sponds  

.. . , . -  _ .  1 .* t o  f r o z e n  flow - c f = T  (pv ,  T f ) .  

/ 165 - 

A t  d i s t a n c e s  r<ufzf from t h e  wedge apex (Region 1 i n  F igu re  
4 . 2 ) ,  t h e  f low w i l l  be  c l o s e  t o  f r o z e n  f low; i n  p a r t i c u l a r ,  /166 
t h e  shock wave 
shock wave i n c l i n a t i o n  i n  f r o z e n  f low.  

i n c l i n a t i o n  Q w i l l  equa l  of - t h e  a n g l e  of  

2 1 4  



I 

It i s  a p p a r e n t  t h a t  f a r  from t h e  wedge apex ( i n  t he  s c a l e  
u T ), independent  of t h e  l o c a l  flow s t r u c t u r e  i n  Region 1 

and i n  r e g i o n s  a d j a c e n t  t o  i t  w i t h  t h e  c h a r a c t e r i s t i c  t r a n s v e r s e  
dimension uV-rv, t h e  ang le  of t h e  shock wave i n c l i n a t i o n  w i l l  be 
s imilar  t o ,  and i n  t h e  l i m i t ,  equa l  a, - 
shock wave i n c l i n a t i o n  i n  e q u i l i b r i u m  f low.  Region 2 of  
nonequ i l ib r ium f low ( r e l a x a t i o n  l a y e r )  i s  a d j a c e n t  t o  the  shock 
wave. The w i d t h  of  t h i s  r e g i o n  w i l l  be on t h e  o r d e r  of  

ufifsin(U,-a) . 
wave and the  wedge s u r f a c e ,  t h e  flow w i l l  be c l o s e  'to e q u i l i b r i u m  
f low,  j u s t  as beh ind  an o b l i q u e  shock w i t h  t he  a n g l e  o f  
i n c l i n a t i o n  a,. 

f f  

t h e  a n g l e  of  t h e  

I n  Region 3, which i s  fa r  from b o t h  t h e  shock 

I n  Region 4, which i s  a d j a c e n t  t o  t he  wedge s u r f a c e , t h e  
p r e s s u r e  far  from i t s  apex must be the  same as i n  Region 3 ,  
bu t  i t  i s  no t  n e c e s s a r y  t h a t  a l l  t h e  remain ing  f low pa rame te r s  
equa l  t h e i r  v a l u e s  i n  Region 3 s i n c e ,  i n  t h e  f i r s t  p l a c e ,  t h e  
i n i t i a l  c o n d i t i o n s  i n  Regions 3 and 4 a r e  d i f f e r e n t  ( d i f f e r e n t  
i n c l i n a t i o n s  of t h e  shock wave) and, i n  t h e  second p l a c e ,  t h e  
en t ropy  i n c r e a s e s  a long  t h e  s t r e a m l i n e s  i n  t h e s e  r e g i o n s  w i l l  
a l s o  b e  d i f f e r e n t ,  s i n c e ,  f o r  example,  t h e  l a w s  gove rn ing  t h e  
change i n  t h e  t r a n s v e r s e  c r o s s  s e c t i o n  of t h e  s t r e a m t u b e s  w i l l  
be d i f f e r e n t .  

The e x i s t e n c e  of t h e s e  r e g i o n s  ( l a y e r s )  w a s  f i r s t  no ted  by 
V. N .  Zhigulev [8],  and l a t e r  by s e v e r a l  o t h e r  a u t h o r s  [ 9 ,  lo]. 
These layers  are u s u a l l y  c a l l e d  r e l a x a t i o n  en t ropy  l a y e r s ,  a l -  
though t h e  t e rm "ent ropy"  may p o s s i b l y  not  b e  f e l i c i t o u s ,  s i n c e  
i t  i s  u s u a l l y  a s s o c i a t e d  w i t h  f lows w i t h  very  l a r g e  r e l a t i v e  
changes i n  e n t r o p y ,  and i n  such l a y e r s  t h e  r e l a t i v e  en t ropy  
change i s  s m a l l ,  as w i l l  be  seen  l a , t e r .  The re fo re ,  i t  has been 
proposed [3] t h a t  these l a y e r s  be c a l l e d  weak v o r t i c i t y  l a y e r s .  



L e t  u s  e s t ab l i sh  t h e  r e l a t i v e  changes i n  t e m p e r a t u r e  T ,  

d e n s i t y  p ,  v e l o c i t y  u, and en t ropy  S i n  a r e l a x a t i o n  en t ropy  
l a y e r  f o r  f lows ,  which a r e  c h a r a c t e r i z e d  by r e l a t i v e l y  small 
energy p a r a m e t e r s  W.  The index  "3" d e s i g n a t e s  t h a t  t h e  t e rm be- 

longs  t o  Region 3,  and t h e  index  w c h a r a c t e r i z e s  t h e  p a r a m e t e r s  
on t h e  wedge s u r f a c e  f a r  from its apex (bo th  s ta tes  are e q u i l i -  
brium s t a t e s ) .  S ince  t h e  j e t  s t r e a m  a d j a c e n t  t o  t he  wedge su r -  
f a c e  p a s s e s  th rough  the  shock wave a t  t h e  a n g l e  o f  i n c l i n a t i o n  

t h e  t r a n s i t i o n  th rough  an o b l i q u e  shock wave a t  t h e  a n g l e  
Sw e q u a l s  S e ( a f )  - en t ropy  i n  an  e q u i l i b r i u m  f low d u r i n g  a f ,  

af p l u s  a c e r t a i n  a d d i t i o n  r e l a t e d  t o  t h e  f a c t  t h a t  t h e  l a w  
govern ing  t h e  change i n  t h e  j e t  s t r e a m  t r a n s v e r s e  c r o s s  s e c t i o n  
c l o s e  t o  t h e  wedge s u r f a c e  d i f f e r s  from t h e  l a w  gove rn ing  t h e  
change i n  the  j e t  stream i n  a f low w i t h  an  i n f i n i t e  o b l i q u e  
shock wave w i t h  t h e  a n g l e  of  i n c l i n a t i o n  'of.  However, ca lcu-  
l a t i o n s  show t h a t  i f  t h e  r e l a t i v e  change i n  t h e  j e t  stream 
F i s  small ( t h i s  i s  r e l a t e d  t o  t h e  s m a l l  v a l u e  of t he  pa rame te r  
W), t h e n  i n  t h e  f i r s t  approx ima t ion  such s m a l l  v a r i a t i o n s  i n  t h e  
area are no t  a p p a r e n t  i n  t h e  en t ropy  i n c r e a s e  and S,=:S,(ar) . 
Thus 

6S=S,-s3=S, (Of) -Se(5e) .  
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where aS i s  t h e  en t ropy  change a long  t h e  l a y e r .  

The q u a n t i t i e s  6T, 6 p  and 6u are e x p r e s s e d  by 6s.  Let u s  
de t e rmine  t h e s e  v a l u e s  f o r  t h e  c a s e  of  a s l e n d e r  wedge i n  a 
hype r son ic  gas  s t r e a m  w i t h  n o n e q u i l i b r i u m  e x c i t a t i o n  of  the 
v i b r a t i o n a l  degrees  o f  freedom. We s h a l l  assume khat .  i t 1  L - f '  f - 

I n  t h i s  c a s e ,  t h e  i n t e r n a l  g a s  energy  i s  a f u n c t i o n  only  o f  
t h e  t e m p e r a t u r e  and s i n c e  pw=p3 ,  a T,-T3<<T3 (due t o  t h e  sma l lnes s  
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of W ) ,  w e  have 

(4 .25)  

Car ry ing  ou t  t he  c a l c u l a t i o n s  w i t h i n  an accu racy  of  te rms  
of the  o r d e r  AW,  where 

w e  o b t a i n  

(4.26) 
1168 

If t h e  unpe r tu rbed  f low i s  i n  a s t a t e  of e q u i l i b r i u m ,  t h e n  
. There fo re ,  for flows w i t h  v i b r a t o r y  r e l a x a t i o n ,  o < A W <  -="A R 

C P  % 

t h e  r e l a t i v e  d r o p s i n  d e n s i t y ,  t empera tu re ,  and v e l o c i t y  i n  t h e  

r e l a x a t i o n  en t ropy  l a y e r  a r e  sma l l .  The d e n s i t y  and v e l o c i t y  
dec rease  a c r o s s  t h e  r e l a x a t i o n  en t ropy  l a y e r  i n  t h e  d i r e c t i o n  
of t h e  w a l l ,  and t h e  t e m p e r a t u r e  i n c r e a s e s .  

L e t  us e s t ab l i sh  t h e  c h a r a c t e r i s t i c  w i d t h  of t h i s  l a y e r ,  
i . e . ,  t h e  d is tan-ce  , i n  t h e  d i r e c t i o n  p e r p e n d i c u l a r  t o  t h e  wedge 
s u r f a c e ,  a t  which t h e  q u a n t i t y  p3-pw 

p r w .  

l e n g t h  i s  on t h e  o r d e r  of d = u ~ T ~ .  

the  c h a r a c t e r i s t i c  d i s t a n c e  2 along t h e  shock wave from t h e  
wedge apex,  a t  which t h e r e  i s  a change i n  t h e  a n g l e  of  i n c l i n a -  
t i o n  for the  shock wave from of  t o  

w i l l  be  on t h e  o r d e r  of  
W e  s h a l l  u se  the  f a c t  t h a t  t h e  c h a r a c t e r i s t i c  r e l a x a t i o n  

It fo l lows  from t h i s  t ha t  

a,, i s  de t e rmined  by t h e  



intersection with the shock wave of characteristics drawn from 
the region on the wedge surface, located at a distance on the 
order of d from its apex. 

number Mf behind the shock wave 

Knowing the angles uf, de and the 

(when M, > - 1  the value 

determine the characteristic thickness 

of the relaxation layer u (Figure 4.3). 

(the notation is given in Figure 4 , 3 ) ,  and thus 

where 

%- 1 e=- 
r + l ’  

It may be approximately assumed that the law governing the /169 
change in the flow parameters across the layer is exponential, 
namely 

- 
p = pB + ( p, - p3) e-g/a = p3 (1 + 8pe-g,‘;). (-4.29) 

The basic characteristics described above will be repeated 
in other nonequilibrium flows. Naturally, these determinations 
give only a very general representation of the characteristics 
of nonequilibrium flows around pointed bodies. 
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The flow characteristics of a relaxing gas around pointed 
bodies are greatly clarified by a solution of the problem regard- 
ing the flow of gas around a wedge with nonequilibrium excitation 
of the vibrational degrees of freedom, which was obtained by 
V. N. Zhigulev [8]  by linearization according to the small 
parameter* 

' _  - 2 ,  , (  ----.: . > I  ; i  > P i  , . . -  . .  
c 

The basic solution with which the linearization was carried 
out was the solution for the flow of an ideal gas around a wedge 
in the case of frozen vibrational degrees of freedom (the index 
"f"). This solution, which changes into an exact solution when 
W1 + 0, in the (x, y) Cartesian coordinate system (see Figure 

4.2, 5=x/ufzr,fj=y/ufq) may be written in the rorm 
/170 

1 W 

- 2 2 (- s)!e-fmf sh (pymr) .; 
I - 1  

(4.31) 

*If the advancing flow is nonequilibrium flow, i.e., ek- fo  
then the method and the solution are the same as before. In this 
case, the small parameter will not be w , ,  but AW=wj-w:, where 
W..-=eAr/cpTt. An analysis of this case is given by A. V-, Chirikhin 
c111 



Here 

It may be.,readily established that when -+ m and f o r  
finite 7, the quantity strives to a constant limit 

(4.33) 

The expression for F(y) shows that there is a vortex layer . .  

close to the wedge surface whose thickness is on the order of 
the characteristic relaxation length u f T f .  With an increase in /l7l 

the Mm'number, the layer thickness decreases. 
expressions (4.31) confirms the flow picture which was described 
at the beginning of the section (Figure 4.4). 

An analysis of 
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The pressure only changes in the relaxation layer zone 
behind the shock wave. In the case of large x, the remaining 
values remain functions only of 7, and outside of the relaxation, 
boundary entropy layer the flow is practically uniform. 

Figure 4.5 gives graphs of the normalized pressure increase 
(p - pf)/W1pf along the wedge surface for K = 1.4. 

note that the dependence of p - pf, u - uf and 0 - of (which is 

close to a linear dependence) on the’parameter .W wftl only hold 
for very small values of W. With an increase in W (here we have 
in mind the more energetic processes: dissociation, etc.), there 
is a very rapid slow down of the increase and of stabilization 
p - pf, u - uf, as well as the angle of inclination of the shock 
wave 0 .  Thus, p, u, and 0 greatly differ from T and p ,  for 
which there is no such stabilization. 

We should 

. ! ! - - - : =  . 

In order to obtain precise quantitative results, even in the 
simplest cases of a wedge and a cone, we must turn to numerical 
computational methods. The results obtained by the method of 
characteristics for nitrogen with vibrational relaxation, an 
ideally dissociating gas, and air, as well as a discussion of 
certain methods of calculating supersonic nonequilibrium flows 
may be found in [g - 251. 

The distribution of the gasdynamic parameters in the flow / 1 7 2  

field around a cone is just the same as around a wedge, with the 
exception of a decrease of the thickness of the relaxation entropy 
layer with an increase in x, and the effect of “re-expansion” of 
the flow, close to which the pressure strives to its asymptotic 
value nonmonotonically (Figure 4.6) [13] (compare with the dis- 
tribution of p in the case of flow around a wedge for small 
angles 9, Figure 4.5a). The change in T and p along the surface 
of the wedge and the cone in air is shown in Figure 4.7 [15]. 

2 2 1  
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Figure  4 .4 .  C h a r a c t e r i s t i c s  
o f  en t ropy  r e l a x a t i o n  l a y e r  
when x = m .  

a - v e l o c i t y  p r o f i l e ;  
b - d e n s i t y  p r o f i l e ;  
c - t e m p e r a t u r e  p r o f i l e .  

F igu re  4.5 Change i n  p r e s s u r e  c o e f f i c i e n t  a long  t h e  
wedge s u r f a c e  (dashed l i n e  a s y m p t o t i c  
v a l u e s  when 5 + > :  
a - when M = -; b - when 9 = 40'. 
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F i g u r e  4 .6 .  P r e s s u r e  d i s t r i b u t i o n  
a long  cone s u r f a c e  i n  a stream of 
n i t r o g e n  w i t h  v i b r a t o r y  n o n e q u i l i -  
br ium when 9 = 46.4O; M,= 1 2 ;  T, = 300K 
(dashed l i n e  - e q u i l i b r i u m  f low)  

F igu re  4.7. Temperature  change (a) and d e n s i t y  change (b) 
a l o h g  wedge s u r f a c e  ( dashed l i n e  9 = 41.04O) 
and a l o n g  a cone ( s o l i d  l i n e  9 = 45.43O) i n  a i r  
( v i b r a t i o n s  are ba lanced)  when V, = 6638 m/sec: 
t he  d o t t e d  l i n e s  d e s i g n a t e  t h e  a s y m p t o t i c  v a l u e s  when 
x + 0 .  



Figure 4.8 [l5] gives data which show that, when an air 
stream passes around a wedge, the binary law of similarity is 
valid in the major portion of the flow field. In spite of the 
fact that the pressure on the wedge and the cone depends slightly 
on nonequilibrium processes, in certain cases their influence 
may be considerable. For example, the aerodynamic characteris- /173 

tics of the wedge C a  and m:, and the position of the pressure 

center X may fall outside of the limits within which they 

change in equilibrium and frozen flows [26, 273. The displace- 
ment of X is connected exclusively with the influence of non- 

equilibrium, and in certain cases may be on the order of one 
percent of the wedge length. 

Y 

P' 

P 

4.4. Characteristics of the propagation of small 
perturbations in a relaxing medium. Notes on 
methods of calculating nonequilibrium flows 
around slender pointed bodies 

In addition to the method of characteristics and other 
similar computational methods, other methods, which were devel- 
oped for jdeal gas flows, are widely used in the gasdynamics of 
nonequilibrium flows. In particular, this pertains to the line- 
arization method based on the smallness of perturbations of the 
basic homogeneous flow. The problem of the propagation of sound 
is a classical example [28 - 331. 

. I . r , r . r . .  , t y T ,  , - -  
Let us consider a plane, monochromatic sonic wave propagated 

in a fixed medium, which is characterized by a single relaxation 
parameter q. Let us represent p, p ,  etc., in the wave in the 
form of a constant term corresponding to the state of the 
unperturbed medium, and a small perturbation: p = po + p', 

1174 
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p = p o  + p ' ,  q = qo + q', and u = u + u '  = u ' .  0 

Taking t h e  f a c t  i n t o  account  t h a t  h ( p ,  p ,  q )  = ho + hpp'  + 
h p p l +  hqq' and qe = q o  + qepp '  + qepp ' ,  from Equa t ions  ( 4 . 1 )  - 

( 4 . 6 )  w e  o b t a i n  a sys tem of  l i n e a r  homogeneous e q u a t i o n s  w i t h  
r e s p e c t  t o  t h e  s m a l l  q u a n t i t i e s  u t ,  p ' ,  p ' ,  and q '  [Equat ion  
( 4 . 6 )  i s  t a k e n  i n  t h e  form of ( 3 . 5 9 ) ] .  The t i m e  t and the  coor-  
d i n a t e  x are t h e  independent  v a r i a b l e s .  If  w e  s e a r c h  f o r  t h e  
s o l u t i o n  i n  t h e  form j f = ~ & ' ( " ' + * ~ ) ,  q ' = q ~ e i ( w t + b X ) ,  e t c .  , where p ' 1 

0 ' 9 0  
e t c . ,  are c o n s t a n t s ,  as a r e s u l t  of s u b s t i t u t i n g  t h e s e  expres -  
s i o n s  i n  t h e  sys tem of l i n e a r  e q u a t i o n s  o b t a i n e d ,  w e  o b t a i n  a 
system o f  l i n e a r  homogeneous a l g e b r a i c  e q u a t i o n s  w i t h  r e s p e c t  t o  
t h e  ampl i tudes  p o t ,  qo ' ,  e t c . ,  which has a n o n t r i v i a l  s o l u t i o n  

on ly  i f  i t s  de te rminan t  A e q u a l s  z e r o .  

Equa t ing  A t o  z e r o ,  we o b t a i n  t h e  f o l l o w i n g  r e l a t i o n s h i p ,  
which connec t s  w and k 

( 4 . 3 5 )  

All t h e  t e r m s  i n  t h e  r i g h t  s i d e  of  t h i s  e q u a t i o n  are  ca l cu -  
l a ted  by d e f i n i t i o n  i n  an  unpe r tu rbed  s t a t e ,  f o r  example, h = 

dh(Po*Po*qo'o) , e t c .  It may b e  seen  from ( 4 . 3 5 )  t ha t  when T # 0 and 
T # Q), t h e  r a t i o  u2/k2 r e p r e s e n t s  a complex q u a n t i t y ,  and s i n c e  
w i s  a r e a l  q u a n t i t y ,  t h e  wave number k must be a complex number, 

P 

dP 

Represen t ing  k i n  t h e  form k = kl - k2 (k l ,  k2 > 0 )  and 

s e t t i n g  w/kl = a ,  w e  o b t a i n  
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etc. It may be seen from these expressions that the quantity a, 
which equals w/kl, is the phase velocity of sound in terms of 

its physical meaning, and k2 is the absorbtion coefficient. In 

the limiting cases of high frequency (UT -F m)  and low frequency 
(UT -f 0) sonic vibrations, the expressions for the speed of 
sound assume the form (2.52) and '(2.53). 

If the state of the gas depends on several parameters qi, 
then 

where 

It may be shown that these expressions are identical to the /175 
relations 

In the general case, when the parameter w'c is a finite 
quantity and does not equal zero, the phase velocity of sound a 
and the absorbtion coefficient k2 depend'on the frequency w, 

. .  . . ~  - - T J  : - , .  t . r ,  

When UT >>1, we obtain the following from Expressions (4.35) 
and (4.36) 
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where 

Thus, the rate at which sonic perturbations of the frequency 
w are propagated when WT >>1 in the first approximation equals 
the frozen speed of sound af, and.the absorbtion coefficient k2 

is Inversely proportional to T and does not depend on the fre- 
quency. 

When W T  1, 

( 4 . 3 9 )  

i.e., a z a@, and the coefficient k2 is proportional to U'T. It 

follows from these relationships that at a distance which equals 
the characteristic relaxation length d = afT, the nature of the 

sound absorbtion varies, depending on the value of UT. 

High frequency perturbations (UT -f a) are absorbed most 

a; - a: rapidly: k & x  ; low frequency perturbations (UT + 0 )  are 

propagated practically without damping.* This is a very impor- 
tant result. It enables us to understand the law governing the 
propagation of small perturbations in the supersonic flow of a 
relaxing gas. If the perturbation may be represented in the form 
of a Fourier series (integral), then the high-frequency harmonics 

*Sometimes, instead of k2d, use is made of the parameter 
k2h - the absorbtion coefficient at a distance equal to the 
wavelength A: klh=sraor+[l+(or+)?]-l(l+ O ( a ) ) ,  a=(at2-ae2)/a,2 . 
w h y  UT -t 0 and UT + 00 strives to zero and has a maximum when 
w'c 1. 

The quantity k2X 



(a Mach cone with the largest angle opening corresponds to them) 
are damped most rapidly, and the low frequency harmonics, which 
are grouped around a cone with the angle arcsin (ae/Um), are 

damped most slowly. Distortion of the signal thus occurs. 

If it is assumed that the perturbation source (profile, etc.) 
lies on the y = 0 axis, then the perturbation passing from it to 
a certain point (x, y) is comprised of perturbations which arise 
at different points of the y = 0 axis, and thus the averaged 
value of the initial perturbation is transmitted to the point 
(x, Y). 

Interesting results in the study of the general properties 
of the linear equation 

(4.40) 

where 

were obtained when solving several specific problems by Ye. V. 
Stupochenko and I. P. Stakhanov [34 - 371, and also Chu, Clarke, 
and Vincenti [32, 33, 38 - 401. 

, \ I  .,. 
The Laplace transform is usually used to solve Equation 

(4.40), and the problem is essentially reduced to finding the 
inverse of the Laplace transform. As a rule, the solution has 
a rather cumbersome form, but the fact that it is represented in 
an analytical form makes it possible to study comparatively 
easily the flow characteristics, particularly its asymptotic 
behavior. 
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Figure 4.8. Change in concentra- 
tion of components along wedge 
surface in air (vibrations are 
balanced) when Mm = 20; T m  - 273.16K; 
9 = 41.04O (solid lines designate 
coinciding values when p m = p m l =  
0.01293 kg/M3 and P m  = 0.5 P m l ,  
and the dashed lines - when 
P- = 10 p m 1 )  

Figure 4.9. Change in 
temperature of active 
( T )  and internal (I?,) 
degrees of freedom 
across shock layer for 
the two-dimensional 
problem (self-modeling 
solution). 

Figure 4.10. Diagram of flow around convex corner. (Solid 
line - first frozen line of perturbations; dot 
dash line - first equilibrium line of pertur- 
bations; dashed line - closed characteristic 
of the first family in a rarefaction fan): 
1,2,3 - streamlines; I - region of slightly eddy- 
ing flow; I1 - relaxation region; I11 - region 
of Prandtl-Meyer equilibrium flow. 



The studies C41 - 531 were devoted to investigating 
different steady and unsteady flows in the case of one or 
several nonequilibrium processes. Attention should be called to 
the modification of the linear theory proposed by A. N. Krayko 
and R. A .  Tkalenko [54]. The modification consists of changing 
to new dependent and independent variables, so that in these 
variables the coefficients in the precise equations subject to 
linearization become slowly changing functions of the unknown 
quantities. This greatly widens the possibilities of using the 
linear theory. 

The solutions of different self-modeling problems occupy an 
important position in classicialgasdynamics. These problems 
represent a rare exception for nonequilibrium flows due to the 
appearance of several new dimensional constants. Let us discuss 
one class of one-dimensional unsteady motions of a relaxing 
gas which occurs when the energy equation and the relaxation 
equation have the form 

where cv, c and T are constants. 
vi 

For such a gas model, the system of equations ofgasdynamics 
and the conditions on the shock wave when p, = 0 assume the 
following class of self-modeling motions, found by V. N. Zhigulev 

I, < a  .,. , I  - '  I . ~ ' 4 

p - eC'G (E); p - e(c+2k) 'P (E); 

K - e% (E); T -. etk'H (E); Ti  - enkfHi  (E), 
(4.41) 

-kt ( r  - where the self-modeling variable 5 is proportional to re 
coordinate, C and k - constants). In particular, this class of 



motions i n c l u d e s  t h e  motion of  a gas  e x p e l l e d  by a p i s t o n  
a c c o r d i n g  t o  t h e  e x p o n e n t i a l  l a w  uw = u e 

cons t  ( i n t h i s  c a s e  C = 0 ) .  

k t  - , -03 < t < a, uo - 0 

The s tudy  [ 5 5 ]  i n v e s t i g a t e d  a sys tem of o r d i n a r y  d i f f e r e n -  
t i a l  e q u a t i o n s ,  and gave t h e  r e s u l t s  of  c a l c u l a t i n g  u ,  p ,  p ,  T, 
and Ti f o r  p l a n a r  and ax isymmetr ic  motions.  

F igu re  4 . 9  g i v e s  t h e  t e m p e r a t u r e  d i s t r i b u t i o n  a c r o s s  t he  shock 
l a y e r ' f o r  d i f f e r e n t  v a l u e s  of  t he  pa rame te r  5 = kT (two- 
d imens iona l  problem).  According t o  t h e  hype r son ic  l a w  o f  p l a n e  
c r o s s  s e c t i o n s ,  these r e s u l t s  may be used t o  ana lyze  t h e  f low 
around c e r t a i n  p l a n a r  and ax isymmetr ic  bod ie s .  

By way of  an  example,  

1177 

4.5. Supe r son ic  f low p a s t  a convex co rne r  ( P r a n d t l -  
Meyer Flow) 

T h e  i n f l u e n c e  of  nonequ i l ib r ium i s  man i fe s t ed  i n  a l l  f lows  
where t h e r e  i s  a r a p i d  change i n  t h e  gas  s t a t e .  These f lows 
i n c l u d e  s t e a d y ,  s u p e r s o n i c  flow around a convex co rne r ,  and 
i t s  uns teady  a n a l o g  - flow i n  a c e n t e r e d  r a r e f a c t i o n  wave. 
I n  t h e  c l a s s i c a l  c a s e ,  t h e s e  s o l u t i o n s  r e p r e s e n t  s imple  waves, 
i . e . ,  f lows  i n  which t h e  p r o p a g a t i o n s  are propagated  only  i n  one 
d i r e c t i o n ,  and - i n  view of  t h e  se l f -mode l ing  n a t u r e  of these 
f lows - t h e i r  mathemat ica l  i n v e s t i g a t i o n  i s  reduced t o  s o l v i n g  
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  

Simple waves cannot e x i s t  i n  a r e l a x i n g  medium. P e r t u r b a -  
t i o n s ,  which a r e  i n i t i a l l y  p ropaga ted  i n  one d i r e c t i o n ,  p a s s i n g  
through t h e  v o r t e x  l a y e r s ,  a r e  r e f l e c t e d  backwards,  which leads 
t o  a more complex f low s t r u c t u r e .  



Let us examine the general picture of flow around a blunt 
corner. Let us follow (Figure 4.10) the manner in which the 
flow parameters change along three streamlines. The first stream- 
line is located close to the wall (Y-lKamTco); the second - at the 
distance gm2 from the wall ( ! ~ - U ~ T ~ ) ;  and the third - far from the 
wall ~ o o ~ > > a m ~ m .  

Along the first streamline, the flow in the rarefaction fan 
will be close to frozen, and the relaxation zone ,w$th the chara,~-Jb3 
teristic dimension U ' T '  is extended farther (the prime designates 
the values on the closing characteristic of the first family drawn 
from the apex of the corner), in which the flow parameters appro- 
ximate their asymptotic values when x + 00. It is apparent that 
the pressure when x + 03 in the entire flow region is identical 
and equals the pressure pe in the equilibrium flow. 

Along the third streamline (the length of an arc along this 
streamline in the rarefaction fan is much greater than the 
characteristic relaxation length u T ) ,  the flow parameters will 

change in the same way as in equilibrium flow, i.e., in an 
"equilibrium" simple Prandt 1-Meyer fan. 

The second streamline lies in the region of nonequilibrium 
-flow. The characteristics of nonequilibrium flows around a cor- 
ner can be clearly seen (Figure 4.11a) when solving this problem 
in the linearization formulation 1321 .  (An analog of the results 
for ideal gas flows,,which are.gfven in Figure 4.1la,.is the 
linearized solution, in which p, p ,  and other parameters change 
abruptly on the characteristic of the first family going from 
the corner apex, and not the precise solution, in which p, p ,  

etc., change smoothly in the rarefaction fan.) 



a b 

Figure 4.11. Schematic nature of the change in thegas dynamic 
parameters along three streamlines (solid lines - first frozen 
line of perturbations; dashed-dotted line - first equilibrium 
line of perturbations; dashed line - closing characteristic of 
the first family). 
a - according to linear theory; b - according to an exact 
solution; Q - any gasdynamic parameter; 1, 2, 3 - streamlines. 

Figure 4.llb shows schematically the change in the gas dyn- 
amic parameters along three typical streamlines, which follow 
from the precise solutions. There is a vortex layer close to 
the wall at a great distance from the corner apex, Calculations 
show that the change in T, p ,  S, and other parameters is small 
across this layer. 

At the present time, there are a great many studies which 
have investigated the Prandtl-Meyer flow, a centered rarefaction 
fan, and other flows similar to it [38,  56 - 651.  Figures 
4.12 - 4.14 show the distribution of pressure, temperature, 
and the degree of dissociation c1 along the wall f o r  an ideal 
dissociating 

- Pm/RA2Tdpd - 

coordinate ? 

gas for the following initial data: M = 2, 

0.87-10-*, To,/Td = 0.06 [561 .  The dimensionless 1 1 7 9  

= x C p d / m  is given along the abscissa axis (C 
A2 

is the constant in the expression for the dissociation rate, and 
s is assumed to equal zero, see Chapter 21, and along the 
ordinate axis 
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p ( 0 )  and T ( 0 )  are t h e  i n i t i a l  
v a l u e s  a t  the  w a l l .  

F i g u r e  4 . 1 2 .  P r e s s u r e  change 
a long  w a l l  (dashed l i n e  - 
asympto t i c  v a l u e s  A p ( = )  = 
"Ee 1. 

Figure  4.13. Temperature 
change a long  w a l l .  

I n  c o n t r a s t  t o  t h e  r e l a t i v e  
, .  

d i f f e r e n c e  [p - p(O) ] /p (O) ,  t h e  
a b s o l u t e  p r e s s u r e  d i f f e r e n c e  
p - p ( 0 )  changes nonmonotonica l ly  
a s  a f u n c t i o n  of t h e  a n g l e  6, 
s i n c e  when 6 + 0 t h e  d i f f e r e n c e  
( p  - p ( 0 ) )  + 0 due t o  t h e  small 
i n f l u e n c e  of n o n e q u i l i b r i u m  pro-  
c e s s e s ,  and a t  t h e  c o r n e r  6, 

which i s  c l o s e  t o  t he  l i m i t i n g  
v a l u e ,  p and p ( 0 )  s t r i v e  t o  z e r o  
due t o  t h e  l a r g e  f low expansion.  

I n  s e v e r a l  s t u d i e s ,  a n a l y t i -  
c a l  s o l u t i o n s  of the  problem o f  
f low around a b l u n t  c o r n e r  are 
ob ta ined  under  c e r t a i n  assumpt ions  
C38, 58, 631. Thus, V.  P.  S t u l o v  

d i s s o c i a t i n g  g a s  o b t a i n e d  a 

F igure  4 . 1 4 .  Change i n  deg ree  
of  d i s s o c i a t i o n  a a long  w a l l .  1581 f o r  t h e  model of an i dea l  

s o l u t i o n  i n  t h e  r e g i o n  c l o s e  t o  t h e  co rne r  apex w i t h o u t  any 
l i m i t a t i o n s  on 6 .  (The s o l u t i o n  was found i n  t h e  form o f  t h e  
s e r i e s  ( P = W  (1+rqp,+r2q2+ ...I , where qr i s  t h e  s o l u t i o n  f o r  f r o z e n  
f low.  ) 
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An approximate solution in the region between the last 
characteristic of the rarefaction f.an and a side o f  the corner 
was obtained in the same way. It was shown that in a relaxing 
gas the discontinuity of normal derivatives on the initial frozen 
characteristic is damped very rapidly with increasing distance 
f r o m  the apex (according to a law which is almost an exponential 
law). 

When there is abrupt flow expansion, frequently it is /180 
rapidly frozen, and in the first approximation all of the flow 
may be assumed to be frozen, which is characterized by a con- 
stant adiabatic index K ~ .  In this frozen flow, thegas dynamic 

parameters may differ greatly from their equilibrium values. 

Typical results derived from comparing equilibrium and 
frozen air flows during flow around a corner are given in 
Figure 4.15 [33] ( A 0  - flow angle of turn). It may be noted 
that the nonequilibrium processes have a great influence on 
the pressure and temperature just as in the case of flow in a 
nozzle. 

I >  > , 

M 
a 

4 

0 20 40 60 A*o 

Figure 4.15. Comparison of parameters of equilibrium and frozen 
flows o f  air passing around a corner at M 
p1 = 1.2 kG/cm2. 

= 1; T1 = 6140 K; 1 
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4.6. Flow around blunt bodies 

Typical characteristics 

Nonequilibrium flow around blunt bodies has been studied in 
great detail both with the example of the simplest models of 
nonequilibrium media C67 - 691, and for gas mixtures with com- 
plex kinetics (air and others) [70 - 1073. The following 
typical characteristics of nonequilibrium flow around blunt 
bodies may be noted. 

1. The great influence of nonequilibrium processes on /181 
temperature, density, concentration of components in the shock 
layer, and also on the shock wave stand-off distance from the 
body surface. 

2. Nonequilibrium processes have a different influence 
on the pressure in different regions of the flow field: slight 
- close to the front body surface, and strong - in regions of 
considerable flow expansion.* 

3. A large change in the state of the flow in the shock 
layer - from almost equilibrium flow to almost frozen flow. 

4. Differing types of relaxation layers - regions with 
large gradients of gas dynamic parameters. 

Let us discuss these characteristics in greater detail. 
For example, let us determine the influence of nonequilibrium 
processes on the pressure in the shock layer at the front 

~~ 

*We have in mind here bodies with a great change in the 
surface angles of inclination. 



I 

s u r f a c e  of a body. When M >>1, t h e  p r e s s u r e  behind  t h e  shock 
wave p1 and a t  t h e  c r i t i c a l  p o i n t  p o t  w i l l  be de te rmined  by t h e  

f o l l o w i n g  r e l a t i o n s h i p s :  

I n  e q u i l i b r i u m  f low ( index  "e") 

(4 .42b)  

Thus, i t  may be assumed t h a t  t h e  p r e s s u r e  i n  t h e  shock 
l a y e r  i n  f r o n t  of  t h e  body depends s l i g h t l y  on t h e  s t a t e  of  t h e  
f low and 

( 4 . 4 3 )  

( f o r  more d e t a i l s  see [120, 1 2 1 1 ) .  

The p i c t u r e  w i l l  b e  d i f f e r e n t  f o r  t empera tu re  and d e n s i t y .  
I n  nonequ i l ib r ium f low,  t h e  t empera tu re  a l o n g  t h e  c r i t i c a l  stream- 
l i n e  changes from Tlf a t  t h e  shock wave to T o t  = T e ( H ,  p o t )  a t  

t h e  c r i t i c a l  p o i n t ,  where H = ha, + V m 2 / 2  i s  t h e  b r a k i n g  e n t h a l p y .  



For  Tlf ,  w e  have /182 

We may de te rmine  T o 1  by u s i n g  the  tables  o f  thermodynamic 

f u n c t i o n s  o r  t h e  graphs  of T = T(p,  h )  ( f o r  a i r ,  see F i g u r e  2 .2) .  

' : . I  S i m i l a r  c a l c u l a t i o n s  may be  made f o r  t h e ' d e n s i t y  change 
a c r o s s  a n o n e q u i l i b r i u m  shock l a y e r  

( 4 . 4 5 )  TI 
cy- 

PA 
p1 = P~ = p0. x f l  - p i  = p o x ~ o , / ~ ~ o  or - - 

x -  1 ' P1 Tor20 ' 

where Z o  = Mo,/M(TOe t , p o f ) .  F igu re  2 . 1  g i v e s  g r a p h s  showing t h e  

dependence of  Z on T and p f o r  a i r .  Using t h e  graphs  o f  2 . 1  and 
2 . 2 ,  w e  f i n d ,  f o r  example,  t h a t  f o r  f l i g h t  i n  t h e  atmosphere o f  
t h e  E a r t h  a t  a v e l o c i t y  o f  Vm = 7 km/sec a t  an  a l t i t u d e  of 70 km 

( t h u s  H a VL/2 = 2 4 . 5  km/sec2 = 5850 c a l / g ;  p f o  z p,Vi = 0.024 

kG/cm2) t e m p e r a t u r e  i n  t h e  shock l a y e r  changes by approx ima te ly  
a f a c t o r  of  f o u r  from t h e  shock wave t o  the  c r i t i c a l  p o i n t ,  and 
the d e n s i t y  changes by a f a c t o r  o f  2 . 2  

We should  n o t e  t h a t  n o n e q u i l i b r i u m  p r o c e s s e s  have a very  
s l i g h t  i n f l u e n c e  on t h e  t e m p e r a t u r e  a t  the c r i t i c a l  p o i n t  [120, 
1211. 

of  a p e r c e n t .  

Thus, f o r  air' T o 1  d i f f e r s  from T o e f  on ly  by several  t e n t h s  



Figure 4.16. Temperature 
change along critical 
streamline for air when 
Mm = 14; p 
Too = 230 K. 

= 0.0117 kG/cm2; 

the characteristic relaxation 
wave on the axis of symmetry, 

The change in T and p in the 
shock layer depends basically on 
the dimensionless relaxation time 
T (4.13). Figure 4.16 shows 
typical results derived from 
calculating the temperature along 
the critical streamline from a 
shock wave to a body, obtained by 
"truncation" of series [ 97 1 (the 
dashed and solid curves pertain 
to the first and second trunca- 
tions, respectively). 

- 

Throughout the entire shock 
layer from the front portion to 
the lateral portion, the value of 
-c changes very greatly, by sever- 
a1 orders of magnitude - a 
similar situation occurs in hyper- 
sonic nozzles.* For example, if 

- 

length d z 0.111 behind the shock 
then the flow at the front surface 

of the body will be close to equilibrium flow. However, in the 
adjacent region of the shock layer, where the temperature and 
pressure behind the oblique shock wave are approximately 1.5 - 2 
times less than the temperature and pressure behind a normal 
shock wave, the relaxation time increaseg,ap,prpximately by an 
order of magnitude, and the characteristic velocity increases 
by approximately a factor of 1/&, i.e., the value of 7 increases /183 
approximately by two orders of magnitude. With further expansion 

*Here and below we have in mind bodies with a great change 
in the surface angles of inclination, for example, a blunt 
cylinder, a blunt cone with a small angle of opening, etc. 

rr 

239 

d 



- 
of the gas, T will continue to increase, and conditions may occur 
under which the flow becomes frozen. 

Therefore, in order to classify the flows in a shock layer 
it is advantageous to use two characteristic values of the 
parameter 7 

where T~ is the characteristic relaxation time behind a normal 

shock wave, and tcl 

particle motion in the region of the shock layer before the 
body and T 2  = T2/tc2 , where T~ is the characteristic relaxation 

= Rb/V, is the characteristic time of a gas 

time in the region of the front body surface, and tc2 = L/V, 

(L is the length of the body) is the characteristic time of gas 
motion along the body. 

Using the parameters 7 and ? 2 y  we may determine the 1 
following basic types of flows in a shock layer around blunt 
bodies : 

/184 
- - 

1. 5 ,  << 1, T? << 1 - practically equilibrium flow 
(nonequilibrium processes are 
significant only in a very narrow 
relaxation layer behind the shock 
wave ) ; 

- flow with a developable nonequili- 
brium region; 
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- frozen flow (after an equilibrium 
state is reached behind the 
shock wave); 

- frozen flow (an equilibrium state 
is not reached) ; 

- practically frozen flow with a 
narrow near-equilibrium region 
close to the critical point and 
a region of large gradients of 
T and p in the relaxation entropy 
layer close to the body surface; 
see [661; 

- flow which is frozen in the region 
of the nose, later changing to 
equilibrium flow - this may be 
realized for bodies such as 
slender needles; the case is of 
little interest for present day 
problems of aerodynamics. 

Regime 5 is typical for flights of bodies at high altitudes, 
where the influence of viscosity must be taken into account, In 
actuality, in these regimes a relaxation entropy layer will occur 
within the viscous layer. 

Regimes 3 and 4 are of the greatest practical interest 
(when nonequilibrium is significant). These regimes are typical 
for flights of hypersonic aircraft at velocities of 4 - 8 km 
per second at altitudes of 40 - 7 0  km. In these cases, the 
state of the flow changes from almost equilibrium flow in the 
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forward portion of the shock layer to almost frozen flow close to 
the lateral surface. 

In the region of frozen flow, the temperature and pressure 
may differ greatly from the temperature and pressure in equili- 
brium flow. The studies [85, 861 (see below, Figure 4.26) give 
typical results derived from calculating the pressure distribution 
along the lateral surface of blunt bodies. In regimes 3 and 4, 
nonequilibrium processes may have a great influence on certain 
aerodynamic characteristics, such as mZ and c [88],  and on the 

position of the forward shock wave (regime 4). The main reason 
for this is the increase in the adiabatic index: K > K- > K ~ .  

Y 

f 

The stand-off distance of the shock wave A in flows of an 
ideal and equilibrium gas when M >>1 is determined primarily by 
the magnitude of compression in the normal shock wave ( A  - p,/pl). 

In nonequilibrium flow when - 1, the density across the 
shock layer is variable, and A will depend on the effective / I85  
compression =, where 

- 

E =  ef 

The value of  
n by V. P. Sti 

A-may be determined by using the formula 
lov C891 

(4.47) 

* 5 is a dimensionless coordinate along the critical streamline. 
On the axis of symmetry 5 = 0; on the shock wave 5 = 1. 
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(The  fo rmula ,was  o b t a i n e d  when p r o c e s s i n g  t h e  r e s u l t s  o f  numeri- 
c a l  c a l c u l a t i o n s  f o r  bod ies  of v a r i o u s  forms:  spheres, e l l i p -  
s o i d s ,  b o d i e s  o f  segmental  form w i t h  rounding,  e t c . ,  

r a d i u s  of c u r v a t u r e  of  shock wave on t h e  a x i s  of  symmetry; 
R1 - 

c0 = p,..Jp,', p o t  - d e n s i t y  a t  t h e  c r i t i c a l  p o i n t . )  

p a r t i c u l a r  ca se .  o f  sphe re  when 0 . 0 4  < E < 0 . 2  w e  may use  t h e  

formula  C891 

I n  t he  

(4 .48)  

(See a l s o  C81, 108 ,  1091 r e g a r d i n g  t h e  c a l c u l a t i o n  o f  A , )  

I n  some o f  t h e  s i m p l e s t  c a s e s ,  w e  o b t a i n  t h e  e x p l i c i t  
dependence of t h e  i n f l u e n c e  o f  t h e  parameter 7 on t h e  shock wave 
s t and-o f f  d i s t a n c e .  For t h e  model o f  a gas  w i t h  nonequ i l ib r ium 
e x c i t a t i o n  o f  v i b r a t i o n a l  degrees o f  freedom, B l y t h e  o b t a i n e d  t h e  

f o l l o w i n g  formula  [ 6 9 ,  31 

(4 .49 )  

( t h e  concept  o f  a t h i n  shock layer  w a s  used;  T w a s  assumed t o  
be c o n s t a n t ) .  A g r a p h  of t h i s  f u n c t i o n  i s  shown i n  F i g u r e  4.17. 

I- 

* T h i s  e x p r e s s i o n  may b e  w r i t t e n  i n  terms o f  t he  i n t e g r a l  
power f u n c t i o n  Ei (x) .  
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Methods of calculatin_g 
nonequilibrium f l -ows 

...I 
around b lu nt _b_o d i e s 

In studying nonequilibrium 
gas flow around blunt bodies, we 

Figure 4.17. Dependence of found different methods developed 
for flows of an ideal gas,. for shock wave stand-off distance 

on the parameter T 
(axisymmetric flow). example: the method of integral , ;  j 

relationships . ( O .  M. Belotserkovskiy, 
V. K. Dushin, Yu. P. Lun'kin, R. D. Popov, S. B. Koleshko, Shin, 
Baron, Springfield, Hermann, Theones;et al. [TO - 75, 90, 91, /186 
1011,)method of straight lines (G. F. Telenin, V. P. Stulov, 

. V. B. Minostsev, G. N. Sayapin, L. I. Turchak, V. P. Shkadova, 
et al. [76 - 78, 81 - 84]), the inverse method (Lick, Hall, 
Eschenroeder, Marrone, Perini, Melnik, et al. [92, 93, 103]), 
the method of finite differences (Bogachevskiy, Rubin, Mates, 
A. L. Kosorukov [87, 94, 102]), the method of streamtubes (Bloom, 
Steiger, et al. [95]), the method of a thin shock layer (Murzinov, 
I. N. Freeman, Blythe, Ellington, et al. [67 - 69, 86, l l O ] ) ,  

the method of series truncation (S. I. Anisimov, Yu. V. Khodyko, 
Conti, Van Dyke [79, 97, 98, 100, 1051). 

To analyze the flow near the critical point, the method of 
local asymptotic expansions is used [loo]. The supersonic flow 
regions are usually determined by the method of characteristics 
C13, 15 - 17, 23, 241, etc. 

Approximate methods have also been proposed, which were 
particularly developed to calculate nonequilibrium flows around 
blunt bodies, for example, a method based on the flow behind 
a normal shock wave and in the shock layer around the frontal 
surface of bodies [Gibson and Marrone [ill, 112]), or a method 
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u s i n g  the  model of i n s t a n t a n e o u s  f r e e z i n g  C88, 991.  

I n  t h e  l a t t e r  method, a l l  f low f i e l d s  are  d i v i d e d  i n t o  two 
r e g i o n s ,  i n  one of which t h e  f low i s  assumed t o  be a n  e q u i l i b r i u m  
f low ( o r  an  i d e a l  gas f low w i t h  the  cor responding  v a l u e  o f  IC) ,  

and i n  t h e  o t h e r  - f r o z e n  f low.  The s e l e c t i o n  of  t h e  f r e e z i n g  
s u r f a c e  i s  t o  a c e r t a i n  e x t e n t  a rb i t r a ry .  T h i s  s u r f a c e  may be 

c a l c u l a t e d  by us ing ,  f o r  example, t h e  B r a y  f r e e z i n g  c r i t e r i a  
(3.74) and de te rmin ing  t h e  geometr ic  l o c a t i o n  of f r e e z i n g  p o i n t s  
f o r  d i f f e r e n t  s t r e a m l i n e s .  

An even s i m p l e r  procedure  may be  fo l lowed ,  by assuming, f o r  
example, t ha t  t h e  f low i s  f r o z e n  immediately behind t h e  charac-  
t e r i s t i c  o f  t h e  second f a m i l y ,  p a s s i n g  through t h e  s o n i c  p o i n t  

i n t e r s e c t e d  b y  t h i s  c h a r a c t e r i s t i c ,  t he  f low may be assumed t o  
be e i t h e r  f r o z e n  o r  e q u i l i b r i u m ,  f r e e z i n g  immediately behind t h e  

shock wave [ 9 9 ] .  I n  a c e r t a i n  r ange  of Vm, pm, Tm such a s imple  
model g i v e s  f a i r l y  good r e s u l t s .  

. on t h e  body s u r f a c e .  Thus, on t h e  s e c t i o n  of  t h e  shock wave 

The method of  t h e  agreement of f lows  behind a shock wave 
and i n  a shock l a y e r ,  i n  t h e  c a s e  o f  f low around b l u n t  b o d i e s ,  
i s  based on t h e  f o l l o w i n g  p r o p e r t y  of  t h e  f lows :  t h e  gas 

en tha lpy  remains almost  c o n s t a n t  behind t h e  shock wave and i n  t h e  

shock l a y e r  c l o s e  t o  t h e  b l u n t  r e g i o n  when pm/p, * 1. 

We sha l l  show t h a t ,  i f  t he  r e a c t i o n  k i n e t i c s  i s  de termined  /187 
by b i n a r y  p r o c e s s e s ,  t h i s  agreement i s  e x a c t  under  t h e  c o n d i t i o n  
h = c o n s t .  A c t u a l l y ,  i n  t h e  c a s e  of b i n a r y  k i n e t i c s  t h e  r e l a x a -  
t i o n  e q u a t i o n s  assume t h e  form 
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However, if the gas is a mixture of reacting ideal gases, 
then the expression for the enthalpy may be written in the form 

Then 

We shall assume that p is the known function of t. Let us 
introduce the new correlation variable 

dX = Cpdt , (4.53) 

where C is a certain constant, In addition, it is advantageous 
to assume that x is a dimensionless quantity. Therefore, the 
dimensionality C equals [~]-‘[t]-~ (for example, C = P~T~)-’). 

Equation (4.52) may now be written in the form 

This equation has the same form for flow behind a shock wave, and 
for flow in a shock layer (here h is a parameter which is the 
same for both flows). If the initial conditions (conditions on 
the shock wave) for both flows are identical,* then the s o l u -  
tions q = q.(h, x) will be identical. 

j J 

- 
*For this to be the case, p,, T,, and V, sin for both 

flows must be identical. 

246 



It follows from equations h = h(T, <qi>) and p = pRT/M(<qi>) 

that T and p/p for these flows for identical x will also be the 
same. This comprises the agreement between such flows. 

The purpose of further transformations is to express this 
agreement in analytical form, i.e., to write the expression in 
terms of the coordinates and parameters characterizing the 
streamline being considered. Let us use the fact that the 
pressure and velocity distribution along the streamline in a 
shock layer in the first approximation may be determined from 
the Newton theory: 

where 0 is the angle of inclination of the shock wave to the 
direction V, at the point where the given streamline intersects /189 
the shock wave; s = 5/R1, 5 - distance along the streamline 

from the point where it intersects the shock wave to the point 
being considered; R1 - shock wave radius of curvature on the 
axis of symmetry. 

-f 

The results of comparing the flows of different gases (ideal, 
equilibrium, and gases with differing kinetics in a nonequilibrium 
state) show that the function cp(s.u) ,  which equals p/pl, does not 

depend on the state of the gas, its composition, kinetics, or 
conditions in unperturbed flow. Therefore, we may assume that 
the function cp(s,u)has a universal nature, and it may be assumed 
to be known beforehand from precise calculations or - approxi- 
mately - from Newton's theory. 

247 



Taking t h i s  f a c t  i n t o  accoun t ,  f rom Formula (4 .53 )  w e  o b t a i n  
t h e  e x p r e s s i o n  for x i n  t h e  shock l a y e r  

For  a normal shock wave 

where x i s  t h e  c o o r d i n a t e  d i r e c t e d  a long  the  normal t o  t h e  shock 
wave. These r e l a t i o n s h i p s  s o l v e  t h e  problem. 

It i s  t r u e  that  one problem remains unanswered - t h e  a g r e e -  
ment of  t h e  f lows would appea r  t o  be i n a p p l i c a b l e  t o  a c r i t i c a l  
s t r e a m l i n e ,  s i n c e  c l o s e  t o  t h e  c r i t i c a l  poir , t  t h e  g a s  i s  always 
i n  an e q u i l i b r i u m  s ta te ,  and i t  i s  imposs ib le  t o  d i s r e g a r d  t h e  
r ecombina t ion  p rocesses  which are no t  b i n a r y .  However, a long  t h e  
c r i t i c a l  s t r e a m l i n e  c l o s e  t o  t h e  c r i t i c a l  p o i n t ,  j u s t  as behind  
a normal shock wave p z cons t  = p1 ( i . e . ,  y.' = c o n s t ) ,  

f lows w i l l  a lways a g r e e  independen t ly  of t h e  r e a c t i o n  k i n e t i c s .  

and t h e  

Along the c r i t i c a l  s t r e a m l i n e ,  we have 

. i ~ . .?, 8- r , - - . I  1 13 <> , 

For  f lows  which a r e  far  from e q u i l i b r i u m  f lows ( t h i s  method 
can only  be a p p l i e d  t o  such f l o w s ) ,  t h e  v e l o c i t y  u on the  a x i s  
of symmetry may be assumed t o  depend l i n e a r l y  on s 

IC (s) = - VWP, (I-+). 

P I  ( 4 . 5 7 )  



. .. .. 
I 

I 

Thus, if the initial conditions in both flows are identical, 
i.e., if when x = s = x = 0 the quantities qi = qim; h = hl(Vm, a >  

and p = p,(Vm, a) are identical on the streamlines being con- 

sidered behind a normal shock wave and in the shock layer around 
a blunt body, then for equal x in both flows the functions 

5 

are identical. We thus have 

p(x) in shock 
layer ~ 

(' 'behind shock 
*. - - 

(4,581 P(X)behind shock '(')in shock 
layer 

(s, a > *  * 
* '("behind shock 

Figure 4.18 [112] gives graphs illustrating the accuracy /189 
of the method of flow agreement for two streamlines A and B, 
'which intersect the shock wave at points corresponding 
to the polar angle 0=9 and 35". The difference in the 
precise and approximate results for streamlines B when Vm = 4.6 
km/sec is due primarily to the enthalpy change along the stream- 
line. 

We shall not describe other methods of calculating the 
flows around blunt bodies, which were developed for flows of 
an ideal and equilibrium gas, and which are described in detail 
in several monographs and articles. Usually, modifications are 
given of these methods, related to the specific nature of non- 
equilibrium flows. Thus, in the method of integral relationships 
the approximation of gas dynamic parameters (or their complexes) 
is usually given in a direction not across, but along the shock 
layer, in which these complexes change to a lesser degree (scheme 
11). The relaxation equation is usually not approximated, but 
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Figure 4.18. Comparison of precise and approximate solutions for 
concentrations of oxygen atoms in a shock layer along the. 
streamlines A and B for air ( M C A )  at H = 61 km (solid lines - 
at Va, = 4.6 km/sec; dashed line - at Vm = 7.0 km/sec. 
computational data are designated as follows: 
solution; squares - approximate solution). 
s - distance along streamline; [XI - mole/initial mole. 

The 
stars - precise 

is written along the streamline, etc. See, for example, [70 ] .  

Results of numerical calculations . .  

The studies listed above contain numerous results derived 
from calculating nonequilibrium flows around blunt bodies. 
Figures 4.19 - 4.31 give some of these results, primarily for 
air. Since previous authors, as a rule, used differing data on 
the kinetics and reaction velocity constants, we shall make 
several general comments. 

The following kinetic model is usually used for air: 

(2) Nz+11.1F1:2N+M; (7) N f O Z N O + + e ;  

(3) N O + h I Z N f O f M ;  (8) N - / - N ~ N $ + E ;  
(4) N+O,?NO+O; (9) O+OFtO,++e. 

( 4 . 5 9 )  
I (1) O , + h L 2 2 0 + M ;  (6 )  Nz + 0 2  2 2NO; 

I (5) N , + O Z N O + N ;  

/190 
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Figure  4.19. P o s i t i o n  and 

A t  T < 7000 - 8000 K, i t  i s  
u s u a l l y  assumed t h a t  t h e  v i b r a -  c 

t i o n a l  degrees of freedom are 
e x c i t e d  uni formly .  A t  T > 8000 K ,  
t h e  v i b r a t i o n a l  r e l a x a t i o n  i s  
c a l c u l a t e d  on t h e  basis of a 
c e r t a i n  k i n e t i c  model (see Chapter  
1, and a l s o  [75,  76, 771) .  The 
i n f l u e n c e  of  t he  s imul taneous  
occur rence  o f  v i b r a t i o n a l  and 

f o r m  of  shock wave and s o n i c  d i s s o c i a t i o n  r e l a x a t i o n  on t h e  
l i n e  i n  t h e  c a s e  o f  an oxygen shock wave s t and-o f f  d i s t a n c e  i s  f low around a sphere:  M = 1 0 ;  
T, = 290 K ;  p, = kG/cm2; i l l u s t r a t e d  i n  F igu re  4 . 1 9  C751. 
Rb = 1 c m .  

1 - e q u i l i b r i u m  f low; 2 - When M, z 30,  i o n i z a t i o n  i s  

r ium e x c i t a t i o n  of  v i b r a t i o n s ;  
3 - v i b r a t i o n s  and d i s s o c i -  f l ow f i e l d  i s  i n s i g n i f i c a n t .  
ation are not in equilibr'um; 
4 - f r o z e n  f low (K = 1 . 4 ) .  

in the Of equilib- s m a l l ,  and its i n f l u e n c e  on t h e  

There fo re ,  t h e  e l e c t r o n  concent ra -  
t i o n  i n  t hese  c a s e s  i s  f r e q u e n t l y  

determined on t h e  basis of t h e  known f low f i e l d ,  which i s  found 
wi thout  t a k i n g  i n t o  account  t h e  i o n i z a t i o n  p r o c e s s e s .  

A s i m p l i f i e d  model i s  u s u a l l y  used  i n  t h e  range  of numbers /191 
M, = 10 - 1 5 :  

and 0, i n  which t h e r e  i s  a s i n g l e  r e a c t i o n  ( 4 . 5 9 )  (11, and v i b r a -  
t i o n a l  degrees o f  freedom of  N 2  and O 2  are assumed t o  be e x c i t e d  
uniformly . 

t h e  a i r  i s  assumed t o  be  a mixture  of N 2 ,  02 ,  

.- I - The r e a c t i o n  v e l o c i t y  c o n s t a n t s  are  u s u a l l y  t a k e n  from t h e  
data o f  Wray, L in ,  and Teare, o r  B o r t n e r  (see Chapter  11, o r  
data similar t o  t h i s .  
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Figure 4.20. Velocity change Figure 4.21. Density change 
along critical streamlines 
(conditions are the same as 

along critical streamlines: 
Mm = 18 (nonequilibrium 
vibration); p, = and for Figure 4.20). 
l o e 3  kG/cm2; Too = 250 K; 
Rb = 1.5 cm; f - in frozen 

As a rule, we can disregard flow; e - in equilibrium 
flow. small variations in the velocity 
constants within the framework of a single kinetic model. 
Therefore, in order to avoid a cumbersome descriDtion of the 
figures with insignificant details, data on the reaction rates 
in each specific case will not be specifically given. 

Thus, in order to completely establish the design case, 
in addition to the gas composition, the figures will give Vm, Tm, 
p-, and Rb (or R1) or M,, Tm, pm, and Rb. 

give data illustrating the change in the gasdynamic parameters 
on the axis of symmetry and the shock wave stand-off distance for 
a sphere in an air flow. 
of straight lines [76, 771.  Here and below, 5 is the dimension- 
less coordinate along the symmetry axis. On the body 5 = 0; on 
the shock wave, 5 = 1.) 

Figures 4.20 - 4.23 
t .  

(The results were obtained by the method 



Figure  4 . 2 2 .  Temperature change 
a long  c r i t i c a l  s t r e a m l i n e  
( c o n d i t i o n s  are t h e  same as 
f o r  F igu re  4 . 2 0 ) .  

We should  n o t e  t h a t  t h e  

dependence of t h e  v e l o c i t y  u on 
5 i n  a nonequ i l ib r ium f low 
( e s p e c i a l l y  when 7 <<1) may 
g r e a t l y  d i f f e r  from a l i n e a r  

F igu re  4.23. Dependence o f  
shock wave s t a n d - o f f  d i s t a n c e  A 
on p r e s s u r e  i n  an  unpe r tu rbed  
f low when Moo = 13; T = 250 K; 
Rb = 1 . 5  cm; [p,] = kG/cm2 
( s o l i d  l i n e s  - w i t h  a l low- 
ance f o r  r e l a x a t i o n  of 
v i b r a t i o n a l  degrees  o f  
freedom; dashed l i n e s  - 
w i t h  e q u i l i b r i u m  e x c i t a t i o n  
o f  v i b r a t i o n a l  deg rees  of 
f reedom).  

dependence which i s  t y p i c a l  f o r  e q u i l i b r i u m  and f r o z e n  f lows .  
I n  F igu res  4 . 2 1  and 4 . 2 2 ,  t h e  curves  of  p and T f o r  t h e  c a s e s  

t o  which they  change s h a r p l y  ( s e e  F igu re  4 . 1 6 ) .  

- 
T > > l . a n d  ? - 1 a r e  not  drawn up t o  t h e  c r i t i c a l  p o i n t ,  c l o s e  1 1 9 2  

The NO c o n c e n t r a t i o n ,  and a l s o  t h e  c o n c e n t r a t i o n s  of  o t h e r  
components, g r e a t l y  depend on t h e  k i n e t i c  model of t he  a i r  ( 4 . 2 4 ) .  
At t h e  same t ime ,  t h e  i n f l u e n c e  of  I n d i y i d u a l  r e a c t i o n s ,  as w e l l  
as t h e  ra tes  a t  which t h e y  t a k e  p l a c e ,  on the  gasdynamic pa ra -  
meters i s  s m a l l  (F igure  4.25)  [74]. A t t e n t i o n  should  be c a l l e d - ,  , . 

t o  t h e  f a c t  t ha t  t h e  c o n c e n t r a t i o n  maximum of  NO g r e a t l y  exceeds 
i t s  e q u i l i b r i u m  c o n c e n t r a t i o n .  

. .  , ,  , , :  , I I ,  ( [  c , ' ; ! ' : : ,  '- ? ! ' ,  " , .t , 
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F i g u r e  4 . 2 4 .  Dependence of  F i g u r e  4 . 2 5 ,  Dependence of  5, E, 
n i t r i c  ox ide  c o n c e n t r a t i o n  and a long  c r i t i c a l  s t r e a m l i n e  
a long  c r i t i c a l  s t r e a m l i n e  on number of  r e a c t i o n s  cons ide red  
on the  number of  r e a c t i o n s  f o r  a sphe re  when R, = 1 cm; 

, I ,  - , > I  i 

U 

M, = 15; p, =.  0.01165 kG/cm2; 
T, = 231 K [ s o l i d  l i n e s  - a l l  

c o n s i d e r e d  [see Formula 
( 4 . 5 9 ) ]  f o r  a sphe re  when 
Rb = 1 cm; M, = 15; p, - - 
- 

0.01165 kG/cm2; T, = 231 K .  

1 - a l l  s i x  r e a c t i o n s ;  2 - 
wi thou t  r e a c t i o n  ( 4 ) ;  3 - 
wi thou t  r e a c t i o n  ( 5 ) ;  4 - 
without  r e a c t i o n s  ( 4 ) ,  (51 ,  
and ( 6 ) .  

s i x  r e a c t i o n s ;  c r o s s e s  - wi thou t  
r e a c t i o n  ( 4 ) ;  d o t s  - w i t h o u t  
r e a c t i o n  ( 5 ) ;  t r i a n g l e s  - w i t h o u t  
r e a c t i o n s  (41, ( s ) ,  and ( 6 1 3 .  

- Y  - P .  u- - : p -  . 
"mas P=J"max 

A s  was already no ted ,  t h e  p r e s s u r e  on t h e  l a t e r a l  s u r f a c e  
of  a b l u n t  p l a t e  and c y l i n d e r  i n  a nonequ i l ib r ium f low may 
d i f f e r  g r e a t l y  from the  p r e s s u r e  i n  f lows  of  an  i dea l  and 
e q u i l i b r i u m  gas. The data g iven  i n  F igu re  4 . 2 6  s u b s t a n t i a t e  
t h i s  [861. 

Use of t h e  b i n a r y  s i m i l a r i t y  l a w  i n  t h e  c-ase 
of f low around b l u n t  b o d i e s  -~ 

The b i n a r y  s i m i l a r i t y  l a w  has been wide ly  used i n  the  s tudy  
of n o n e q u i l i b r i u m  f lows .  I n  t h o s e  c a s e s  when t h e  r ecombina t ion  
p r o c e s s e s  can be d i s r e g a r d e d  i n  t h e  e n t i r e  f low r e g i o n ,  there  i s  
no q u e s t i o n  r e g a r d i n g  t h e  use  o f  t h e  b i n a r y  s i m i l a r i t y  l a w .  
However, i n  t h e  c a s e  of  f low around t h e  b l u n t  bod ie s  c l o s e  t o  
the  c r i t i c a l  p o i n t  t h e r e  i s  always an  e q u i l i b r i u m  zone, i n  which 
the  r ecombina t ion  i s  g r e a t  and consequen t ly  t h e  b i n a r y  s i m i l a r i t y  
l a w  cannot  be a p p l i e d .  (We can only  hope t ha t ,  w i t h  s u f f i c i e n t l y  /193 
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Figure 4.26. Pressure distri- 
bution along cylinder lateral 
surface with spherical blunt- 
ness forair when M = 25; T, - 
250 K; p, = 2.5 x 
Rb = 2 m. 

x = x/Rb; e - in equilibrium 
flow; f - in frozen flow. 

- 
kG/cm2; 

- 

Figure 4.27, Position of shock 
wave, streamline, sonic line, 
and local equilibrium line when 

290 K; Rb = 0.1 m (cross- 
hatched curves - streamlines; 
dashed-dotted line - local 
equilibrium line). 

M, = 10; p, = 0.01 kG/cm2; T, - - 

small values of the parameter p,Rb, to which flow which is close 

to frozen flow corresponds, the influence of this zone on the 
remaining field will be small.) In addition, close to the sur- 
face of the body there is a zone in which the recombination 
processes predominate over the dissociation processes, By way 
of an example, Figure 4.27 C701 shows a picture of a flow of 
nonequilibrium-dissociating oxygen around a sphere, This 
figure shows a line of local equilibrium a = ae, Downstream 

from this iine, the recombination processes predominate over the 
dissociation pPoeesses. 

Thus, it is necessary to perform a special analysis in 
order to establtsh the boundary of applicability of the binary 
similarity law in the case of flow around blunt bodieso This 
analysis was performed by Gibson and Marrone [112] f o r  an ideal 



Figure  4.28. I l l u s t r a t i o n  of F igu re  4 . 2 9 .  I l l u s t r a t i o n  of t he  
t h e  use  of t h e  b i n a r y  s i m i -  use  of t h e  b i n a r y  s i m i l a r i t y  law for 
l a r i t y  l a w  f o r  t h e  s tand-of f  d e t e r m i n i n g  t h e  s t a n d - o f f  d i s t a n c e  
d i s t a n c e  of  a shock wave of  a shock wave [77] when Moo = 
[112j-when V, = 7 k g l s e c .  1 3  ( t h e  q u a n t i t y  Rbp, i s  g iven  

i n  kG/cm). 

d i s s o c i a t i n g  gas  and f o r  a i r .  I n d i v i d u a l  r e s u l t s  d e r i v e d  from 
checking t h e  b ina ry  s i m i l a r i t y  l a w  a r e  a l s o  c o n t a i n e d  i n  [ 7 0 ,  7 6 ,  
77 ,  93, 113, 1 1 4 ,  e t c . 1 .  

F i g u r e s  4.28 and 4.29 show graphs  o f  t h e  s t a n d - o f f  d i s t a n o e  
o f  t h e  shock wave A from t h e  sphe re  s u r f a c e  f o r  a i r .  An 
i n c r e a s e  i n  A 

Figure  4 . 2 9  occur s  i n  t h e  r e g i o n  where t h e r e  i s  p r a c t i c a l l y  
e q u i l i b r i u m  f low,  % . e . ,  t h i s  shows t h e  i n f l u e n c e  of p, on A f o r  
e q u i l i b r i u m  f low.  

w i t h  an i n c r e a s e  i n  p, f o r  t h e  upper  curve  i n  

F igu re  4.30 shows t h e  d i s t r i b u t i o n  of  d e n s i t y  and concen- 
t r a t i o n  o f  e l e c t r o n s  a c r o s s  t h e  shock layer  [81].. N a t u r a l l y ,  
a long  t h e  c r i t i c a l  s t r e a m l i n e  f o r  t h e s e  v a l u e s  t h e  b i n a r y  
s i m i l a r i t y  l a w  i s  s a t i s f i e d  much l e s s  e x a c t l y  t h a n  f o r  t h e  shock 

wave s t and-o f f  d i s t a n c e .  It was shown i n  [112] tha t  f o r  V, = 7 
km/sec t h e  shock wave s t a n d - o f f  d i s t a n c e  and t h e  c o n c e n t r a t i o n  o f  
a tomic components a r e  s a t i s f a c t o r i l y  c o r r e l a t e d  i n  agreement w i t h  

t h e  b i n a r y  s i m i l a r i t y  l a w  when p,R < 

kg/m3, and f o r  V, = 4.5 km/sec -when pcoR 

kg/m2 and p < 1.8*10-~ 
kg/m2. 
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Figure 4.30. Illustration of the use of the binary similarity 
law for the density distribution p and electron concentration 
ce - c,M, across a shock layer around a sphere along two lines 
when M, = 15; Rbp, = 0.15 kG/cm (dashed lines when Rb = 15 cm; 
p, = lo-' kG/cm2; solid lines - when Rb = 150 cm; p, = los3 

- - 

kG/cm2; and dashed-dotted lines when Rb = 1500 cm; p, = 

kG/cm'): 1 - for 6-0 (critical streamline); 2 - for 6-43' . 
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Figure 4 . 3 1  gives graphs 
showing the regions of applica- 
bility of the binary similarity 
law based on results from E112 ' 

and [ 1 1 4 ] .  To the left of the. 
boundaries in the direction of 
the arrow there is'a region where 
the binary similarity law is 
satisfied. Since the selection 

, U! i \<\I 

.- L- == of the criterion for determining 
400 k G / m  

Figure 4 . 3 1 .  Region of 

these boundaries is arbitrary, 
and the computational method is 

applicability of binary approximate, there is a great 
divergence in the recommendations similarity law (solid 

lines - according to 
data from [114]; cross- of the authors [ 1 1 2  and 1 1 4 1 .  

As a criterion for determining 
the boundary, the study [112] 

selected the condition rF/rR = 0.3  for the reaction N2 + M = 

2N + M, where rF and rR are the velocities of the forward and 

inverse reactions. 
calculating the concentrations E = 0.01 in the cross section 
Q2= 0 . 9  on a streamline, whose point of intersection with the 
shockwave corresponds. to the angle a1 = 0.2 ( a1,a2  - polar 
angles in radians). 

hatched lines - accor- 
ding to data from 1 1 1 2 1 ) .  

The study [ l l h ]  gives the relative error in 

2 .  

The graphs given in Figure 4 . 3 1  make it possible, in 
particular, to determine the minimum dimensions of,the model 
which are permissible when simulating natural conditions in 
wind tunnels. The influence of viscosity must be taken into 
account when determining the boundaries of applicability of the 
binary similarity law under conditions corresponding to the 
altitudes H 3 80 km. 
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Figure 4.32. Equilibrium 
electron concentration in 
air. 

of ne* - 10'~ particles/cm3; 

Elec.t r.on- -c once n t ra t ion 
in the shock layer 

One of the important problems 
related to the flight of hyper- 
sonic aircraft in the atmosphere 
is the problem of radio communi- 
cation. The propagation of radio 

on the presence of charged particles 
in these waves, particularly 
electrons. When the electron 
concentration ne exceeds a certain 

waves in a gas greatly depends 1 

radio communication value net, 1 1 9 7  

with the aircraft is disturbed. 
This critical value is a function 
of the radio signal frequency. 

Thus, for waves in the 
centimeter range radio communica- 
tion is disrupted at concentrations 

for waves in the meter range, this 

occurs at ne* - 10' particles/cm3 [115]. 

must thus be insignificant, for example, less than lo-*. Thus, 
ionization is important even if it is insignificant in terms of 
energy. 

The degree of ionization 

As a rule, to calculate equilibrium and nonequilibrium 
electron concentrations, the results of precise calculations must 
be used. Approximate relations, which are well satisfied for 
simple gases, produce a large error when applied to multi-component 
gases such as air. For example, equilibrium concentration of /198 
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Figure 4.33. Influence of 
nonequilibrium on electron 
concentration change along 
three streamlines (see 
Figure 4.34). In a shock 
layer around a blunt cone 
when VW = 5.5 km/sec; H = 50 Figure 4.34. Position of stream- 
km (solid lines - in non- lines (for Figure 4.33). 
equilibrium flow; dashed 
lines - in equilibrium flow). 

electrons in air corresponds very poorly to the approximate 
relation n Vpf(T) even for very low temperatures, when the 

degree of ionization is low. 
e 

Figure 4.32 gives graphs of the equilibrium concentration 
of electrons as a function of T and p [116]. At flight velocities 
of 4 - 6.5 km/sec in the atmosphere of the Earth, the main 
charged particles in the shock layer will be NO and e. The 
main reaction which must be taken into account when calculating 
the nonequilibrium electron concentration under conditions of 
comparatively low temperatures (for flight velocities less than 
7 km/sec), will be the reaction N + 0 
increases, the positively charged particle N becomes predominant; 
see Figure 2.3. Thus, other ionization reactions begin to 
play a significant (and sometimes the main) role, and different 
ionization reactions may be decisive in different regions of the 
shock layer. The studies [llO, 116 - 1181 give certain results 
derived from calculating the electron concentration field during 
the motion of blunt bodies in the air. 

+ 

NO+ + e. As the velocity 
+ 
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and 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

Figure 4.33 [llO] gives graphs showing the change in ne 

along three streamlines in the flow field around a blunt cone 
with the length L = 1 . 3  m with the angle of opening go, and a 
radius of spherical blunting of 10 cm (x is the coordinate along 
the cone axis which equals zero, and corresponds to the position 
of the shock wave; the streamlines are shown in Figure 4.34). 
A s  a rule, the method of streamtubes is used for an approximate 
calculation of ne in a shock layer. 
streamtubes and their relative position is determined from 

I ' ' P I T  
The pressure along the 

calculations of equilibrium or completely frozen (ideal gas) 1199 
flows. Certain recommendations on formulating the streamlines 

finding the pressure along them are given in [llg]. 
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CHAPTER 5 

N O N E Q U I L I B R I U M  PROCESSES I N  A BOUNDARY LAYER 

Heat t r a n s m i s s i o n  i n  r o c k e t  n o z z l e s  and on t h e  s u r f a c e  o f  /2O5 

hyper son ic  a i r c r a f t ,  f u e l  combustion, c h e m i c a l l y  r e a c t i n g  f lows  
i n  t h e  wakes behind b o d i e s ,  and o t h e r  i m p o r t a n t  problems, r + e l a t e d  I ,  I 

t o  t h e  development of h y p e r s o n i c  e n g i n e s  and a i r c r a f t  des igned  
f o r  e n t r y  i n t o  t h e  atmosphere may b e  s t u d i e d  w i t h i n  t h e  frame- 
work o f  boundary l a y e r  t h e o r y .  

I .  

A t  t h e  p r e s e n t  t i m e ,  t h e r e  a re  s e v e r a l  monographs [l - 4 1  
( n o t  t o  speak  o f  numerous a r t i c l e s ) ,  which examine chemical  
r e a c t i o n s  i n  a boundary l a y e r .  However, t h e  r e s e a r c h  i s  f r e -  
q u e n t l y  l i m i t e d  t o  an  i n f i n i t e l y  l a r g e  r e a c t i o n  r a t e  i n  a gas 
o r  on a s u r f a c e  ( i . e . ,  t h e  c a s e  o f  e q u i l i b r i u m ) ,  which e x c l u d e s  
chemical  k i n e t i c s  f r o m  t h e  a n a l y s i s .  

T h i s  c h a p t e r  ( w i t h  e x c e p t i o n  o f  S e c t i o n  5 . 5 )  on ly  d i s c u s s e s  
t h e  laminary  boundary l a y e r  w i t h  chemical  r e a c t i o n s ;  however, 
t h e  b a s i c  c o n c l u s i o n s  o b t a i n e d  may be a p p l i e d  t o  a t u r b u l e n t  
boundary l a y e r .  Combustion p r o c e s s e s  i n  j e t s ,  s u r f a c e  sublima- 
t i o n ,  and g a s  blowout are  not examined; each  o f  t hese  q u e s t i o n s  
r e p r e s e n t s  an  independent  problem. Some o f  them have been d i s -  
cussed  i n  t h e  monographs i n d i c a t e d  above. 
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, - . ... ._. . ._ .. . .. 

5.1.  Boundary layer equations in the case of nonequilibrium 
physico-chemical processes 

Initial - equations. and boundary conditions 

Let us first give the basic equations of a laminar boundary 
layer for a multi-component mixture of gases in the case of 
chemical reactions. In accordance with the Prandtl method [l, 53, 
we assume that 6 <<Rb (6 - boundary layer thickness, and Rb - . .  
radius of curvature of the generatrix or characteristic length 
of a body). From the general equations (2.32), (2.34), (2.35), 
and ( 2 . 3 9 )  in the case of planar (j = 0) or axisymmetric (j = 1) 1206 
steady motion of a mixture of gases, we obtain the following 
expressions: 

Equation of continuity 

Equation of momentum 

P ( U  %+v%)=-Z+-&-) ;  au 

Equation of energy 

Equation of conservation of mass concentration of the i-th 
c omp one n t 
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Equation of state 

P = ( ? $ ) P W .  (5 .5 )  

where the enthalpy h is determined with allowance for the 
chehllhal' energy 'for forming the i-th component as - .L- ..-! 

h = z  aihi: 
i 

T 
h: = 1 cPidT +h:.  

0 

(5.7) 

In Formulas (5.1) - (5.7) the coordinates x, y, and r, and 
also the corresponding velocity components u and v are deter- 
mined as is shown in Figure 5.1 [the half-angle aperture of a 
wedgev= 0 ( r  = 0) corresponds to a flat plate]. The quantities 
p ,  p, and p, respectively, designate the density, viscosity 
coefficient, and pressure of a mixture of gases; Mi designates 

the molecular weight of thei-th component; ai - its mass con- 
h 

centration; vi - diffusion rate; c - specific heat of Pi 
uniformly excited degrees of freedom at a constant pressure;* 
- rate at which the i-thcomponent af a'gas ;is Tformed per' I 3 * I  Ji 

unit volume, and hio is the heat of formation (for molecules hio = 0). 

Equation (5.7) in the case of relaxation of vibrational degrees 
of freedom. This energy is determined from a relaxation 
equation such as (1.75). An example is examined in Section 5.3. 

*The vibration energy ek is added to the right side of 



The conservation equations / 2 0 7  

obtained differ from the corres- 
ponding equations of classical 
boundary layer by the heat flux 
q, and also by the quantities vi 

h 

For the n-thcomponent 
boundary layer (under the condit,i?fl,,i,, 
ap/ay = 0), the diffusion rate is Figure 5.1. Coordinate 

system. determined from the following 
equation in agreement with the 
kinetic theory [6] 

1 1  

k- 1 k-1 

where i # k and i = 1, 2, .. . Y  n; Dik - binary diffusion coef- 

ficient between the components i and k; DiT - thermal diffusion 
coefficient . 

It is rather complex to calculate a nonequilibrium boundary 
layer. Therefore, it is desirable to write the expression for 
t h e  diffusion rate. In comparison with diffusion caused by the 
concentration gradients, the contribution made by thermal dif- 
fusion is -usuaLlg .small..[61: "For bknary mixture components, 
Equation (5.8) may then be reduced to the well-known Fick 
relationship 

..;.e 1 1  - Dikvai. ( 5 . 9 )  

2 7 5  



A similar relationship may be used in the case of a multi- 
component mixture, if Mk and Dik do not greatly differ. 

problem is examined in more detail, for example, in [TI. 
This 

In accordance with (5.9), Equation (5.4) assumes the form /208 

, r  

Let us now turn to the expression Ji. For chemically 
frozen flows, we have 

J * =o. 

i' In the general case, we must use Expression (1.36) for J 

In the case of the dissociation-recombination of a di- 
atomic gas, which is of the greatest interest, we may write 

where a designates the atomic mass concentration, and Q ~ / ( ~ - U , ~ ) ,  

which corresponds to the equilibrium concentration, is deter- 
mined by means of (2.15). The first term in the brackets gives 
the recombination rate, and the second gives the dissociation 
rate. 

In an examination of the dissociation-recombination of air 
in a boundary layer, the model of a binary mixture of atoms and 
molecules is frequently used. Actually, the transport charac- 
teristics and the values of kr are very similar for nitrogen and 

for oxygen. Therefore, when the predominant reaction is recombi- 
nation, we may combine all the atoms and all the molecules, and 
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- u s i n g  t h e  cor responding  average  heat  o f  fo rma t ion  - w e  
o b t a i n  a n  a c c e p t a b l e  s o l u t i o n .  However, if t h e  predominate  
r e a c t i o n  i s  d i s s o c i a t i o n ,  t h e  e r r o r  o b t a i n e d  by combining n i t r o -  
gen and oxygen i s  v e r y  g r e a t .  T h i s  i s  due t o  t h e  f a c t  tha t  t h e  

e x p r e s s i o n  f o r  ae2/(1-ae2) c o n t a i n s  t h e  e x p o n e n t i a l  f u n c t i o n  o f  
t h e  r e a c t i o n  heat [see Equat ion  (2.1511, which i s  ve ry  d i f f e r e n t  
f o r  oxygen and n i t r o g e n .  

For  a multi-component system, t h e  thermal  f l u x  i s  caused by 
thermal  c o n d u c t i v i t y  and t h e  t r a n s p o r t  of  energy by d i f f u s i n g  
components.* The re fo re ,  

n 
dT 
3 Y  

q= - h - -  p hi l ) ,dor l ,  
dY 

i - 1  
(5 .13 )  

where X i s  t h e  the rma l  c o n d u c t i v i t y  c o e f f i c i e n t ,  and R e l a t i o n -  
s h i p  ( 5 . 9 )  i s  used f o r  t h e  d i f f u s i o n  r a t e .  

Using t h e  e x p r e s s i o n  ob ta ined  f o r  q ,  w e  may r e w r i t e  t h e  / 209  
energy e q u a t i o n  ( 5 . 3 )  i n  t h e  fo l lowing  form 

Thus, f o r  de t e rmin ing  ( 5  + i) unknown q u a n t i t i e s  p ,  u ,  v ,  
h ,  T ,  and ai, w e  have t h e  same number of  e q u a t i o n s  

( 5 . 1 4 ) ,  ( 5 . 1 0 ) ,  ( 5 . 5 ) ,  and ( 5 . 6 ) .  I n s t e a d  of  one of  t h e  equa- 
t i o n s  (5.10), w e  may use  t h e  r e l a t i o n s h i p s  

(5.1), (5.2), 

- - .- ___ .__ . 

* I n  t h e  c a s e  o f  r e l a x a t i o n  o f  v i b r a t i o n a l  d e g r e e s  o f  
freedom, t h e  e x p r e s s i o n  f o r  t h e  heat f l u x  i s  found i n  S e c t i o n  5.3.  
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I n s t e a d  of  ( 5 . 1 4 ) ,  o t h e r  forms o f  the  ene rgy  e q u a t i o n  may 
be used.  For  example,  f o r  t o t a l  e n t h a l p y  

combining Equat ion  (5 .14 )  w i t h  Equa t ion  ( 5 , 2 ) ,  m u l t i p l i e d  by u ,  
and u s i n g  t h e  c o n t i n u i t y  e q u a t i o n ,  w e  o b t a i n  t h e  ene rgy  equa- 
t i o n  i n  t h e  f o l l o w i n g  form 

where t h e  P r a n d t l  number P r  i s  de te rmined  by t h e  r e l a t i o n s h i p s  

PCP 
A 

Pr=- 

and 

cp  = 2 aicpi. 
i 

( 5 . 1 8 )  

( 5 . 1 9 )  

The Lewis-Semenov number Lei f o r  t h e  component i i s  

de termined  as f o l l o w s  

PDicp Pr Le,=----=- 
A S C l  ' 

and t h e  Schmidt number 

. .  
S c 1 = k .  

QDi 

.. - ._ . . . . . .... . . I I I 1  I 



I n  a n o t h e r  form, the  energy e q u a t i o n  may be w r i t t e n  f o r  t h e  /210 
t empera tu re  T. It may be o b t a i n e d  from ( 5 . 1 4 )  by means o f  (5 .10)  
i n  t h e  form 

+ 'u -) d r  - u - d p  =dy a ()I y) ar -1- 
a9 d x  

au 2 4- ?D;(3 ) (dh l ) - k~( - )  -E hiM,J,. 
i 

+ dY 44 aY 

(5 .22)  

It must be n o t e d  that  i n  the c a s e  of  f r o z e n  r e a c t i o n s  i n  
a g a s ,  t h e  r o l e  of t o t a l  e n t h a l p y  H i n  (5 .17 )  i s  p l ayed  by 
t h e  f r o z e n  t o t a l  e n t h a l p y  

Let  u s  now examine t h e  boundary c o n d i t i o n s ,  I n  accordance  
w i t h  t h e  g e n e r a l  boundary layer  t h e o r y ,  t h e  v a r i a b l e s  on t h e  
o u t e r  boundary ( i n  t h e  c a s e  y + m o r  y = 6) a r e  assumed to b e  

g iven ,  i . e . ,  

IC = us; ( 5 . 2 4 )  

T =Ta e t c .  (5 .26 )  

The form of  t h e  boundary c o n d i t i o n s  on t h e  s u r f a c e  (when 
y = 0 )  depends on t h e  f o r m u l a t i o n  of t h e  problem. S ince  t h e  

p r o c e s s e s  of combust ion,  s u b l i m a t i o n ,  and blowout of gas  are 
n o t  c o n s i d e r e d ,  i t  i s  assumed t h a t  t h e  s u r f a c e  o f  t he  body is 
impermeable, and i t s  form unchanged.* 

*More g e n e r a l  c a s e s  of  boundary c o n d i t i o n s  on a s u r f a c e  are 
g iven ,  f o r  example,  i n  C21 or [ 4 1 .  
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For t h e  v e l o c i t y  components on a s u r f a c e ,  w e  may use  t h e  

at t achmen t con d i  t i ons 

U=ZJ=O.  

The s u r f a c e  t empera tu re  i s  assumed t o  b e  known 

T = T,. 

If  a heat  i n s u l a t e d  s u r f a c e  i s  c o n s i d e r e d ,  t h e n  I r ,  - 

q W =o. 

(5 .27)  

( 5 . 2 9 )  

The boundary c o n d i t i o n  on t h e  s u r f a c e  f o r  Equat ion  ( 5 . 1 0 )  
i s  ob ta ined  from t h e  e q u a l i t y  of  t h e  mass f l u x  ( piDi* dg) 

component i, t r a n s p o r t e d  by d i f f u s i o n  from a gas, and t h e  ra te  
a t  which t h e  i t h  component i s  formed as a r e s u l t  o f  t h e  c a t a l y t i c  /211 
a c t i o n  of t h e  s u r f a c e  i t s e l f  [see Chapter  1, Formula ( 1 . 5 4 ) ] .  
Thus, w e  o b t a i n  

.of t h e  
W 

The i n d i c e s  "i" and " j "  r e f e r  to t h e  r e a g e n t  and t h e  

r e a c t i o n  p r o d u c t s .  I n  t h e  recombina t ion  of  a d i s s o c i a t e d  d i -  

a tomic  g a s  (i - atoms; j - molecu le s )  f o r  a c o l d  s u r f a c e  (Tw < 

2000 K f o r  a i r ) ,  w e  may d i s r e g a r d  t h e  second t e r m  i n  t h e  b r a c k e t s  
i n  t h e  Equat ion  (5 .30 ) ;  i n  a d d i t i o n ,  t he  o r d e r  o f  t h e  r e a c t i o n  ni = 

1. The c a t a l y c i t y c o e f f i c i e n t  kw, which i s  assumed to be a known 

f u n c t i o n  of t h e  c o o r d i n a t e  x on a s u r f a c e ,  i s  d i r e c t e d  connected 
w i t h  t h e  s o - c a l l e d  recombina t ion  e f f i c i e n c y  yw, de te rmined  as 

the  r a t i o  o f  t h e  number o f  recombining atoms to t h e  t o t a l  number 

- 
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of atoms which f a l l  on a u n i t  s u r f a c e  p e r  u n i t  o f  t i m e  

f o r  ni= l ) .  
7 w = k w  1/, (5 .31)  

Table  1 4  g i v e s  t h e  c h a r a c t e r i s t i c  v a l u e s  of  kw f o r  

d i f f e r e n t  materials l o c a t e d  i n  a stream of  a i r  o r  n i t r o g e n .  

The boundary c o n d i t i o n s  on t h e  s u r f a c e  f o r  Equat ions  (5 .17)  
and (5 .14)  may b e  w r i t t e n  i n  t h e  form 

H w = h w = ~ a i w  cpidT+,Ea, ,h; .  
i i 

(5 .32)  

A s  a r u l e ,  s i n c e  t h e  v a l u e s  of aiw are  n o t  known p r e v i o u s l y ,  

t h e  boundary c o n d i t i o n s  f o r  en tha lpy  a re  de termined  from a 
s o l u t i o n  o f  Equat ion  ( 5 . 1 0 )  f o r  t h e  component c o n c e n t r a t i o n .  
Using t h e  energy e q u a t i o n  i n  t h e  form (5 .22)  w i t h  t h e  boundary 
c o n d i t i o n  (5 .28 )  has  no appa ren t  advantages  as kompared w i t h  
Equat ions  ( 5 . 1 4 )  o r  ( 5 . 1 7 ) ,  s i n c e  t h e  s o l u t i o n  o f  Equat ion  ( 5 . 2 2 )  
g r e a t l y  depends on t h e  e q u a t i o n  f o r  t h e  component c o n c e n t r a t i o n  
(5 .10)  - 

I n  conc lus ion ,  l e t  u s  g i v e  t h e  e x p r e s s i o n  f o r  t h e  h e a t  f l u x  
on a s u r f a c e ,  Using Express ion  (5 .13 ) ,  w e  may w r i t e  

where qd i s  p a r t  of  t h e  h e a t  f l u x  caused by t h e  t r a n s p o r t  of  

energy by t h e  d i f f u s i n g  components, o r  i n  a n o t h e r  form 
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If  no chemica l  r e a c t i o n s  take p l a c e  e i t h e r  i n  t h e  g a s  or on 
t h e  s u r f a c e ,  t h e  h e a t  f l u x  may be e x p r e s s e d  i n  t h e  form 

(5.35)  

We may de t e rmine  t h e  i n f l u e n c e  o f  chemica l  r e a c t i o n s  on t h e  

Thus, f o r  a h e a t  f l u x ,  i f  we approx ima te ly  assume P r  a Lei c 1. 

boundary l a y e r  b o t h  w i t h  chemica l  r e a c t i o n s  and i n  t h e i r  absence,  
t h e  energy e q u a t i o n s  and t h e  e x p r e s s i o n s  f o r  t he  heat f l u x e s  
i d e n t i c a l l y  c o i n c i d e ,  w i t h  t h e  e x c e p t i o n  o f  t h e  f a c t  t h a t  i n  the 
f i rs t  case ,  e x p r e s s i o n  H i s  used ,  and i n  t h e  second case  - H 

j' 

Consequent ly  , /213 

Equat ion  ( 5 . 3 6 )  shows tha t  t h e  hea t  f l u x  i s  i n c r e a s e d  by t h e  
q u a n t i t y  

due t o  t h e  chemica l  r e a c t i o n s  which t a k e  p l a c e  e i t h e r  i n  t h e  g a s  
phase  o r  on t h e  s u r f a c e .  The maximum i n c r e a s e  i n  t h e  heat f l u x  
i s  c h a r a c t e r i s t i c  f o r  an e q u i l i b r i u m  boundary l a y e r  c l o s e  t o  a 
co ld  s u r f a c e  o r  f o r  an a r b i t r a r y  s t a t e  of  t h e  boundary l a y e r  

2 8 2  
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TABLE 1 4  

DATA FOR THE CATALYCITY COEFFICIENT O F  A SURFACE 
kw (WHEN Tw = 350 K) 

..- - . _ _ _  ... 
S u r f a c e  
. ... . _ .  ~ 

Copper 

Cupr ic  ox ide  

Nicke l  

N icke l  ox ide  
S i l v e r  

S i l v e r  ox ide  

Gold 
P la t inum 

Pla t inum ox ide  
Tungsten 
S i l i c o n  monoxide 

Gas 
~- 

Nit rogen  
0 xy gen 
Ni t rogen  
Oxygen 
Ni t rogen  
Oxygen 
Oxygen 
Ni t rogen  
Oxygen 
A i r  

Ni t rogen  
Oxygen 
Oxygen 
Ni t rogen  
Oxygen 
Oxygen 
Ni t rogen  
Oxygen 
A i r  

_ _  .. ~ - _. .& 

kw cm/sec 

1000  

2200 

400 - 1400 
250 - 2600 

400 
360 

2400 

20 - 800 

3100 

1 0 0 0  - 2600 

130 
1600  - 2200 

70 - 3100 

1300  

1300  

1 0  - go 
26 

<1 
1 - 130 

'J 

c l o s e  t o  an  i d e a l l y  c a t a l y t i c  c o l d  s u r f a c e  ( i n  bo th  cases, 
aiw = 0 ) .  

Equat ion  ( 5 . 3 6 )  g i v e s  on ly  a q u a l i t a t i v e  r e p r e s e n t a t i o n ,  
s i n c e  t h e  q u a n t i t y  Caiwhio was no t  known beforehand.  



Tran s p o r  t c2e-f f-i c i e n  ts 

To s o l v e  t h e  e q u a t i o n s  g i v e n  above,  it i s  n e c e s s a r y  t o  have 
t h e  a p p r o p r i a t e  e x p r e s s i o n s  f o r  t h e  t r a n s p o r t  c o e f f i c i e n t s  p, A ,  
and Di j  of  a g a s  m i x t u r e .  The t r a n s p o r t  c o e f f i c i e n t s  are deter-  

mined i n  t he  k i n e t i c  t h e o r y  o f  g a s e s  by s o l v i n g  t h e  Boltzmann 
e q u a t i o n  by means o f  t h e  f i r s t  two t e rms  i n  t h e  Chapman-Enskog 
expans ion  [ 6 ] .  T h i s  t h e o r y  g i v e s  t he  best  r e s u l t s  when a p p l i e d  
to a monoatomic n e u t r a l  g a s .  However, i t  has been shown 
a p o s t e r i o r i  t h a t  t h e  r e g i o n  i n  which these r e s u l t s  may b e  

a p p l i e d  i s  much wider  t h a n  f o l l o w s  from t h e  prem5ses o f  t h e  

t h e o r y .  L e t  u s  g i v e  t h e  f i n a l  e x p r e s s i o n s  f o r  t h e  t r a n s p o r t  
c o e f f i c i e n t s  [ 2 ,  4 1 .  

The v i s c o s i t y  c o e f f i c i e n t  of t h e i - t h  component o f  a pu re  
g a s  may be  expres sed  by  t h e  formula  

( 5 . 3 7 )  

where Mi I s  t h e  molecu la r  w&ight ;  T - t e m p e r a t u r e  i n  K; 0 i 
- 

c o l l i s i o n  diameter  ( i n  E ) ,  and Q~""*- " c o l l i s i o n "  i n t e g r a l ,  
which w i l l  be d i s c u s s e d  l a t e r .  For  a m i x t u r e  o f  g a s e s  c o n t a i n i n g  
n components, an  adequa te  approximat ion  i s  g i v e n  by t h e  Wilke 

formula  
/214 

where vi  I s  determined  by Formula ( 5 . 3 7 ) ;  xi i s  t h e  molar  con- 

c e n t r a t i o n  of  t h e i - t h c o m p o n e n t  
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gas (or a mixture of monatomic gases). The internal degrees 
of freedom only influence the heat conductivity. Thus, if /215 

where Xi is the thermal conductivity coefficient of a monatomic 

gas, calculated according to the Chapman-Enskog theory, then for 
a pure multi-atomic gas we may write 

where D is the self-diffusion coefficient; cvi is the specific 

heat coefficient of internal degrees of freedom which are in 
equilibrium with the translational degrees of freedom. 

The second term represents the so-called modified Aiken 
correction [ 6 ] ,  with which the expression for hit in the form 

gives a good agreement with experimental data f o r  many gases 
in a wide temperature range. In the case of a mixture of multi- 
atomic gases, similar formulas have a very complex form. At the 
present time, the following simplified Mason and Sachsen formula 
is widely used 

(5 .43)  

where Ait is determined by Formula (5.42), and Gik -by Formula 

( 5 . 3 9 )  
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In order to determine the transport coefficients, it is 
necessary to know CJ and E - parameters of the intramolecular 
interaction potential and Cl(z~s)+ - the value of the "collision" 
integrals.* 

In particular, for the frequently used Lennard-Jones 
potential 

(Figure 5.2), the values of Ei and ai found empirically f o r  

certain gases are given in Table 15."" 

The dependence of Q(W* and 52(q2)* on kT/& for the Lennard- 
Jones potential is shown in Figure 5.3. 

Using the formulas given above, we can calculate the air 
transport properties up to the temperatures at which there is 
great ionization of particles. These calculations have been 
performed by many authors (see, for example, C14 - 171). It 
should be noted that the computational accuracy in each case 
does not exceed 25%. Figures 5.4 and 5.5 give certain results 
derived from calculating the viscosity coefficient 1-1 and the 
thermal conductivity coefficient h of air in the temperature 
range T = 2000 - 6000 K at a pressure of p = 1 kG/cm2. Figure 
5.6 shows the dependence of the parameters Pr, Le, and Sc [see 
(5.18), (5.20), and (5.21)] on the concentration of atoms ct for 
the model of an ideally dissociating gas (oxygen). 

_c____=__ ~~ 

*The integrals nu..). express the difference between the 
molecule model employed and the model of solid spheres. For 
solid spheres, all n('. a ) * = l .  

interactions, the "combinational rules" are used: 
**In a calculation of the parameters of dissimilar molecular 

/216 
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TABLE 15 

-__ 
E/k in K I 128 -59000 79.8 -113200 119 ! 

EMPIRICAL VALUES OF FORCE CONSTANTS FOR THE LENNARD-JONES 
POTENTIAL 

190 

(5 in 8 I 3.54 

Figure 5 .2 .  Form of 
Lennard-Jones potential. 

1.07 3.75 I 0.97 3.47 4.00 

Figure 5.3. Value of reduced 
collision integrals for the 
Lennard-Jones potential. 

These values maintain the 
sarne relationship f o r  air 121. 
To simplify the calculations, 
it is sometimes assumed that these /217 
parameters are constants (Pr z 0.7; 

Le =: 1 . 4 ;  Sc =: 0 . 5 )  or even equal Figure 5 . 4 .  Viscosity 
coefficient for equilibrium unity. 
air at a pressure of p = 
1 kG/cm2. 
1 - comDutationa1 results At high temperatures, the 
from r l 4 i ;  2 - from [151; characteristics of the air trans- 

port properties remain a constant 3 - ?rom-[l6]; 4 - calcu- 
lation based on the Suther- 
land formula. source of unreliability in the 

288 



W / M K  

F i g u r e  5 . 6 .  Dependence o f  t h e  
P r a n d t l  number P r ,  Lewis-Semenov 
number L e ,  and t h e  Schmidt 
number Sc on t h e  c o n c e n t r a t i o n  o f  
atoms ci f o r  i d e a l l y  d i s s o c i a t i n g  
oxygen. 

F igu re  5 .5 .  T h e r m a l  conduc- 
t i v i t y  c o e f f i c i e n t  f o r  
e q u i l i b r i u m  a i r  a t  a 
p r e s s u r e  of  p = 1 kG/cm2. 

accuracy  o f  c a l c u l a t i n g  t h e  h e a t  
t r a n s f e r  i n  r e a c t i n g  gas mix tu res ,  
due to t h e  absence of  a s u f f i c i -  
e n t  amount of  r e l i a b l e  e x p e r i -  

1 - computa t iona l  r e s u l t s  
from [14]; 2 - from [161. mental data.  

Reducti-on o f  boundary- - l a y e r  e q u a t i o n s  
t o  s t a n d a r d  form 

I n  o r d e r  t o  s i m p l i f y  t h e  s o l u t i o n  of  t h e  i n i t i a l  e q u a t i o n s ,  
i t  i s  advantageous t o  change to new v a r i a b l e s  ( s i m i l a r i t y  coor- 
d i n a t e s ) .  Using t h e  Dorodni tsyn t r a n s f o r m a t i o n  i n  a form p ro?  
posed by Lees [18] ( s e e  also [lg]), w e  i n t r o d u c e  

X 

& =d; p,pL6u,r2jdx. 
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The continuity equation (5.1) is automatically satisfied 
by introducing the stream function I). Let us determine the 
dimensionless stream function f In the form f(+1,E)=S;/vz. Then 

Let us also set 

(5.47) 

After transforming Equations (5.2), (5.10), and (5 .14 )  to 
the variables rl and 5 ,  we obtain the following equations: 

Equation of momentum 

Energy equ'at ion 
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where G i = J i ( T ) z g l  is the dimensionless /formation rate of the 

1-thcomponent; T - characteristic time of chemical reactions /2l9 

in the gas;* 
€51 

(5.53) 

where 

(see Figure 5.1). 

= x/L; L (or Rb) is the characteristic size of the body** 

The boundary conditions (5.25) - (5.32) assume the following 
form: when 11 = 0 

f = f , = 0 ;  (5.54) 

(5.55) 

*For example, for J(M/p) determined by Expression (5.12), 
we have : 

1 l ~ ~ i  - k r  (p/Rk)2. 

**The expression for cgi, in the case of flow around the 
critical point of a body, wedge, and cone, is (5.73) and (5.125). 

I 



where 

and when r) + 

(5.57) 

The energy equation in the form (5.22) may be transformed /220 
to the form 

(5.59) 

where 8 = T/Tn6. 

In the case of the given surface temperature, the boundary 
conditions for Equation (5.59) will be: 

-.o i ~ __ __ . - 
*When M6 >>1, in the expression for 8 we must use the 

braking temperature To,  instead of T 6 ,  since when M6 + OJ T 6 + 0. 
Correspondingly, c is replaced by c 

PO * P6 



Reactions- in a_ gas and .en the_sur-face (.Cat-a.lytic surface) . 
Damkeler number 

Let us clarify the physical meaning of parameters cwi and 
determined by Equations (5.571.and (5.52) [3 ] .  In the case 

1 __I  ..-- %i . I A : L  

of the linear law governing the concentration change across the 
boundary layer, the diffusion flow of thei-th component to the 
surface may be expressed in the form 

where ( z  > .  = const. irl 

Consequently, the term in the brackets expresses the rate 
of formation of thei-thcomponent per unit area of the surface 
with a single concentration difference across the boundary layer. 
Let us call this quantity the characteristic diffusion rate. 

Turning to Equation (5.57), we may note that the denominator 
of the expression, which determines cWi, precisely equals the 

characteristic diffusion rate. At the same time, the numerator 
of Equation (5.57) represents the characteristic rate of 
formation of the i-thcomponent by means of a reaction on the 
surface (per unit area). The function cwi therefore expresses / 2 2 1  

the ratio of the characteristic reaction rate on the surface to 
the characteristic diffusion rate for thei-th component, Taking 
the inverse values of the characteristic velocities and multiply- 
ing each of them by the density and the thickness of the boundary 
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l a y e r ,  w e  may e x p r e s s  5 by t h e  r a t i o  of  t h e  c h a r a c t e r i s t i c  

. d i f f u s i o n  t i m e  ( T d i f )  t o  t he  c h a r a c t e r i s t i c  r e a c t i o n  t ime on 

. t h e  s u r f a c e  ( f sup) .  

w i  

Thus, 

- -  . . S ! i ~ '  : , , >  1 2  ; ; - j~ lLhV 5\511:.!'1 ' $ ; I . (  

T h i s  r a t i o  of  t h e  c h a r a c t e r i s t i c  t i m e s  i s  c a l l e d  t h e  Damkeler  
number of  t h e  s u r f a c e  f o r  t h e i - t h  component. 

L e t  u s  f i r s t  c o n s i d e r  t h e  c a s e  when Cwi -f 0.  The  r i g h t  s ide  

o f  Equa t ion  (5 .56)  v a n i s h e s .  The re fo re ,  t h e  r e a c t i o n  on t h e  

s u r f a c e  has almost  no i n f l u e n c e  on t h e  p a r t i c l e  c o n c e n t r a t i o n  
i n  t h e  boundary l a y e r :  

(-$) =o. 
5-0 

(5 .63)  

Th i s  is t h e  so -ca l l ed  f low wi th  " f rozen"  r e a c t i o n s  on the  s u r f a c e  
( o r  n o n c a t a l y t i c  s u r f a c e ) .  It must be no ted  t ha t  f r e e z i n g  r eac -  
t i o n s  on t h e  s u r f a c e  do no t  n e c e s s a r i l y  mean tha t  kw -P 0.  

simply means t h a t  t h e  r e a c t i o n  ra te  i s  much less  t h a n  t h e  
d i f f u s i o n  r a t e ,  a l t h o u g h  t h e  a b s o l u t e  va lue  of  t h e  r e a c t i o n  
r a t e  may be much g r e a t e r .  

It 

L e t  u s  now c o n s i d e r  a n o t h e r  l i m i t i n g  c a s e :  cWi -P 0 3 .  Since  

t h e  v a l u e  of t h e  t e r m s  i n  t h e  r i g h t  s ide of  Equa t ion  ( 5 . 5 6 )  i s  
l i m i t e d ,  t h i s  means t h a t  t h e  v a l u e  i n  t h e  p a r e n t h e s e s  i n  t h e  

r i g h t  s ide  of  t h e  e q u a t i o n  m u s t  approximate  z e r o ,  as cWi + 0 3 .  
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The l i m i t i n g  c a s e ,  when the  p a r t i c l e  c o n c e n t r a t i o n  on the 
s u r f a c e  approaches  a v a l u e  co r re spond ing  t o  t h e  e q u i l i b r i u m  s t a t e ,  
i s  c a l l e d  f low w i t h  " equ i l ib r ium"  r e a c t i o n s  on  the  s u r f a c e  ( o r  
an  i d e a l l y  c a t a l y t i c  s u r f a c e ) .  It must a g a i n  be  p o i n t e d  o u t  t ha t  
t h e  e q u i l i b r i u m  l i m i t  does  n o t  mean that w e  must have kw + m, It 

s i m p l y  means that  the r e a c t i o n  ra te  i s  much greater t h a n  the  
d i f f u s i o n  ra te .  

I n  t h e  g e n e r a l  c a s e  of  the  f i n i t e  v a l u e s  of  sWi, t h e  gas 

on t h e  s u r f a c e  i s  i n  a nonequ i l ib r ium s t a t e ,  and the boundary 
c o n d i t i o n  (5 .56 )  must be used i n  a g e n e r a l  form,  

L e t  u s  now c o n s i d e r  Expres s ion  ( 5 . 5 2 ) .  S ince  t h e  t h i c k n e s s  
of t h e  boundary l a y e r  [ s e e  Equat ion  (5.4513 

it may be r e a d i l y  s e e n  from R e l a t i o n s h i p s  ( 5 . 6 5 )  and (5 .61 )  tha t  / 2 2 2  
the c o e f f i c i e n t  when l / . r  i n  (5 .52)  i s  none o t h e r  t h a n  the  

c h a r a c t e r i s t i c  d i f f u s i o n  t ime  ( . rdif)  o f  t h e  i - t h  component. 
g i  

It 

t h u s  f o l l o w s  that  

d i f  
( 5 . 6 6 )  

By ana logy  w i t h  ( 5 . 6 2 ) ,  l e t  u s  c a l l  5 t h e  Damkeler number 
g i  

of  t h e  gas phase .  

295 



J u s t  as i n  t h e  c a s e  of  r e a c t i o n s  on t h e  s u r f a c e ,  t h e  

c o n d i t i o n  + 0 means t h a t  t h e  i n f l u e n c e  o f  r e a c t i o n s  i n  t h e  

gas upon t h e  boundary l a y e r  i s  n e g l i g i b l y  s m a l l ,  and the boundary 
l a y e r  i s  ca l led  chemica l ly  " f rozen . "  T h i s  does  n o t  mean tha t  w e  
must have l / ~  = 0. It i s  o n l y  n e c e s s a r y  t ha t  T > > T ~ ~ ~ .  

€51 

g i  g i  

I n  a n o t h e r  l i m i t i n g  c a s e  5 + m y  t h e  q u a n t i t y  i n  t h e  
g i  

b r a c k e t s  i n  (5 .12 )  must s t r i v e  t o  z e r o ,  because  each  of  t h e  
terms i n  (5 .51 )  'and (5.T.g)'remairis f i n f t e .  T h i s  means t h a t  t h e  
ra tes  of t h e  forward and i n v e r s e  r e a c t i o n s  must be e q u a l  a t  each 
p o i n t  of  t h e  boundary l a y e r .  T h e r e f o r e ,  a s t a t e  of l o c a l  chemi- 
c a l  e q u i l i b r i u m  must e x i s t  i n  t h e  boundary l a y e r .  Such a boundary 
l a y e r  i s  c a l l e d  an "equ i l ib r ium"  l a y e r .  For  a n  e q u i l i b r i u m  
boundary l a y e r ,  t h e  d i f f e r e n t i a l  e q u a t i o n  (5 .51 )  may be r e p l a c e d  
by a n  a l g e b r a i c  equa t ion*  (see Chapter  1). 

Method of  s o l v i n g  t h e  e q u a t i o n s  

The s y s t e m  of  e q u a t i o n s  and boundary c o n d i t i o n s  o b t a i n e d  
f o r  a boundary layer  w i t h  nonequ i l ib r ium chemica l  r e a c t i o n s  i n  
t h e  g a s  and on t h e  s u r f a c e  i s  e s s e n t i a l l y  a n o n l i n e a r  s y s t e m ,  
and i s  d i f f i c u l t  t o  s t u d y .  T h e r e f o r e ,  a t t e m p t s  were f i rs t  made 
t o  o b t a i n  t h e  s o l u t i o n  w i t h  c e r t a i n  s i m p l i f y i n g  assumpt ions .  
F i r s t  of a l l ,  nonequ i l ib r ium r e a c t i o n s  i n  t he  gas and on the  
s u r f a c e  a re  examined s e p a r a t e l y .  

* In  t h e  c a s e  of  a n  e q u i l i b r i u m  boundary l a y e r  and a non- 
c a t a l y t i c  s u r f a c e ,  c l o s e  t o  i t  t h e r e  i s  a t h i n ,  nonequ i l ib r ium 
s u b l a y e r ,  i n  which there  i s  a t r a n s i t i o n  from e q u i l i b r i u m  condi-  
t i o n s  i n  t h e  gas t o  t h e  c o n d i t i o n  (aai/a ) = 0 on t h e  s u r f a c e  

Y W  
( t h e  d i s c o n t i n u i t y  a a i / a y )  ) .  However, i f  t h e  s u r f a c e  i s  
c o l d ,  t h e  c o n c e n t r a t i o n  of atoms i s  v a n i s h i n g l y  s m a l l  i n  a t h i c k  
l a y e r  of g a s ,  where T 2 2000 K for a i r ,  and the re  i s  no r e a c t i o n  
on t h e  s u r f a c e  (due t o  t h e  absence  of  a r e a g e n t ) ,  and t h e  
boundary c o n d i t i o n  becomes t r i v i a l  (aiw = 0 ) .  
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If i t  i s  assumed tha t  t h e  f low i n  t h e  boundary l a y e r  i s  
f r o z e n  ( 5  -P 0 ,  M * J i  -t 0 ) ,  t h e n  t h e  b a s i c  r e a c t i o n s  and t h e  

g i  
boundary c o n d i t i o n s  [ w i t h  t h e  e x c e p t i o n  o f  ( 5 . 5 6 ) ]  w i l l  be  t h e  

same as i n  t h e  c l a s s i ca l  boundary l a y e r  t h e o r y .  I n  a d d i t i o n ,  
t h e  e q u a t i o n s  o f  momentum and energy  i n  a l l  c a s e s  which are / 2 2 3  

impor t an t  i n  p r a c t i c e  are assumed t o  be  independent  of t h e  equa- 
t i o n s  f o r  c o n s e r v a t i o n  o f  c o n c e n t r a t i o n ,  and t h e i r  form c o i n c i d e s  
w i t h  t h e  co r re spond ing  boundary l a y e r  e q u a t i o n s ,  w i thou t  a l l o w i n g  
for chemica l  r e a c t i o n s .  The  onIy problem t h e n  remain ing  i s  t o  
f i n d  a s o l u t i o n  o f  t h e  c o n c e n t r a t i o n  e q u a t i o n  ( 5 . 5 6 )  w i t h  t h e  

boundary c o n d i t i o n  ( 5 . 5 7 ) ,  which would make it p o s s i b l e  t o  
de t e rmine  t h e  thermal  f l u x  qd due t o  t h e  r e a c t i o n s  on t h e  body 
s u r f a c e .  

I n  an a n a l y t i c a l  s tudy  of t h i s  problem, f lows  are u s u a l l y  
examined f o r  which t h e  momentum e q u a t i o n  has a se l f -model ing  
s o l u t i o n ,  which depends on ly  on t h e  c o o r d i n a t e  q - a s o l u t i o n  
of t h e  B l a s i u s  t y p e  o r  a s o l u t i o n  f o r  t h e  c r i t i c a l  p o i n t  of a 
b l u n t  body. I n  a d d i t i o n ,  as a r u l e ,  i t  i s  assumed tha t  the. 

numbers Sci and 2 are  c o n s t a n t  a c r o s s  t h e  boundary l a y e r ,  

Under these c o n d i t i o n s ,  s o l u t i o n s  were o b t a i n e d  f o r  a flat 
p l a t e ,  wedge, cone,  and a l s o  i n  t h e  v i c i n i t y  of t h e  c r i t i c a l  p o i n t ,  
The i n f l u e n c e  o f  t h e  s u r f a c e  c a t a l y t i c  p r o p e r t i e s  on t h e  the rma l  
f low t o  t h e  body was c l a r i f i e d ,  i n c l u d i n g  t h e  c a s e  o f  a con t inuous  
or a b r u p t  change i n  t h e  c a t a l y c i t y  a l o n g  t h e  s u r f a c e .  

On t h e  o t h e r  hand, i n  a n  i n v e s t i g a t i o n  o f  nonequ i l ib r ium 
chemical  r e a c t i o n s  w i t h i n  t h e  boundary l a y e r ,  i t  i s  assumed t h a t  

t h e  r e a c t i o n s  on t h e  body s u r f a c e  are  e i t h e r  f r o z e n  (sWi -f 0 )  o r  

occur  a t  such  a r a t e  tha t  t h e  g a s  on t h e  s u r f a c e  i s  i n  a s t a t e  
o f  chemica l  e q u i l i b r i u m  (cWi + a). However, i n  t h i s  c a s e  t h e  
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presence of the term MiJi/p in the equations, which is a complex 

function of the variables T and c1 makes it difficult to perform 

any complete analytical investigation. The methods of the numeri- 
cal solution of such a problem are still being finalized, and 
at the present time only a few cases have been calculated. 

i’ 

Nevertheless, by using the corresponding approximations and 
different methods (expansion in series $oca1 similarity, integral 
method, etc.), it is possible to reach a fairly good understanding 
of the problem of a nonequilibrium boundary layer, In particular, 
the numerical methods have made it possible t o  determine the 
influence of the variation in the values of Le Pr and 2 on the 

concentration profile and the distribution of the thermal flow 
along the body surface. In addition, several studies have 
recently appeared, in which an attempt was made to examine the 
concurrent influence of chemical reactions within the boundary 
layer and on the body surface. 

. ,>;., .- , , . I.,’ , I L ? ?  ,., ,j :?‘A (.L .,., . , I  . \ .  , 

i y  

Unfortunately, there is still very little experimental 
verification of the theoretical results obtained at the present 
time . 

The basic methods of the solution and the results obtained 
will be examined in the following sections. 

5.2. Vicinity of critical point. Flow around 
blunt bodies 

The simplest case for studying a nonequilibrium boundary 
layer is the vicinity of the critical point on a blunt body, 
where - in view of the flow symmetry - the characteristics 
only depend on the coordinates y (or n ) .  Thus, all terms in 
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the right sides of Equations (5.49) - (5.511, (5.59) vanish, 
and a system of ordinary differential equations is obtained. 
At the same time, this case is of great practical importance, 
since one of the maximum values of the thermal flux corresponds 
to the critical point region. 

Within the framework of the theory of an infinitely thin 
boundary layer, the conditions on the external boundary in the 
vicinity of the-critical point'mag be assumed to be equilibrium 
conditions and to correspond to an adiabatic freezing of gas in 
the critical jet stream passing through a normal shock wave.* 
Thus, at hypersonic flight velocities, the longitudinal velocity 
gradient at the critical point may be determined, for example, 
from the modified Newton law for pressure distribution: 

where Rb is the radius of the bodybluntness;p6 = Po' * 

The body surface is usually a little colder than the gas 
at the external boundary of the boundary layer in the vicinity 
of the critical point. Therefore, the atoms will diffuse to 
the surface, recombining close to it. The state of the boundary 
layer (equilibrium, nonequilibrium, frozen) is determined by the 
relative velocity of the recombination and diffusion processes, 
i.e., the Damkeler number of the gas phase (5.52). 

- 

a ( . \ .  

As an illustration, Figure 5.7 shows the flow regimes in /225 
the boundary layer as a function of. altitude and flight velocity 
for a body with Rb = 1 m (noncatalytic surface, Tw = 1000 K). 

-~~ - - ._ 
~~~ 

*The flow influence in the viscous region upon the charac- 
teristics of inviscid'flow will be examined in Section 5.4 for 
flights at high altitudes. 
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Figure 5.7. Flow regimes in 
boundary layer (in vicinity 
of critical point) for a 
body with Rb = 1 m (non- 
catalytic surface). 

In calculating the boundaries, it 
was assumed that the concentra- 
tion of atoms on the body surface 
differed by more than 10% from 
the corresponding values for 
frozen and equilibrium flow. 

Let us examine in succession 
the different flow regimes in 
the boundary layer. 

Equilibrium boundary layer 

In determining the thermal flux through a body in the case 
of thermodynamic equilibrium within the boundary layer, the 
catalytic nature of the surface is of no importance, since 

("e)y-+O 2 0 for a cold surface. 

In addition, it was found that in the case of an ideally 
catalytic surface, for which the boundary condition (5.64) has 
the same form (aw z 0), the values of the thermal flux both for 

equilibrium and for frozen flows in the boundary layer are very 
similar,* in spite of the differing distribution of atoms across 
the boundary layer. This means that the thermal flux in this 
case is primarily determined by the difference in the total flow 
enthalpies at the external boundary of the boundary layer and on 
the body surface, and differs very little from the specific 
mechanism of heat transfer. 

Fay and Riddell [ 2 0 ]  approximated the results of their 
calculations for an ideally catalytic surface with different 

*For a Le number, which is very close to unity, see Formula 
( 5 . 4 4 ) .  



v a l u e s  of pur  L e ,  and P r  by the  f o l l o w i n g  formula  

(h,=cpTw << n,; j= l )  

Ahoa, 

H a  
1 -+(Le" - 1) -1, 

where m = 0.52 - f o r  an  e q u i l i b r i u m  boundary l a y e r ;  
0.63 - f o r  a f r o z e n  boundary l a y e r ;  
Aho - t he  average  v a l u e  of  recombina t ion  energy  p e r  

I 
u n i t  mass o f  oxygen and n i t r o g e n  atoms. 

Wi th in  the s c a t t e r  of the d a t a ,  expe r imen ta l  r e s u l t s  [21, 221 
o b t a i n e d  i n  a wind t u n n e l  c o i n c i d e  w i t h  t h e  dependence determined 
by Formula ( 5 . 6 8 ) .  An e x p r e s s i o n  which i s  s imi la r  t o  (5 .68)  was 
o b t a i n e d  p r e v i o u s l y  by Lees [181. 

For  p r a c t i c a l  c a l c u l a t i o n s  o f  t h e  thermal  f l u x  a t  t h e  

c r i t i c a l  p o i n t  i n  t h e  c a s e  of  e q u i l i b r i u m  f low (To < 12000 K ,  

p, = - 1 0  kG/cm2, a formula  g iven  i n  [23] i s  a l s o  used ,  
which w i t h i n  an  accuracy  o f  + 7 %  corresponds  w i t h  Formula ( 5 . 6 8 ) :  /226 

' x  

where Rb i s  t h e  ave rage  con tour  r a d i u s  o f  c u r v a t u r e  a t  t h e  

c r i t i c a l  p o i n t .  

U t i l i z i n g  t h e  h y p o t h e s i s  of  " l o c a l  s i m i l a r i t y "  ( i . e , ,  
c o n s i d e r i n g  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w i t h  r e s p e c t  t o  t h e  

v a r i a b l e  tl w i t h  5 as a p a r a m e t e r ) ,  Lees [18] proposed a formula  



f o r  calculating the equilibrium thermal flux along a cold surface /227 
of blunt bodies,.which was refined by Kemp, Rose, and Detra [24] 
and was represented in the following form 

where q(0) is the thermal flux at the critical point determined 
by Formula (5.68). 1 

Expression (5.70) closely coincides with the results of 
precise numerical calculations [25, 26, 271, and also with the 
results of measurements in a wind tunnel of the thermal flux at 
the surface of blunt cones C281, a hemisphere, and a flat 
plane [24] (Figure 5.8). 

Nonequilibrium boundary .layer 

The influence of nonequilibrium processes within a boundary 
layer upon the heat transfer characteristics may be most simply 
studied for a binary mixture first. In this case, Equations 
(5.49) - (5.51) assume the form 

1 



with the following boundary 
conditions: 

u 44 48 42 X/R 

Figure 5.8. Distribution of 
thermal fluxes along blunt 
body surface (calculation 
was performed for p = 10 mm 

1 - calculation performed 
by method of local similari- 
ty [24]; 2 - calculation by 
the method of finite differ- 
ences [27] (equilibrium flow) 
3 - calculation by the metho 
of finite differences 1271 
(noneauilibrium flow): small 

Hg). 

at rl = 0 ,  f = f' = 0 ,  e = ew; 
2' = 0 

(noncatalytic 

(5.72) I surface) 
z = o  

(ideally 

at rl + m f l  = z = e = 1. 
catalytic surface) 

Here z = "/a6, and the superscript 

1 1 1 1 1  designates the derivative with 
respect to the coordinate rl (5.45) 
The Damkeler number of the gas 
phase (5.52) will be: 

where krt is the constant part 
of the recombination velocity 
coefficient 2kr = kr'/TW(w = 3/21, 
.see Formula (1.49). 

Fay and Riddell [201 numeri- 
circles designate experi- cally integrated Equations (5.71) 

9.6; p = 10 mm Hg; squares - 
when Mm = 7.4 to 7.9; p = 
100 mm Hg. 

mental data when = 8'6 to to (5.72) when j = 1; Pr = 0.71; 
Le = 1.4;.Tw = 300 K; He = 5850 

kcal/kg; ae = 0.536 and different 
Damkeler numbers. It was assumed that 
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The e q u i l i b r i u m  c o n c e n t r a t i o n  of  
atoms was approximated by the  

Nu 

formula  a,=adexp 

and t h e  S u t h e r l a n d  fo rmula  was 
used  f o r  t h e  v i s c o s i t y  c o e f f i c i e n t .  

F i g u r e  5.9.  Nonequi l ibr ium F i g u r e  5 . 9  g i v e s  r e s u l t s  o f  
heat t r a n s p o r t  i n  t h e  
v i c i n i t y  o f  t h e  c r i t i c a l  
p o i n t .  pa rame te r    NU/^/& , which i s  

c a l c u l a t i n g  t h e  heat t r a n s f e r  

1 - i d e a l l y  c a t a l y t i c  d i r e c t l y  r e l a t e d  t o  t h e  t h e r m a l  
s u r f a c e ;  2 - n o n c a t a l y t i c  flux: 
s u r f a c e .  

I n  t h e  r e g i o n  of t h e  c r i t i c a l  p o i n t  a t  L e  = 1 and f o r  an 
a r b i t r a r y  P r  number, t h e  e q u a t i o n  f o r  c o n s e r v a t i o n  o f  t o t a l  
energy  ( 5 . 5 0 )  c o i n c i d e s  w i t h  t h e  energy e q u a t i o n  f o r  a g a s  i n  
which there  are  no chemica l  r e a c t i o n s .  Consequent ly ,  a t  Le  = 1, 

it i s  v a l i d  f o r  a l l  v a l u e s  o f  5 . 
g 

i d e a l l y  c a t a l y t i c  s u r f a c e ,  the  the rma l  f l u x  depends on 5 o n l y  

i n  terms o f  t h e  i n f l u e n c e  of  Le  # 1 and t h e  change i n  t h e  t r a n s -  
p o r t  c h a r a c t e r i s t i c s .  It f o l l o w s  from F i g u r e  5 . 9  t h a t  t h e  thermal  
f l u x  i s  a c t u a l l y  c o n s t a n t  th roughout  t h e  e n t i r e  r ange  i n  which /229 

S i n c e  hw i s  f i x e d  f o r  a n  

g 

changes,  even a t  L e  = 1 . 4 .  

The  curve  i n  F i g u r e  5 .9  f o r  a n o n c a t a l y t i c  s u r f a c e  i n d i c a t e s  
t ha t  t he  heat t r a n s f e r  i s  g r e a t l y  r educed ,  i f  t h e  r ecombina t ion  
ra te  i n  t h e  g a s  i s  low ( t h e  f low i s  f r o z e n  i n  t h e  boundary l a y e r ) ,  
and t h e  s u r f a c e  material  p r e v e n t s  t h e  r ecombina t ion  of  atoms 
( f o r  example,  g l a s s - l i k e  ma te r i a l s ) .  I n  t h i s  c a s e ,  t h e  thermal 
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flux may be approximately expressed 
by the Formula (5.68) at Le = 0, 
?.e., Relationship (5.44) is valid 
under the computation conditions 
assumed in [20]. The atom con- 
centration profiles (in the case 
of a noncatalytic surface) are 
given in Figure 5.10. 

. .  . , .  

Figure 5.10. Atomic 
concentration profiles in 
the vicinity of the critical 
point (noncatalytic surface). 

As follows from the solutions 
given above, many simplifying assumptions must be made in a study 
of the complex equations of the nonequilibrium boundary layer, 
However, due to the great nonlinearity of these equations, it is 
impossible to reach a definite conclusion regarding the accuracy 
of the quantitative results, without concurrently allowing for 
the action of all the factors. In this connection, it is of 
great value to formulate precise numerical methods of solving 
these equations, which make it possible to examine the flow 
around bodies of an arbitrary form and to use a complete chemical 
model of air. At the present time, either different methods are /23O 
used [29, 301, or the method of generalized integral relationships 
of Dorodnitsyn [31, 323. 

For example, the study of B. G. Gromov 1261 examines 
nonequilibrium flow in the boundary layer around blunt bodies, 
and a mixture of N, 0, NO, O2 and N2 was used as the air model, 

considering fixed reactions in the gas phase. To obtain a 
solution, a nine-point three-layer difference scheme was used 
1331, which made it possible - without changing the grid para- 
meters - to perform the calculations in the entire range from 
equilibrium to frozen flow regimes. 
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Figure 5.11. Results of calculating characteristics of boundary 
layer in vicinity of critical point (ideally catalytic surface) 
at pg = 0.1 kG/cm2; Tg = 7 0 0 0  K; Tw = 2500 K (solid lines - 
equilibrium values; dashed lines - frozen values). 
a - enthalpy profiles h/h6 and velocity profiles u/u6; b - 
temperature profile T/Tg.  

Figures 5.11 - 5.13 present certain results of using the 
B. G. Gromov method to calculate the boundary layer characteris- 
tics at the critical point when pg = 0.1 kG/cm2; T6 = 7000 K; 

-Y 

Tw = 2500 K and different values of I= f & - j F J d Y  - For an 

ideally catalytic surface, the enthalpy and velocity profiles /23l 
(see Figure 5.11a) change very little when passing from frozen 
f low to an equilibrium flow, in spite of the great change in the 
temperature distribution (see Figure 5.11b) and the chemical 
composition of the gas (see Figure 5.12). The heat transfer 
parameter N u / G  (solid line in Figure 5.13), just as in the 
case of a binary mixture [ 2 0 ] ,  does not depend on the nonequilib- 
rium nature of the flow, although the mechanism by which heat is 
transferred is different (the dashed line in Figure 5.13 corres- 
ponds to part of the thermal flux caused only by heat conductivity). 
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F i g u r e  5 .12 .  P r o f i l e s  of  
chemica l  component concent ra -  
t i o n s  under  t h e  same condi- 
t i o n s  as i n  F i g u r e  5 .11 .  

.t13. ~Nonequi i ibr-um heat 
t r a n s p o r t  i n  t h e  v i c i n i t y  of  t h e  
c r i t i c a l  p o i n t  ( c a t a l y t i c  s u r f a c e  
a t  p6  = 0 . 1  kG/cm2; T6 = 7000  K; 
Tw = 2500 K ( s o l i d  l i n e  - t o t a l  
thermal  f l u x ;  dashed l i n e  - p a r t  
of  t he rma l  f l u x  caused by heat 
c o n d u c t i v i t y ) .  

A s  compared w i t h  t h e  c a s e  of 
a b i n a r y  mix tu re ,  one unusua l  
c h a r a c t e r i s t i c  o f  t h e  s o l u t i o n  
o b t a i n e d  i s  a change (due t o  
chemical  r e a c t i o n s )  i n  t h e  
s e p a r a t i o n  by d i f f u s i o n  of  t h e  

mix tu re  a c r o s s  t h e  boundary l a y e r .  
Thus, f o r  example, t h e  d i f f e r e n c e  
i n  t h e  oxygen mass c o n c e n t r a t i o n s  

f a c e  and on t h e  e x t e r n a l  boundary 
o f  t h e  boundary l a y e r ,  under  t h e  

c o n d i t i o n s  g iven  above a t  t h e  
c r i t i c a l  p o i n t ,  cor responds  t o  
0 . 0 0 2 8  a t  B y 1  = lo-' seconds ,  and 

0 . 0 1 6 4  a t  "I' = lo3 seconds .  
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F i g u r e  5.14. T h e r m a l  f l u x  
d i s t r i b u t i o n  a l o n g  cone s u r -  
f a c e  6=ioa w i t h  s p h e r i c a l  
b l u n t i n g  ( n o n c a t a l y t i c  s u r -  
f a c e )  a t  M = 25; p = lo-' 
kG/cm2; Tw = 1 0 0 0  K f o r  a i r  
(dashed l i n e  - e q u i l i b r i u m  
flow; s o l i d  l i n e  - non- 
e q u i l i b r i u m  f l o w ) .  
1 - a t  Rb = 1 . 7  m; 2 - a t  
0 . 0 1 7  m. 

C a l c u l a t i o n s  o f  t h e  non- 
e q u i l i b r i u m  boundary l a y e r  a c r o s s  
t h e  s u r f a c e  of  a b l u n t  cone [ 2 6 ]  

have confirmed the  f a c t  t h a t ,  f o r  
a n  i d e a l l y  c a t a l y t i c  s u r f a c e  and 
i n  t h e  c a s e  of  a multi-component 
gas  m i x t u r e ,  t h e  t h e r m a l  f l u x  
d i s t r i b u t i o n  a c r o s s  t h e  s u r f a c e  
i s  p r a c t i c a l l y  i d e n t i c a l  f o r  a l l  
f low reg imes  ( t h e  d i f f e r e n c e  does  
n o t  exceed 2%),  and i s  similar t o  
t h a t  g i v e n  b y  t h e  " l o c a l  s i m i l a r i t y "  
t h e o r y ,  p a r t i c u l a r l y  Formula ( 5 . 7 0 ) .  
The d i s t r i b u t i o n  of t h e  f low 
parameter  c f m e x  a l o n g  t h e  s u r f a c e  

f o r  a l l  f low regimes does  n o t  
d i f f e r  by more t h a n  1 2 % .  

At t h e  same t i m e ,  c a l c u l a t i o n s  
of B. G .  Gromov have shown tha t  
chemica l  r e a c t i o n s  i n  t h e  boundary 

l a y e r  around a n o n c a t a l y t i c  s u r f a c e  are r a p i d l y  f r o z e n  i n  t h e  

c a s e  of flow around a s p h e r i c a l  b l u n t  body, and t h i s  has a g r e a t  
i n f l u e n c e  on t h e  thermal  f l u x  d i s t r i b u t i o n ,  p a r t i c u l a r l y  i n  t h e  

r e g i o n  of g r e a t  expans ion  ( F i g u r e  5 . 1 4 ) .  

Frozen boundary l a y e r  w i t h  chemica l  r e a c t i o n s  
on t h e  s u r f a c e  

I n  t h i s  c a s e ,  t h e  magnitude of t h e  thermal  f l u x  a t  t he  / 2 3 2  

c r i t i c a l  p o i n t  depends on t h e  c a t a l y t i c  n a t u r e  of t h e  s u r f a c e .  
It i s  t h e r e f o r e  of i n t e r e s t  to s tudy  t h e  i n f l u e n c e  o f  non- 
e q u i l i b r i u m  p r o c e s s e s  on t h e  body s u r f a c e  i n  t h e  c a s e  of f r o z e n  

I 



reactions in a gas phase, i.e., under the condition that 5 + 0 
in Equations (5.51) and (5.59). 

g 

For purposes of simplicity, let us examine a binary mixture 
and assume that Le = const, Pr = const, and I = const, As Lees 
has shown [18], for a cold body surface p6/pw <<1, and we may 

disregard the third term in the equation of momentum. In addi- 

tion, since f(cpA-cCpy)dT<<hoand u ; < < H ,  only the first two terms 

remain in the energy equation (5.50) written for frozen retarda- 
tion enthalpy gf = Hf/Hf6. 

point for a frozen flow, Equations (5.49) and (5.50) assume the 
form 

T 

.- I . I  - i - . - +  . -  b 

Thus, in the vicinity of the critical 

(5.75) 

g;+pryg;=o (5.76) 

with the following boundary conditions 

(5.78) 

(5.79) 

Here the superscript '"" designates the derivative with respect 
to the variable :=?/viand p=f/ll/s: 

Equations (5.75) and (5.76) with the boundary conditions 
(5.77) - (5.79) are not related to the equation of concentration 
conservation (5.51), and their solutions are well known from the 
classical theory of the boundary layer El]. Thus, on the body 
surface 
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T h i s  makes i t  p o s s i b l e  t o  de t e rmine  t h e  par t  o f  t he  thermal 
f l u x  qc caused by t he  heat c o n d u c t i v i t y  

Thus, t h e  problem r e d u c e s  t o  s o l v i n g  t h e  c o n c e n t r a t i o n  
e q u a t i o n  

w i t h  t h e  boundary c o n d i t i o n  z(m) = 1 and c o n d i t i o n  (5 .561 ,  
which may be w r i t t e n  i n  t h e  f o l l o w i n g  fo rm f o r  a c o l d  body 
s u r f a c e  ( z ~ ) ~  a 0 )  

2' (0) =fo [z (o)]n- ( 5 . 8 3 )  

Here 

i s  t h e  Damkeler number (5 .57 )  f o r  gas r ecombina t ion  on t h e  body 
s u r f a c e  ( i t  i s  assumed t h a t  pw i s  known). 

I n t e g r a t i n g  Equa t ion  ( 5 . 8 2 )  t w i c e  and u s i n g  t h e  boundary 
c o n d i t i o n s ,  w e  o b t a i n '  . .  



where 

o r  

1 -'z (0) =<,I ,  (00) 2" (0). (5 .87 )  

If' f" i s  a B l a s i u s  f u n c t i o n  CEquati,on (5.7511,  t h e n  1 2 3 4  

The m a j o r i t y  of  c a t a l y t i c  r e a c t i o n s  p e r t a i n  t o  f i r s t  o r d e r  
r e a c t i o n s ,  o r  t h e  o r d e r  o f  t h e  r e a c t i o n s  r anges  between 1 / 2  and 
1. I n  t h i s  c a s e ,  s o l u t i o n  of Equat ion  (5 .87 )  has t h e  f o l l o w i n g  
form: when n = 1 

1 z, = t (0) = 
1 + tdz (w) 

( 5 . 8 9 )  

( t h i s  s o l u t i o n  w a s  o b t a i n e d  by Goulard 1341);  a t  n = 1 / 2  

The co r re spond ing  curves  f o r  t h e  change i n  zw = $ ( S o )  are 

shown i n  F i g u r e  5.15.  

r ium l i m i t  e q u a l  t o  ze ro  i n  t h e  assumed approximat ion ,  and t h e  

s u r f a c e  r e p r e s e n t s  a s i n k  of  i n f i n i t e  i n t e n s i t y  f o r  a toms,  and 
when c o  + 0 ,  t h e  d i f f u s i o n  f low d i s a p p e a r s  ( zw '  = 0 )  l e a d i n g  t o  

homogeneous d i s t r i b u t i o n  of t h e  atoms ( z  -f 1) i n  t h e  boundary 
l a y e r .  

e q u i l i b r i u m  l i m i t  ( c o  + m)  o c c u r s  more r a p i d l y  as the  index  n 
d e c r e a s e s .  

When c o  + m, a l l  zw s t r i v e  t o  an  e q u i l i b -  

The t r a n s i t i o n  from t h e  f r o z e n  l i m i t  ( c 0  + 0 )  t o  t h e  



Let us calculate the portion 
of the thermal flux qd caused by 

catalytic reactions on the surface. 
In agreement with expressions 
(5.32) and (5.41), for a binary 
mixture 

CO 

Figure 5.15. Concentration 
-qd=kw(p,aw)"ho= (5.91) 
P' (1 '+ i) p;p;ljil (a t / zo)  z' (0). 

of atoms on body surface in 
. ' - vicinity of critical point I -  . -- 

(solid line - heterogeneous SC 
reactions have the order n = 

Combining Equations (5.81) and 1; dashed line - heterogene- 
ous reactions with n = 1/21, 

(5.91), we obtain the following 
expression for the total thermal flux 

Here the factor Q, = 1 - z ( 0 )  takes into account the influence of /235 
catalytic reactions upon the thermal flux on the body in the 
frozen boundary layer. It follows from Equation (5.87) that when 
G o  -f 0 (D = 0, and when c o  -+ 03 (D = 1. 

Expression (5.92) accurately corresponds to Lees' results [18], 
and is very similar to the Fay and Riddell formula (5.68).* 

In these limiting cases, 

Expression (5.92) makes it possible to establish the 
possible decrease in the thermal flux caused by a finite 
recombination rate of the gas on the body surface 

__I_ ..--. - 

*We must assume 1 = i,32(pu,pw/p&0*2 for the best agreement with 
Formula (5.68). 
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(5 .93)  

where (qWlmax co r re sponds  t o  t h e  maximum thermal  f l u x  qw under  

e q u i l i b r i u m  c o n d i t i o n s  on t h e  s u r f a c e ;  (C0-co, @=1), 

and A H , = ( H ~ - a ~ h o ) - c c , , T ,  

f r o z e n  e n t h a l p y  on t h e  o u t e r  8 L  bqundary - :  of  toe boundary l a y e r  and 
on t h e  body s u r f a c e .  

/236 

i s  t h e  d i f f e r e n c e  i n  the  v a l u e s  o f  t h e  

F i g u r e  5 .16 ,  t a k e n  from [34] ,  g i v e s  t h e  r e s u l t s  d e r i v e d  from 
c a l c u l a t i n g  w i t h  Formula ( 5 . 9 3 )  (when L e  = 1 . 4 ;  P r  = 0.71, and 
I = 1) t h e  r a t i o  qw/(qw)max a t  t h e  c r i t i c a l  p o i n t  o f  t h e  body 

w i t h  Rb = 50 cm, Tw = 7 0 0  K a t  an a l t i t u d e  of  H 2 6 1  k m  w i t h  

a d i f f e r i n g  f l i g h t  v e l o c i t y  Vm. The a b s c i s s a  a x i s  g i v e s  t h e  
co r re spond ing  v a l u e s  of  kw f o r  t h e  s u r f a c e  materials.  

e ' f f e c t  o f  d e c r e a s i n g  t h e  thermal  f l u x  i s  ve ry  a p p a r e n t  ( i n  t he  
c a s e  o f  f r o z e n  r e a c t i o n s  i n  t h e  gas  p h a s e )  w i t h  t h e  t r a n s i t i o n  
from m e t a l l i c  t o  ox ide  and g l a s s  f i b e r  c o v e r i n g s .  

The 

It f o l l o w s  from t h e  s t r u c t u r e  of  t h e  formula  f o r  z ( 0 )  [see,  
f o r  example, Equa t ions  (5 .891 ,  ( 5 . 9 0 ) l  and G o  ( 5 . 8 4 )  tha t  a 

d e c r e a s e  i n  t h e b l u n t n e s s r a d i u s  ( i n c r e a s i n g  8,) o r  a d e n s i t y  

d e c r e a s e  has a s imilar  i n f l u e n c e  on t h e  d e c r e a s e  i n  t h e  thermal  
f l u x  on t h e  body s u r f a c e . *  

*When there  i s  a g r e a t  d e c r e a s e  i n  d e n s i t y  i n  t h e  su r round ing  
space ,  t h e  i n f l u e n c e  of  a boundary l a y e r  w i t h  i n v i s c i d  f l o w  must 
be t a k e n  i n t o  accoun t .  A s  a r e s u l t  o f  t h i s ,  t h e  u s e  of  non- 
c a t a l y t i c  s u r f a c e s  becomes less  e f f e c t i v e  (see S e c t i o n  5 . 4 ) .  
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Figure 5.16. Influence of surface catalycity on thermal - flux at the critical point when Ha, = 61 km; Rb = 0.5 m; Tw - 
T O O  K (dots indicate computational results from [45] for non- 
equilibrium boundary layer at Va, = 8 kdsec). 

The catalytic recombination of atoms of a binary mixture, 
in the case of hypersonic flow around blunt bodies (in particular, 
a cone with sphericalbluntness),may be studied by means of the 
local similarity method [3] ,  if the characteristic reaction rate 
along the body surface and the characteristic diffusion rate 
change simultaneously, so that their ratio (Damkeler number) 
changes very little. The method of local similarity for studying 
frozen boundary layers was first used in I-351. 

The influence of the variability of kw upon the chemical 

reactions on the surface may be illustrated in the particular 
case of the continuous change in kw along the surface of a blunt 

body I-361. If 



20 40 60 eo 

Figure 5.17. Distribution of Figure 5.18. Function zwl (u) 
atom concentrations along 
hemisphere surface at a6 = 

1 + K1v (solid lines - solu- 

proportional to the component 
of the thermal flux qd under the 
same conditions as Figure 5.17 
(zwl = 0 at c o  = 0 for all K1). 

0.5; SC = 0.72; kw/Uw - - 

tion by expansion method in 
power series; dashed lines - 
calculation by method of 
local similarity; points 
designate calculation by 
integral method). 
zw = 0 at c o  + 00 and zw = 1 
at G o  = 0 for all K1. 

- 

- 

“ = ( l + U , 8 ) ( ~ ) .  (5.94) 
PW Pw 0 

where * is the angle determined 
from the axis of symmetry, and 
then 

(5.95) 

where the values at the critical point zw(0), qd(0) and the 

Damkeler number c 0  are determined by Expressions (5.89), (5.91), 
1 2 3 7  
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and (5.84), and the values of Y' (0) ='p ( S C )  are determined from the 
graph in Figure 5.34 when n/k = 1. 
the computational results for z , (e )  and z l L l ' ( 6 ) - q d ( 6 )  for Sc = 0.7, 
a6 = 0.5 and several values of K1 and < o ,  as well as a comparison 
with the results obtained by the method of local similarity and 
the integral method. 

Figures 5.17 and 5.18 give 

When K1 5 0, the flow expansion decreases the local catalytic 

surface for a>,l 0 Si4 r ;o  5 y as cpupaqed-with the corresponding 

value at the critical point. In other words, the Damkeler number 
decreases monotonically as the result of an increase in the 
recombination time on the surface when K1 < 0, and a decrease in 

the diffusion time in the boundary layer (due t o  a pressure drop 
and a velocity increase). 

greatly decrease the local catalytic nature of the surface, even 
when c0 >> 1. 

For K1 < -1, the first factor may 

On the other hand, at K1 > 0, the concentration of atoms 

and the thermal flux change nonmonotonically. In this case, the /238 
effect of inviscid expansion opposes the recombination velocity 
increase on the surface, and at first the effective catalytic 
nature of the surface increases. At a certain 6, which rapidly 
increases with an increase in K1, the value of zw( .o)  reaches a 

minimum, and the value of q d ( 8 )  - a maximum. 

the flow expansion becomes greater than the increase inkw/pw. 

In the general case, (kuJpw)  - l+KlfE".  

at which the quantities zu. ( t t )  and 4 d  (I?) will remain approximately 
constant in the greater portion of the flow region. If a 7 3 
and K1 > 0, outside of the critical point z,(61will assume its 

maximum value, and q d ( 6 )  will assume its minimum value. 

This occurs when 

A t  a = 2 , there is a K1 > 0 
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One of the important consequences of the theory of catalytic 
reactions is the determination of atom concentration in an 
advancing flow in high temperature experimental equipment, by 
measuring the thermal flux on the surfaces with differing cata- 
lytic properties. The most precise determination of the atom 
concentration is possible when the recombination is frozen in 
the gas phase. By measuring the thermal flux on one of the two 
surfaces which is noncatalytic, we obtain qc, whereas measurements 

on the catalytic surfa'ce' give q; +'Qc + 4' ' d' 
between the two thermal fluxes determines the value of qd, 

from which we may obtain a6 by means of the theory given above. 

The studies [37 - 403 give a more detailed discussion of the 
methods and results of the measurements, for example. 

4'hg d'ii'ference 

- Concurren't inLluen-ce of nonequLlibrium processes 
in aboundary layer and on a body surface 

From the practical viewpoint, the most important problem is 
determining the thermal flux with simultaneous consideration of 
nonequilibrium processes both in the gas and on the body surface. 

In the vicinity of the critical point of a blunt body, the 
main zone of reactions in the gas - namely the recombination 
reactions - is close to the cold body surface. A very simple 
way to obtain an analytical solution is to pass to the limit, 
replacing the reaction in the gas by an equivalent reaction 
(second order) on the surface itself. In this case, the concen- 
tration of atoms on the body surface is determined from the 
boundary condition (5.32), which assumes the following form for 
a binary mixture 
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( 5 . 9 7 )  

. Such a rough approach was followed, for example, in [Sl], 
where the unknown quantity k was determined by performing a 

comparison with the results of numerical calculations for a 
noncatalytic surface. 

/23S 
I3 

However, it is possible t o  obtain an approximate solution 
[421* in closed form, retaining the essential nonlinear charac- 
teristics of the dissociation-recombination process in the gas. 
This solution was extended to the case of small gas density in 
surrounding space (see Section 5.4). 

For constant values of Pr, Sc, and I (n = 1) and the 
conditions c 

(5.71) in the vicinity of the critical point may be transformed 
to the form 

= cpM, for a binary mixture of gases Equations PA 

with the illow-ng boundary conditions 

z(co)=~(w)= I ;  e(o)=e,; z'(o)=c,z(o). 
.. . 

*Similar considerations were also used in C431. 

'.! .'.' 



The superscript 1 1 1 1 1  designates'the derivative with respect 
to the variable %=&E y = f / v c  is the Blausius function, which 
approximately satisfies the equation o f  momentum in the case of 
a cold body surface; 

is the Damkeler number for recombination in a gas;* 

I,= - sc kw {(l?) p, 
P W  

(5.103) 

Damkeler number for reactions on the surface, which coincides 
with the expression for co  (5 .841 ,  and the function 

characterizes the local rate at which atoms are formed as a 
result of the dissociation and recombination reactions. The 
functon R ( z ,  9 )  identically equals zero in the case of the /240 

*The quantity r differs only by the factor Sc from 5 ( 5 - 7 3 ) .  
f5 
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equilibrium state of the gas in the boundary layer (I' + m).* 

Integrating Equations (5.98) - (5.99) twice, as linear 
nonhomogeneous equations, and using the boundary conditions 
(S.lOO), we may obtain the formal expressions for z(6) and 0 ( 6 )  
in terms of the integrals of the functions ? and R. 
on the body surface (when 6 = O ) ,  we have 

In particular, 

where zf(0) is the well-known Goulard solution [34] for frozen 

flow (I' = 0 )  [see Formula (5.85)]; 

and J e ( m )  is obtained from Equation (5.107) by replacing Sc by 

Pr in the integrands. 

The value of the thermal flux on the body surface in 
dimensionless form will be 

~__lf_ - .  - -~ 

*The equilibrium concentration of the atoms is implicitly 
approximated by the formula 

f 

a2 a' c - - 2 exp [e, ( I  - T,/T,)]. 
] - a :  (1-a:)  . . 



The r e s u l t s  o f  t h e  c a l c u l a t i o n s  C421 show tha t  f o r  a co ld  
s u r f a c e  t h e  r e l a t i o n s h i p  

( C L , . . L . )  .la (m)/J, (m) = (Le)-O+4* - ( Le)-0*45 . 

(for t h e  L e  numbers which do n o t  d i f f e r  from one )  does  no t  
depend on l' and 5,. Consequent ly ,  t h e  q u a n t i t y  i n  t h e  l a s t  

b r a c k e t s  i n  Expres s ion  ( 5 . 1 0 8 )  i d e n t i c a l l y  e q u a l s  z e r o  when 
Le = 1, and i s  n e g l i g i b l y  small  i n  t h e  e n t i r e  r ange  i n  which L e  
changes.  Taking t h e  f a c t  i n t o  account  t h a t  i n  e q u i l i b r i u m  f low 
z e ( 0 )  =: 0 ,  w e  may r e a d i l y  o b t a i n  t h e  f o l l o w i n g  s imple  r e l a t i o n -  

s h i p :  

Thus, t o  de t e rmine  t h e  thermal f l u x  on the  s u r f a c e ,  i t  
i s  s u f f i c i e n t  t o  know t h e  v a l u e  of z ( 0 ) .  The e q u i l i b r i u m  Qwe 

and f r o z e n  Qwf v a l u e s  o f  t h e  t h e r m a l  flux may be c a l c u l a t e d  by 

means of  Formulas ( 5 . 6 8 )  and ( 5 . 9 2 ) .  For t h i s  purpose ,  i t  i s  
f i r s t  n e c e s s a r y  t o  de t e rmine  t h e  v a l u e  of t h e  i n t e g r a l  J Z ( m )  

de te rmined  by ( 5 . 1 0 7 ) .  



Analyzing the numerical results of Fay and Riddell [20], 
Enger showed that the value of the integral Jz(a) depends pri- 

marily on the values of the function R in the recombination 
portion of the boundary layer close to a cold surface. Based 
on this, the function R was approximated as follows: 

Here 

(5.111) 

(5.112) 

where 

is the Goulard solution [34] for frozen flow (gf(m) = 1. 

Expression (5.112) is exact for small values of fi for all 
I', and also for all fi for I' <<1. As was shown in [42], the 
function l/Oww clokely correlates the influence of temperature 
upon the nonequilibrium thermal flux to a noncata.lytic surface. 
Since ze(0)  ==ze'(0) X O  , it may be expected that Expression (5.110) 
will give the acceptable solutions for characteristics on the 
body surface when I' >>1. 

.I 
Using the assumed approximation of R, we may express J,(a) 

in terms of z ( 0 )  and the corresponding characteristics of 
frozen flow. Substituting the expression obtained Jz(-) in 
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- . . . . , .. ... . . 
I 

(5.105), we obtain the quadratic equation, whose solution has 
the f o r m  

where /242 

is the generalized Damkeler number which simultaneously takes 
' into account the influence of reactions in the gas and on the 

body surface. 

The values crzf(0) > 1 in Figure 5.19 pertain to the generali- 

zation of the given solution to the case of vortex interaction 
with the boundary layer (see Section 5.4). 

The values of the function Jz (i = 1, 2, 3 )  were 
¶ Fi 

published in [44], and some of them are given in Figure 5.20 
(the curves for ~ f / 2 ~ ~ 7 ' ~ = 0 )  correspond to the solution at the 
critical point). The strong dependence of the function JZ!' 

¶ F, - 
on Bd when Ow > 0.3 indicates the increasing influence of the 

dissociation process in a gas (as compared with the recombination 
process), which leads to a decrease in the accuracy of the - 

*The unique dependence of Qw on z(0) is naturally caused 
___. - .. _ _  - 

by the simplifying assumptions made, although the results of 
numerical calculations confirm the slight influence of other 
f low characteristics on this dependence. 
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Figure 5.19. General solution in the region of the critical 
point during the concurrent influence of nonequilibrium pro- 
cesses in the boundary layer and on the body surface. 

approximation R assumed (5.110) for catalytic surfaces (5, > 1). 

Figure 5.21* shows typical calculation results, which 
characterize the relative influence of homogeneous and hetero- 
geneous reactions upon the thermal flux at the critical point 
when 6 = 0.536; ed = 10; Ow = 0.04; Le = 1.4; Pr = 0.7 and w = 

+ 3 / 2 .  This figure gives a comparison with the results of the /243 
calculations by Fay and Riddell [20] for the limiting cases 5, = 

0 and 5, + a. Taking the fact into account that several simpli- 

fying assumptions were made when formulating the solution, the 
agreement of the results is considered to be satisfactory (for 
atom concentrations on the surface, the agreement of the results 
is even better). 

As may be seen from the graph in Figure 5.21a, the relative 
value of the thermal flux is entirely determined by the 

- .  

*In Figure 5. 21b , the quantity Q* = (Qxfe-Q,,,) cp,T,/0,47 P ~ * / ~ a , h ~  , 
which is plotted along the ordinate axis, corresponds to the 
difference between equilibrium and nonequilibrium thermal fluxes. 



Figure 5.20. Functions Jz, Fi 1 Ei (i = 1, 2, 3) when Pr = 0.70; 
I 

Sc = 0.5; w = +1.5 (dotted-dashed lines - for Bd = 25; solid 
. V ”  < lines - for 8 = 15; and dashed lines - for Bd = 5). d 

dissociation-recombination rate in a gas, when the catalytic /244 
nature of the surface is either very small (Cw < 0.1) or is 

very great (5, > 20). 

rate on the surface has a very great influence (if only the 

However, when 5, - 0(1), the reaction 
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F i g u r e  5.21. R e l a t i v e  
i n f l u e n c e  of  r e a c t i o n s  i n  a 
gas  and on t h e  body s u r f a c e  
upon t h e  the rma l  f l u x  a t  t h e  
c r i t i c a l  p o i n t  when O w  = 

boundary l a y e r  i s  n o t  i n  a s t a t e  
c l o s e  t o  e q u i l i b r i u m ) .  T h i s  i s  
r e l a t e d  t o  t h e  f a c t  t ha t  t h e  s t a t e  
o f  t h e  g a s  c l o s e  t o  t h e  s u r f a c e  i s  
c o n t r o l l e d  by t h e  boundary condi -  
t i o n  (5 .100) .  An i n c r e a s e  i n  t h e  
c a t a l y t i c  c h a r a c t e r i s t i c s  d e c r e a s e s  
t h e  atom c o n c e n t r a t i o n  c l o s e  t o  
t h e  s u r f  ace . aqd , , cqns~gye~ t& s ,. 
t h e  r ecombina t ion  r a t e  i n  t h e  
g a s .  Thus, t h e  moment a t  which 
e q u i l i b r i u m  i s  r e a c h e d  i s  s h i f t e d  

t o  h i g h e r  v a l u e s  o f  r .  

F i g u r e  5.21b shows t h e  similar 
i n f l u e n c e  of t h e  r a t e  of  homogene- 
ous and he te rogeneous  r e a c t i o n s  

upon Q* - Qwe - Qw. 

o f  t h e  thermal f l u x  i s  v e r y  
s e n s i t i v e  t o  t h e  r a t e  of  h e t e r o -  
geneous r e a c t i o n s  on t h e  s u r f a c e  
when 5, - 0(1), as w e l l  as t o  t h e  

r a t e  of homogeneous r e a c t i o n s  i n  
a gas  when 5, <<1. 

The v a l u e  

However, a t  

0.04; (jd = 10 ;  w = +1.5; P r  = 5, >> 1, t h e  i n f l u e n c e  of  t h e  

0 .7 ;  Le  = 1 . 4 ;  a6 = 0.536 r e a c t i o n  r a t e  i n  a g a s  becomes 
n e g l i g i b l y  small, s i n c e  

Q w f  - Qwe - 
( t h e  d o t s  i n d i c a t e  t h e  
numer i ca l  s o l u t i o n  of  Fay 
and R i d d e l l  C201). ( ' ~ J , ) 0 . 6 3  - ( L ~ ) O *  5 2  

I 
I . I . I . ~ . 1 . 1 1 . 1 1 ~ ~ 1 1 1 1 1  I1111111111 11111111111.1 111 I II 111111.1111111111 111 1111-1 II I I 111 I11111 I 111111 111 I I111 111111111 I 1111 



The general conclusion may be reached that, when one of the 
two parameters ( r  or cW), which determine the reaction rate in 

the gas and on the body surface,becomesvery large, the thermal 
flux ceases to depend on another parameter (although the influ- 
ence of reactions on the surface is greater). 

The solution (5.113) by means of the local similarity 
method may be extended [ 4 4 ]  to the flow around blunt bodies (when 
uE 4&T$&'ldL);r1:!iX' JweL+Peplace $i by 

P E P p U ;  

in Formulas (5.101) and (5.103). 

Results are available of precise numerical calculations of 
the concurrent influence of nonequilibrium processes in a 
boundary layer and on a body surface for a multi-component 
mixture of gases. For example, in the work of V. G. Vorokin 
and L. K. Geraskina E451 there is a numerical calculation of 
nonequilibrium air flow in the vicinity of the critical point 
and along the generatrix of blunt cones and cylinders. A 
mixture of N, 0, NO, O2 and N2 is used as the chemical model, 

taking into account six reactions in the gas phase. Either the 
concentration of components or the surface catalytic coefficient 
are given on the body surface: 

An implicit two-layer, six-point difference scheme was used to 
obtain a solution [45]. 
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The c a l c u l a t i o n s  made by a u t h o r s  of 1451 made i t  p o s s i b l e  
to de te rmine  t h e  thermal  f l u x  on a body w i t h  a g i v e n  s u r f a c e  
c a t a l y c i t y ,  w i t h  a l lowance  f o r  n o n e q u i l i b r i u m  a i r  f low w i t h i n  t h e  

boundary l a y e r .  F i g u r e  5.16 i l l u s t r a t e s  t h e  i n c r e a s e  i n  t h e  

thermal f l u x  a t  t h e  c r i t i c a l  p o i n t  o f  a body, caused  by non- /245 
e q u i l i b r i u m  p r o c e s s e s  i n  t h e  a i r ,  as compared w i t h  t h e  t h e r m a l  
f l u x  f o r  a f r o z e n  boundary l a y e r ,  f o r  which t h e  data i n  [45] 
c l o s e l y  c o i n c i d e  w i t h  t h e  data Goulard 1343 c a l c u l a t e d  f o r  a 
b i n a r y  m i x t u r e .  An a n a l y s i s  o f  t h e  c a l c u l a t i o n  r e s u l t ?  [-45!.,1 
i n  p a r t i c u l a r ,  t h e  the rma l  f l u x  d i s t r i b u t i o n ,  conf i rms  t h e  f a c t  
t ha t  t h e  i n f l u e n c e  of t h e  f low regime and t h e  boundary c o n d i t i o n s  
i s  approx ima te ly  t h e  same a t  t h e  c r i t i c a l  p o i n t  and a l o n g  a /246 
s p h e r i c a l  b l u n t  body, b u t  d i f f e r s  n o t i c e a b l y  a l o n g  t h e  l a t e r a l  
s u r f a c e  of  a b l u n t  cone and c y l i n d e r  ( F i g u r e  5 . 2 2 ) .  

The numer i ca l  c a l c u l a t i o n  o f  f low around a g r a p h i t e  sphere  

by d i s s o c i a t i n g  oxygen, w i t h  a l lowance  f o r  t h e  f i n i t e  he te rogene-  
ous r e a c t i o n  r a t e s  on t h e  s u r f a c e  and a l s o  i n  t h e  body p o r e s ,  
was performed i n  t h e  s t u d y  a l ready  mentioned 141. I n  view of  
the s p e c i f i c  n a t u r e  of t h i s  problem, t h o s e  readers i n t e r e s t e d  
i n  t h e  c h a r a c t e r i s t i c s  of t h e  r e s u l t s  o b t a i n e d  are r e fe r r ed  
d i r e c t l y  t o  t h e  s t u d y  i t s e l f  [ 4 ] .  

5 .3 .  F l a t  p l a t e ,  wedge, and cone 

The f low i n  t h e  boundary l a y e r  of a p l a t e  (wedge) and cone* 
r e p r e s e n t s  a n o t h e r  wide area o f  r e s e a r c h  on n o n e q u i l i b r i u m  f l o w s .  
J u s t  l i k e  f low i n  t h e  v i c i n i t y  of t h e  c r i t i c a l  p o i n t  of  a b l u n t  
body, these f lows  have d i r e c t  p r a c t i c a l  a p p l i c a t i o n s  ( " l i f t i n g "  
s u r f a c e  of a i r c r a f t )  and are  amenable t o  c e r t a i n  ma themat i ca l  /247 
s i m p l i f i c a t i o n s .  

behind t h e  shock wave i s  n o t  c o n s i d e r e d .  
*The i n t e r a c t i o n  of t h e  boundary l a y e r  w i t h  i n v i s c i d  f l o w  
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Figure 5.22. Thermal flux 
distribution along the sur- 
face of a blunt cone when 
zt = 20'; Rb = 0.5 m; Tw - 
700 K; po = 0.216 kG/cm2; 
To = 6900 K for air. 
1 - frozen boundary layer 
(kw = lo2 cm/sec); 2 - 

- 

Let us assume that the body 
being considered (plate, wedge, o r  
cone) has the characteristic di- 
mension L. Depending on the 
ratio between the characteristic 
reaction time in the gas and 
the characteristic diffusion 
time, which are determined in the 
last analysis by the velocity and 
altitude of the body, and also by. 
the half-angle of opening for 
the wedge o r  the cone, the flow 
may be equilibrium, nonequilibrium, 
or frozen. If L is such that the 
flow at the distance x = L may be 
assumed to be equilibrium flow, 
as the gas moves along the body 
surface from x = 0 to x = L, all 
the flow regimes are implemented 

flow (at x = 0, 6 = 0 - conse- W 

frozen boundary layer (kw = 
0 ) .  quently T~~~ = 0). 

In addition, in contrast to the region of the critical 
point, in the case of flow around a plate (wedge) or cone, the 
self-modeling (which does not depend on the coordinate 5 )  solu- 
tion of equations (5.49) - (5.51) holds only in the limiting 
cases of frozen ( 5  + 0) or equilibrium ( <  + m )  flows. Since 

Swi - fi (see Equation (5.57)), the body surface must be either 

noncatalytic, or ideally catalytic and sufficiently cold 

gi gi 

(aw : 0). 
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We shall first examine the results of calculating equilibrium 
flow. 

Equilibrium boundary layer 

Numerous results derived from calculating the equilibrium 
boundary layer have shown that the corresponding characteristics 
of flow and heat transfer in dissociating air may be calculated 
with an accuracy which is sufficient for practical purposes by 
the so-called method of determining (or conditional) enthalpy 
[19]. According to this method, all of the characteristics of 
the air which depend on temperature are calculated for a certain 
enthalpy which is appropriately selected and which lies between 
the maximum values in the boundary layer. 

For example, the determining enthalpy is found by the method 
of successive approximations according to a formula proposed by 
V. A. Bashkin: 

0.563 Pr 0, I26 + 0,437 Pr' 0.211 Pr z 
- h6+ 0,126 + Pr h~ + 1.53 + Pr ui (5.115 1 0,123 + Pr 

h'= 

(in many cases, we may confine ourselves to the first approxima- 
tion, i.e., we may assume Pr = Prw). 

The value of the parameter Z *  = p * p * / p 6 v 6  (see, for example, 

Figure 5.23) is determined from the determining enthalpy h* by 
h&ni of existing tables or graphs. After this, the characteris- 
tics of flow and heat transfer are calculated according to the 
following formulas 
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2 i s  t h e  e n t h a l p y  of  a t h e r m a l l y  i n s u l a t e d  0.91 Pr 
where &=ha+ o,82 + pr 

s u r f a c e .  

pa rame te r s  a t  the e x t e r n a l  boundary o f  the boundary l a y e r .  

The Reynolds number Rex  i s  c a l c u l a t e d  from t h e  f low 

No ne q u i  1 i b r-ium-b ound ar y 1 aye r 
I .  

I , ,  
vd  ~ 9 2 o q 2 ~ i c I  _ r s -  i J : i F ; c . f r T  .:-.I I ,  

L e t  u s  de t e rmine  t h e  c h a r a c t e r i s t i c s  of f low w i t h  t h e  
example of  v i b r a t i o n a l  r e l a x a t i o n .  I n  t h i s  case ,  t h e  c o n t i n u i t y  
e q u a t i o n  (5.1), t h e  momentum e q u a t i o n  ( 5 . 2 ) ,  and t h e  energy 
equa t ion  ( i n  the  form of  ( 5 . 3 ) )  a r e  t h e  same as b e f o r e ,  except  
t h a t  t h e  thermal f l u x  has t h e  f o l l o w i n g  form [ 6 ]  

where Tk i s  t h e  v i b r a t i o n a l  t empera tu re ;  h k ( T ,  T k )  i s  t h e  

c o e f f i c i e n t  of the  i n t e r n a l  hea t  c o n d u c t i v i t y , *  and t h e  e n t h a l p y  
h w i l l  be 

Here t h e  v i b r a t i o n a l  energy e k  ( f o r  t h e  model of a harmonic 

o s c i l l a t o r )  w i l l  be 

- . -  -. - . . __ - ~~ 

*It i s  assumed t h a t  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  d e g r e e s  
o f  freedom are e x c i t e d  uniformly.  
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where Tv is the characteristic 

vibrational temperature (for 
example, for oxygen Tv = 2239 K ,  

for nitrogen Tv = 3395 K ) .  

Instead of the equation for 
conservation of concentration, 
the system is closed by the relaxa- 
tion equation for:tBe quantity. -,- 5 

e which has the following form 

in the case of a boundary layer 
C461 

k' 

p ( " L z + v > ) = p  dek de e k ( r ) - e b ( T & )  

+ dy (). 2) . 

Figure 5.23. Dependence dY ' k ( P #  r) 
d 

(5.121) of the parameter PLI on the 
enthalpy h when ho = 65.55 
cal/g; u0 = 1.724*10-4 

- g/cm.sec; 
273 K. 

p0 = p6/RTO; To - 

Here T is the relaxation k 
time (analog of the characteristic relaxation time T ) .  

€5 

It must be noted that Equation (5.121) is valid when 
(T - Tk)/T - 0(1), i.e., in the case o f  a two-temperature 

relaxation [ 8 ] ,  when the time f o r  establishing equilibrium within 
the external (translational and vibrational) and within the 
vibrational degrees of freedom is a little l e s s  than the 
time T for establishing equilibrium between these degrees o f  

freedom (total thermodynamic equilibrium). 
k 
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6 2 4 
b) 

Figure  5 . 2 4 .  Temperature  p r o f i l e s  8 = T/T6 and ek = T k 6  /T d u r i n g  
t h e  f l o w  of  r e l a x i n g  n i t r o g e n  a long  the s u r f a c e  o f  a f l a t  p l a t e .  

a - t h e r m a l l y  i n s u l a t e d  s u r f a c e  (etw = ( 8 1 k ) w  = 0; Md = 2;  

T6 = 3336 K ) ;  b - s u r f a c e  w i t h  a g iven  c a t a l y c i t y  ( M s =  
8; T6 = 330 K ;  Tw = 1 0 0 0  K ;  ( T k ) w  = 550 K ) ;  1 - a t  ck = 

x/u (T ) 
ck + a; 5 - a t  ck = 0 . 2 * 1 0 3 ;  6 - a t  ck = 0 . 1 9 * 1 0 5 .  

= 0; 2 - a t  ck = 0 .06 ;  3 - a t  ck = 0 . 2 ;  4 - a t  6 k w  

c a t a l y t i c  n a t u r e *  ( F i g u r e  5 .24b) .  I n  the l a t t e r  c a s e ,  t he  pro-  /25l 
f i l e s  of T and Tk when Ck -+ 03 c o i n c i d e  i n  a l a r g e  p o r t i o n  of  the 

boundary l a y e r ,  and on ly  d i f f e r  i n  the  r e g i o n  o f  t h e  p l a t e  
- - -_ -_ 

*To i n c r e a s e  t h e  i n f l u e n c e  o f  n o n e q u i l i b r i u m  i n  t h i s  c a s e ,  
a h y p o t h e t i c a l  model o f  n i t r o g e n  N 2  was s t u d i e d ,  i n  which t h e  
r o t a t i o n a l  deg rees  of freedom were r e p l a c e d  by t h e  v i b r a t i o n a l  
deg rees  of  freedom. 
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d i r e c t l y  a d j a c e n t  t o  t h e  s u r f a c e .  

C a l c u l a t i o n s  performed i n  C461 a l s o  showed that  t h e  
L - 

dimens ionless  v a l u e  o f  t h e  s u r f a c e  f low cz= zrvpes and the  t o t a l  
P*"f 

thermal  f l u x  ( - c h m )  f o r  a c a t a l y t i c  s u r f a c e  are c o n s t a n t  
throughout  the  e n t i r e  nonequ i l ib r ium r e g i o n ,  whereas t h e  change 
along the p l a t e  s u r f a c e  o f  t h e  components of  t he  thermal f l u x  
from the  o u t e r  (q  ), and vibya$i,onal ( q k )  deg rees  o f  freedom 

g r e a t l y  depends on t h e  v a l u e s  of Tw and (TkIw,  as w e l l  as on t h e  

energy c a p a c i t y  o f  t he  r e l a x 5 n g  degrees  o f  freedom. T h i s  conclu-  
s i o n  i s  a l s o  v a l i d  i n  examinat ion  of n o n e q u i l i b r i u m  d i s s o c i a t i o n .  
F igu re  5 .25  p r e s e n t s  v a l u e s  of  

I c '  I 5 

by way of an example,  a long  a p l a t e  s u r f a c e  f o r  n i t r o g e n  f low 
( h y p o t h e t i c a l  model) .  

The s o l u t i o n  o b t a i n e d  i n  [ 4 6 ]  may be ex tended  to the  case  / 2 5 2  

of s u p e r s o n i c  f low around a wedge, and a l s o  a cone, i f  c o n d i t i o n s  
a t  t h e  o u t e r  boundary of  t h e  boundary l a y e r  are known. E s t i m a t e s  
made i n  [ 5 2 ]  showed t h a t  a t  R e x  << 

p o s s i b l e  t o  s o l v e  t h e  problem of i n v i s c i d  f l o w  ( w i t h  a l lowance  
f o r  r e l a x a t i o n  e f f e c t s ) ,  and then  t h e  s o l u t i o n  o b t a i n e d  may be 
used f o r  t h e  o u t e r  boundary c o n d i t i o n s  i n  t h e  c a s e  of  a boundary 

lo8 f o r  a i r  i t  i s  f i r s t  

. %  - 

l a y e r .  If ck= x , t h e n  t h e  f i e l d  of i n v i s c i d  f low i s  
ua ( 4 6  

comple te ly  a n o n e q u i l i b r i u m  f i e l d  (a t  ck<< 1 t h e r e  i s  a f r o z e n  

f low of  an i dea l  g a s  w i t h  K = 7 /5 ) .  When C k  >>1, t h e  

*The Reynolds number R e x  i s  de termined  from the  f low 
pa rame te r s  on t h e  o u t e r  boundary of  t h e  boundary l a y e r  and by 
the  d i s t a n c e  x from the  nose .  
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Figure 5.25. Characteristics of flow and heat transfer along 
the surface of a flat plate during the flow of relaxing nitro- 
gen (hypothetical model) at M 6  = 8; T = 330 K; Tw = 1000 K; 
(Tklw = 550 K. 

characteristics of inviscid flow correspond to equilibrium flow 
around a wedge. Thus, close to the body surface there is a 
relaxation entropy layer* (see Section 4.3), in which the flow 
characteristics change only along the normal to the body. 

Consequently, in this case it is necessary to use the 
condition on the lower boundary of the relaxation entropy layer 
(when y = 0, x + ~0 [5l]) as the external boundary conditions in 
the problem of equilibrium viscous flow. The cross hatched 
region in Figure 5.26 is the region of flight regimes where the 
presence of a relaxation entropy layer ( 0 . X  > u 6 k  T > 106) must 

be taken into account for a wedge with a half-angle of opening 
,y=400 and the characteristic length L = 1 m and L = 10 m. At 

- . ___ . - - - . 

*A relaxation entropy layer on a wedge exists in the case 
of flow of gas with dissociation; on a cone, this layer is 
diffused due to the three-dimensional effect. 
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HKM 

i R e x  > log - loll, t h e  r e l a x a t i o n  

l a y e r  i s  absorbed by t h e  v i s c o u s  
boundary l a y e r ,  on whose o u t e r  
boundary e q u i l i b r i u m  c o n d i t i o n s  

I I I I 
I of f low around a wedge e x i s t .  

n 1 2 3 Kkm,/sec 
F igure  5 .26 .  Region o f  

r e l a x a t i o n  e n t r o p y  l a y e r  
du r ing  t h e  f low of  a i r  L e t  u s  now c o n s i d e r  non- 
along-a wedge s u r f a c e  a t  e q u i l i b r i u m  chemical  r e a c t i o n s  
9 = 40°; L = 1 m y  and 
L = 1 0  m .  w i t h i n  a boundary l a y e r ,  assuming 

t h a t  t h e  s u r f a c e  i s  e i t h e r  an  
i d e a l l y  c a t a l y t i c  s u r f a c e  (cLV -+ - ) ,  or a completely n o n c a t a l y t i c  

s u r f a c e  ( c w  -+ 0 ) .  

expansion i n  s e r i e s ,  which - a l though  i t  i s  v a l i d  only  i n  t h e  

v i c i n i t y  o f  t h e  l e a d i n g  edge - n e v e r t h e l e s s  makes i t  p o s s i b l e  
t o  r e a c h  impor tan t  q u a l i t a t i v e  conc lus ions  r ega rd ing  t h e  behav io r  
of t h e  boundary l a y e r  as a whole. 

It i s  n a t u r a l  t o  begin  w i t h  t h e  method of 

We w i l l  perform t h e  i n v e s t i g a t i o n  on t h e  basis of  C31 and 
C521 for t h e  model of  a d i s s o c i a t i n g  d i a tomic  g a s ,  assuming 1253 
t h a t  P r y  Sc and 2 a r e  c o n s t a n t s ,  and c a r e  a l s o  c o n s t a n t s  and 

P i  
equa l  each o t h e r .  

I n  t h i s  c a s e ,  changing t o  t h e  v a r i a b l e  = rl /f i ,  f o r  t h e  - 
f u n c t i o n  f = f / f i  from ( 5 . 4 9 )  w e  o b t a i n  t h e  well-known B l a s i u s  
equa t ion ,  and Equat ions  ( 5 . 5 1 )  and ( 5 . 5 9 )  assume t h e  form 
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with the following boundary conditions 

where z = a / a 6 ;  8 = T/T6; 1 1 1 ' 1  designates the derivative with 

respect to the coordinate 6 :  . .  r 

is the Damkeler number for recommendation in a gas (j = 0 
corresponds to a plate or a supersonic wedge, j = 1 - to a 
cone) ; 

We shall search for the solution in the form 

Substituting Expression (5.127) in Equations (5.122) - 
(5.123), in the zero approximation ( 5  = O ) ,  we obtain the 

equations for a frozen boundary layer, which may be reduced to 
linear equations of the first order, whose solutions are well 

g 

. -._ - 

*Compare with Expression (5.104). 
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known (see [l]). 

I n  p a r t i c u l a r ,  /254 

I n  t h e  f i r s t  approximat ion ,  c o l l e c t i n g  terms f o r  5 i n  t he  
g 

first  power, w e  o b t a i n  t h e  f o l l o w i n g  s y s t e m  o f  e q u a t i o n s  

1 1 . 5 .  . -  - Z l +  fzl-2f‘z1=alo; 
sc 

w i t h  t h e  boundary c o n d i t i o n s  

(5 .130)  

where @, = @ ( z o ;  8,). 

S i n c e  Equat ions  (5 .129)  a re  l i n e a r ,  t h e i r  g e n e r a l  s o l u t i o n  
may b e  w r i t t e n  i n  t h e  form 
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whereT1(Pr, :)designates a solution of the homogeneous equation 
(Figure 5 .27)  

(5.134 1 
- 1 r;+Tr;-zy&=o 
Pr 

The integrals rl(sc,  4, y , ( sc ,  3 and Y,(Sc ,  <) have the same 
form as in Formulas (5.134), (5.135), and (5.136) only the Pr 
number is replaced by Sc. 

The thermal flux determined by Expression (5.13) may be 
represented according to (5.41) in the following form 



I 

F i g u r e  5 .27 .  Func t ion  r,=cp(;j. pr) 

I n  t h e  first approx ima t ion ,  t h e  t h e r m a l  f l u x  q1 caused by 
r e a c t i o n s  i n  t h e  g a s  w i l l  b e  

It may be a g a i n  b e  s e e n  t h a t  when L e  = 1 f o r  a c a t a l y t i c  
s u r f a c e  (5, + ->, t h e  magnitude of  t h e  t h e r m a l  f l u x  does n o t  

depend on t h e  d e g r e e  o f  f low n o n e q u i l i b r i u m  w i t h i n  t h e  boundary 
l a y e r .  

/256  

Expansion i n  s e r i e s  i n  powers of l / C  was usgd p r e v i o u s l y  i n  g 
s t u d i e s  o f  V .  P .  S t u l o v  [53 ,  541 t o  o b t a i n  t h e  s o l u t i o n  i n  t h e  
case when t h e  f low i s  c l o s e  t o  e q u i l i b r i u m  f low.  



S i m i l a r  methods of the  s m a l l  parameter  were s u c c e s s f u l l y  
used i n  [55, 56, e t c . ] .  I n  t he  las t  of these s t u d i e s ,  t h e  
i n f l u e n c e  of v i b r a t o r y  r e l a x a t i o n  on d i s s o c i a t i o n  was t aken  i n t o  
account .  

Before t u r n i n g  t o  t h e  r e s u l t s  of  numer ica l  c a l c u l a t i o n s ,  
l e t  us  g i v e  c e r t a i n  g e n e r a l  r u l e s  f o r  nonequ i l ib r ium boundary 
l a y e r s ,  which may b e  o b t a i n e d  by a n a l y z i n g  t h e  s o l u t i o n  ob ta ined  
above. i ' - -  it'st.,- 

It f o l l o w s  from t h e  e x p r e s s i o n  f o r  Q, t h a t  the  f i r s t  t e r m  
i n  t h e  b r a c k e t s  i n  Equat ion  (5 .126)  i n d i c a t e s  t h e  recombina t ion  
p r o c e s s  i n  the  boundary l a y e r ,  and t h e  second - the  d i s s o c i a t i o n  
p rocess .  It i s  p o s s i b l e  t o  o b t a i n  t h e  c r i t e r i a  e s t a b l i s h i n g  which 
of t h e  r e a c t i o n s  i s  t h e  predominant r e a c t i o n  f o r  t h e  g iven  f low 
c o n d i t i o n s .  These c r i t e r i a  are v a l i d  no t  o n l y  c l o s e  t o  t h e  

l e a d i n g  edge,  bu t  a l s o  i n  t h e  remain ing  p a r t  of  t h e  boundary l a y e r .  
The d i s s o c i a t i o n  p r o c e s s  w i l l  b e  predominant i n  t h e  boundary l a y e r ,  
i f  t h e  c o n d i t i o n  ( z ~ ' ) ~  > 0 i s  s a t i s f i e d  c l o s e  t o  t h e  s u r f a c e  ( f o r  

cw -+ a) o r  ( z ~ ) ~  > 0 ( f o r  5, = 0 ) .  Since  

and t h e  i n t e g r a l  Y2(Sc, a) i s  p o s i t i v e ,  t h e  magnitude and s i g n  

of  ( z ~ ' ) ~  and ( z ~ ) ~  d i r e c t l y  depend on t h e  v a l u e  of-Y1(Sc, m ) .  

I n g e r  [3 ,  page 2 2 4 1  o b t a i n e d  t h e  v a l u e s  of t h e  f u n c t i o n  
, I  , .  

.. . , . . . 
I I 1  I 



a) b)' 
.-7500 I 

a - i d e a l l y  c a t a l y t i c  s u r f a c e ;  b - n o n c a t a l y t i c  s u r f a c e ,  

which b a r e l y  changes w i t h  a change i n  a6' 

c a l c u l a t i o n s  a re  reproduced i n  F i g u r e  5 .28 .  

T h e  r e s u l t s  of  h i s  

L e t  u s  f i r s t  c o n s i d e r  t h e  c a s e  of  an i d e a l l y  c a t a l y t i c  1 2 5 7  
s u r f a c e .  According t o  t h e  r e s u l t s  shown i n  F i g u r e  5.28a,  when 

+ 00 recombina t ion  i s  never  t h e  predominant r e a c t i o n  i n  the 5, 
g a s  phase .  

A t  u&2c,Tt < < I  , t h e  t empera tu re  monotonica l ly  d e c r e a s e s  i n  
t he  d i r e c t i o n  o f  t h e  o u t e r  boundary of  t h e  boundary l a y e r  toward 
t h e  body s u r f a c e .  However, t h e  predominance o f  recombina t ion  
w i t h i n  t h e  boundary l a y e r  i s  no t  due t o  i n f i n i t e l y  r a p i d  recombi- 
n a t i o n  on t h e  s u r f a c e  i t s e l f ,  o r  t o  removal o f  t h e  atoms from t h e  

f low due t o  d i f f u s i o n .  I n  t h i s  c a s e ,  i n  g e n e r a l  no r e a c t i o n  
predominates .  When uj2/2c,T; i s  l a r g e ,  (Ma2>>.1), , t h e  t empera tu re  

>> T s ) ,  and p r o f i l e  w i t h i n  t h e  boundary l a y e r  has a maximum ( T  max 
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there the dissociation reaction predominates (at u r Z / 2 c , T z ~ 5  ) . 
Since dissociation in a gas occurs far from the surface, the 
surface temperature has only a small influence on the value of 
Y1(Sc, a) (see Figure 5.28a). 

Let us now consider the boundary layer around a noncatalytic 
surface. In this case, the surface does not serve as more than 
a sink for the atoms, and close to a cold surface, when ua2/2c,Ta 
is small and Td is large, there is intense secombinatiDnj~~tCh~~~ 

gas. As may be seen from the expression for (5.126), the recom- 
bination rate is proportional to 1/(r)"'+~2: 1/(7-p5. Therefore, the 
recombination primarily occurs close to the surface, where the 
temperature is at a minimum, and the value of Y1(Sc, m )  depends 

strongly on the surface temperature (see Figure 5.28b). Due to /258 
the rapid recombination, dissociation in the gas phase predomi- 
nates only when u$2c,T 5 1 0  and e,<O.l , and even in this region 
Y1(Sc, m )  depends on the surface temperature. 

Rae C521, examining the case when the predominate reaction 
in the boundary layer on a flat plate is dissociation and when 
it occurs (due to the exponential dependence of the dissociation 
rate on temperature) in the region of the maximum frozen tempera- 
ture, used the method of steepest descents to analytically 
calculate the integral Y1(Sc, m) and represented the solution 

f o r  the concentration aw on the surface of a plate in a closed 

form.- Hbs. form has a simple physical interpretation: if the 
atoms are produced only at the point OOmax, then 
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In the final form, the formula includes a numerical factor 
which takes into account the diffusion of atoms toward the 
surface. Although the solution obtained is only valid at 5 <<1, 

Rae [ 5 2 ]  extended his solution to arbitrary values of 5 

replacing the maximum value of e o  by the maximum local value of 

8 at the point under consideration x (method of local similarity). 
He retained the previous dependence between emax and aw, and 

t oak  neco.mbzLnation into account. In the case of an adiabatic 
flat plate, the maximum temperature is reached on the surface 
of the plate, and the Rae solution (at Pr = 1) assumes the form 

g 

g' 

At Pr = Sc = 1, the values €Iw and aw are related by the following 
formula 

4 a,ho 8,- 1 + - -- . 
"PT6 'PT6 

(5 .139)  

Defining the values of aw, Equations ( 5 , 1 3 8 )  and (5 .139)  

may be solved with respect to x, i.e., we may find the dependence 
aw=q((x) . Calculations using these formulas for an adiabatic flat 
plate provide a good agreement with calculations using the 
integral method of Pol'gauzen [3] ,*  and also according to the 

*The same satisfactory results must be obtained in the case 
='O;" of a cold surface at 5 ,  -+ 0 0 .  

the solution is inapplicable, since in this case - in addition 
to a dissociation zone in the region of maximum temperature - 
there is a recombination zone close to the cold surface, which 
is not completely considered in the calculation method proposed 
by Rae. 

If a surface is cold, and 
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0 ? 2 3 4 r w  

F i g u r e  5.29. Oxygen 
r e l a x a t i o n  a l o n g  t h e  a d i -  
a b a t i c  s u r f a c e  of a f l a t  
p l a t e  ( s o l i d  l i n e s  - 
i n t e g r a l  method [3] ;  dashed 
l i n e s  - method of l o c a l  
s i m i l a r i t y  [52] ;  p o i n t s  - 
method of  f i n i t e  d i f f e r -  
ences  C571). 

method o f  f i n i t e  d i f f e r e n c e s  [571 
( F i g u r e  5 . 2 9 ) .  The r e s u l t s  p r e -  
s e n t e d  i n  F i g u r e  5.29 f o r  oxygen / 2 5 9  
show t h a t  a t  a n  a l t i t u d e  o f  H = '  

30 - 60 km when M 5 20 ,  t h e  
boundary l a y e r  even a t  about  
t h r e e  meters s t i l l  remains a 
nonequ i l ib r ium l a y e r .  For n i t r o -  
gen, r e l a x a t i o n  w i l l  o c c u r  at 
g r e a t e r  l e n g t h s ,  s i n c e  Td f o r  

n i t r o g e n  i s  a l i t t l e  g r e a t e r  t h a n  
f o r  oxygen. S i m i l a r l y ,  r e l a x a t i o n  
w i l l  be a l i t t l e  s lower  when t h e  
boundary l a y e r  i s  coo led  a t  t h e  

1 - a t  M6 = 15; H = 30.5 km; s u r f a c e .  
( c L ~ ) ~  - 0.527; 2 - a t  M 6 = 

1 0 ;  H = 3 0 . 5  km; ( C L ~ ) ~  - 

6 1  km; ( C L ~ ) ~  = 0.366. 

- 
It f o l l o w s  from an  a n a l y s i s  

of t h e  e q u a t i o n s  o f  a nonequ i l ib -  
r i u m  boundary l a y e r  around a 

0.146; 3 - M6 = 10; H = 

p l a t e ,  wedge, o r  cone ( 5 . 1 2 2 )  - (5 .125)  t h a t ,  when d i s s o c i a t i o n  
i s  t h e  predominant r e a c t i o n ,  t h e  chemical  s t a t e  o f  t h e  boundary 
l a y e r  i s  de te rmined  by t h e  pa rame te r s  T g ,  Tw and by t h e  product  

gg/p f o r  t h e  g iven  gas* and f o r  t h e  g iven  s u r f a c e  c a t a l y c i t y .  
If it i s  assumed t h a t  T6 and Tw are approximate ly  c o n s t a n t ,  t h e  

chemical  c o n d i t i o n  of t h e  boundary l a y e r  w i l l  be t h e  same where 
t h e  v a l u e s  of  g /p c o i n c i d e ,  which are  de termined  by t h e  expres-  

s i o n  
g 

* I n  t h e  c a s e  M6 >> 1 t h e  b r a k i n g  t empera tu re  To i s  
used ,  i n s t e a d  of  T6 .  



If we also establish the value of ui, then 5 /p will be 
g 

proportional to px. In other words, the binary similarity law 
is satisfied (see Section 4.2) .  

The results of numerical calculations C581 confirm the fact /260 
that the binary similarity law fairly well correlates the values 
of the component concentrations in the presence of diffusion, if 
the dissociation process predominates in the boundary layer. 

* , -  - -  
By way of an illustration, Figure 5.30 gives the maximum 

electron concentrations for air in the boundary layer for a 
cone, which were obtained in [ 5 9 ]  by means of the binary similarity 
law. If  we use the maximum "frozen" value of the temperature 
Tmax, the equations for concentration conservation of individual 

air components may be as follows 

.., .., When I = const, Sci = const, they may be regarded as ordinary 

linear differential equations for determining the concentration 

ai. 
C591 

An approximate calculation of(Mi/p)Ji =V(Tmax) was made in 

The final result is obtained in the form 

As a whole, this dependence coincides fairly well with the 
results of numerical calculations 158  and 601; however, the 
absolute values diverge by almost one order of magnitude. There- 
fore, it is advantageous to use it only for estimates, and also 
for parametric calculations. 
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F i g u r e  5.30. Maximum e l e c t r o n  
d e n s i t y  i n  a boundary l a y e r  
on a cone 

F igu re  5.31. Change'in.maximFim'. '  
atom c o n c e n t r a t i o n  i n  a boundary 
l a y e r  d u r i n g  t h e  f low of r e l a x -  
i n g  oxygen a l o n g  a cone s u r f a c e  
( c a t a l y t i c  s u r f a c e )  a t  9 = I O o ;  

Vm = 6 . 7  km/sec; H = 46  k m ;  Tw = 

1200 K: 
e x P [ 3 7 - 1 8 5 ~ / ~ , , x ]  ' /a  ~ kG 1 - c a l c u l a t i o n  by method of  

a l lowance  f o r  v a r i a t i o n  of  thermo- 
( 7,,,~5000)6*5 I cm " e C )  i n t e g r a l  r e l a t i o n s h i p  [ 6 0 1  w i t h  

1 - approximate t h e o r y  [69];  dynamic p r o p e r t i e s  and t r a n s p o r t  
2 - c a l c u l a t i o n  by i n t e g r a l  c h a r a c t e r i s t i c s ;  2 - c a l c u l a t i o n  
r e l a t i o n s h i p s ;  3 - c a l c u l a t e d  by method of  f i n i t e  d i f f e r e n c e s  
by method of  f i n i t e  C591 (Pr = 0.7;  Le - 1 . 4 ) ;  u and 
d i f f e r e n c e s  [60 ] .  H p r o f i l e s  a re  f i x e d ) .  

Numerical methods f o r  t h e  s o l u t i o n ,  which make i t  p o s s i b l e  
t o  d e p a r t  from t h e  s i m p l i f y i n g  assumpt ions  and to c o n s i d e r  t h e  
complete chemical  model of  a i r ,  have been developed [27,  45, 
57, 58, 6 0 1 .  However, t h e  m a j o r i t y  of  t h e  examples of numer ica l  
c a l c u l a t i o n s  which have been pub l i shed  have been l i m i t e d  t o  a 
comparison w i t h  e x i s t i n g  r e s u l t s  ( see ,  f o r  example, F i g u r e  5 . 2 9 ) .  

/ 2 6 1  

For i d e n t i c a l  v a l u e s  of t h e  thermodynamic p r o p e r t i e s ,  and 
t h e  t r a n s p o r t  c h a r a c t e r i s t i c s  i n  t h e  case  o f  r e l a x i n g  oxygen f low 
around a cone, t h e  r e s u l t s  d e r i v e d  from c a l c u l a t i o n s  u s i n g  t h e  

method of  f i n i t e  d i f f e r e n c e s  [57] and t h e  method of i n t e g r a l  
r e l a t i o n s h i p s  [58] c l o s e l y  c o i n c i d e .  However, t h e  s t u d y  [5S] 
t o o k  i n t o  account  t h e  i n f l u e n c e  o f  t h e  p h y s i c a l  gas  p r o p e r t i e s  
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I 
upon the velocity and enthalpy 
profiles, and discovered rather 
important differences, particularly 
in the value of the maximum con- 

0 
centration of atoms (Figure 5.31). 
A study was also made 1-83 of the 

Figure 5.32. Electron density influence of different factors 

Influence of diffusion law 
when H = 46 km (solid lines - reactions) in the of flow 
mu1 t i - c omp onen t . di f f u s ion ; 
dashed lines - binary dif- 
fusion-Fick law; dotted- 
dashed lines - equilibrium By way of an example, Figure 
state). 
1 -when x = 1.5 m; 2 - when 
x = 3.1 m; 3 -when x = 4.6m; 

around a cone. 

5.32 gives profiles of the elec- 
tron concentrations ne which 

correspond to flights at an 4 - without considering 
diffusion. 

altitude of H = 46 km. The 
decisive influence of diffusion on the profile n may be clearly 

seen in a comparison with computational results using the method 
of streamtubes, in which diffusion is not taken into account. 
The use of the customary Fick law, instead of the law of multi- 
component diffusion, for air changes the results very little. 
It may be noted that the electron concentration is primarily 
determined by the concentrations of N and 0, and the diffusion 
of the electron-ion pair produces a secondary effect. At a 
distance of x 3 4.6 m from the cone apex, the value of n is 

approximately two orders of magnitude smaller than the equilib- 
rium values. The velocity constants taken from the study by / 2 6 2  
Lin and Teere* were used in the calculation; when the values of 

e 

e 

.- -- . . - - - -  

*See Section 1.4. 
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the  c o n s t a n t s  t a k e n  from the  s tudy  
by Rae* were used ,  t h e  e l e c t r o n  
c o n c e n t r a t i o n  d e c r e a s e d  by 
approx ima te ly  a f a c t o r  o f  two. 
The  i n f l u e n c e  of  f l i g h t  v e l o c i t y  
on t h e  v a l u e  of  ne i s  shown i n  

F igu re  5.33. F igu re  5.33. I n f l u e n c e  of 
f l i g h t  v e l o c i t y  f o r  t h e  same 
c o n d i t i o n s  as shown i n  F igu re  
5.32 ( s o l i d  l i n e s  - non- 

. - 1  

Exper imen ta l  s t u d i e s  of 'he'at' 
e q u i l i b r i u m  s t a t e ;  d o t t e d -  t r a n s f e r  i n  a n o n e q u i l i b r i u m  

boundary layer  on a f l a t  p l a t e ,  dashed l i n e s  - e q u i l i b r i u m  
s t a t e ) .  

c a r r i e d  o u t  i n  a wind t u n n e l  [61 ] ,  I - when H = 46 k m ;  I1 - 
when H = 35 km; 1 - when showed t h a t  i n  d i s s o c i a t i n g  a i r  

t he  e x p e r i m e n t a l  data c l o s e l y  x = 1 . 5  m; 2 -when x = 
3.1 m ;  3 -when x = 4.6  m. 

c o i n c i d e ,  f o r  example, w i th  
r e s u l t s  o f  c a l c u l a t i o n s  i n  [24] ,  whereas t h e  e x p e r i m e n t a l  data 
were approx ima te ly  30% lower  t h a n  the c a l c u l a t e d  v a l u e s  i n  a n  
i o n i z e d  stream of a i r  o r  n i t r o g e n .  The s tudy  E611 has p o i n t e d  
out  the g r e a t  n e c e s s i t y  of f u r t h e r  r e s e a r c h  on t h e  f low of  a 
multi-component i o n i z e d  g a s .  

1263 

Frozen  boundary l a y e r  w i t h  c h e m i c a l - r e A c t i o n s  
on the s u r f a c e  

J u s t  as i n  t h e  s o l u t i o n  o f  a similar problem f o r  t h e  
c r i t i c a l  p o i n t ,  w e  s h a l l  l i m i t  o u r s e l v e s  t o  i n v e s t i g a t i n g  the 
f low o f  a b i n a r y  m i x t u r e  when c , X ~ C ~ N = Z ~  and c o n s t a n t  v a l u e s  
of 2, Pry and Sc. I n  t h i s  c a s e ,  f o r  f r o z e n  f l o w  i n  t h e  boundary 
l a y e r  ( S g  = 0 )  t he  e q u a t i o n  of momentum (5 .49 )  and t h e  energy  

e q u a t i o n  (5.50)  f o r  the  t o t a l  f rozen  e n t h a l p y ,  h a v i n g  t h e  
- .. . . - - _ _  

*See S e c t i o n  1 . 4 .  
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form* 

Q: 

., 

with the boundary conditions (5.771, do not depend on the concen- 
tration conservation equation, and their solutions are well known 
from the classical boundary layer theory (see, for example, [l]). 

In particular, the solution of the energy equation determines 
the magnitude of the convective flux qc 

Thus, the problem reduces to solving the concentration 
equation, which in this case has the form** 

L Z " + - 7 z z ' = 2 s f f -  - dz 
sc dS (5.142) 

with the following boundary conditions f o r  a cold surface, If 
the order of the reaction n = 1 

- -  
Here Z = a /a6 ,  and the dimensionless coordinate s is 

determined by the following relationship . "  . -  

*The superscript ' l f l l  designates the derivative with respect 

**In particular, an analogy with the problem of heat trans- 
to the variable ?, = n / f i ,  and f = f/a is the Blasius function. 

fer for a nonisothermal flat plate thus follows [l]. 



sc Prr&u ~ v x q  
cw= 1/ ~ ( P # & ) U & l  (5.145) 

i s  t h e  Damkeler number f o r  r e a c t i o n s  on the  s u r f a c e  (it  i s  assumed 
tha t  the va lue  of pw i s  known). 

The e x p r e s s i o n  f o r  t h e  thermal  f l u x  qd caused  by chemica l  

r e a c t i o n s  on the  s u r f a c e  has t h e  form 

The t o t a l  thermal  f l u x  on t h e  body w i l l  be 

4 w  = 4 c  + 4d‘ 
The p r e c i s e  s o l u t i o n  o f  t h e  problem i n  t he  form o f  power 

se r ies  w i l l  be g iven  below based  on t h e  r e s u l t s  o f  [ 6 2 ]  and [36] .  
It i s  v a l i d  i n  the c a s e  of  a cont inuous  change i n  kw a l o n g  t h e  

body s u r f a c e .  

Let u s  r e p r e s e n t  t h e  Damkeler number 5, i n  t h e  form 
, A i  , , , -  I ,.e-... - -  i * . r r . ,  -,,, r r - i  I , ,  

a r 

n- 0 

where k i s  an a r b i t r a r y  c o n s t a n t .  
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S i n c e  Equa t ion  ( 5 . 1 4 2 )  i s  l i n e a r ,  i t s  g e n e r a l  s o l u t i o n  which 
sa t i s f ies  t h e  boundary c o n d i t i o n s  (5 .143)  may be w r i t t e n  as 
fo l lows  u s i n g  t h e  method of s e p a r a t i o n  of  v a r i a b l e s  

- 
t 6, s)= 1 +E anrn (3 sn!k, ( 5 * 1 4 8 )  

n-0 

where the c o n s t a n t s  an are expres sed  i n  terms o f  t h e  c o e f f i c i e n t s  

bn 
- ... . *  .... J 

and Y,l(:) i s  t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  

w i t h  t h e  boundary c o n d i t i o n s  

For a p l a t e  (wedge) and a cone, t h e  Damkeler number i s  
r e p r e s e n t e d  b y  one t e r m ,  i . e . ,  a l l  b n ,  e x c e p t ,  for example, 

may b e  s e t  e q u a l  t o  z e r o  (Sw=bd'k) .  Then 
bl 

ao=o, 

a, = b,/r; (0); . . . . . . . . . .  

I i-1 
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Figure 5.34. Function 
r,'(o) = 8 ( ~ . : k ,  SC) 

and from (5.1481, we obtain 

Figure 5.35. Change in atom 
concentration z ( 0 ,  x) along flat 
plate surface for a lineanrlaw-of-:q 
surface catalycity distribution 

1 - solution by expansion in 
power series (10 terms in the 
series); 2 - the same (15 terms 
in the series); 3 - solution by 
local similarity; the dots desig- 
nate the results obtained by 
the Lighthill-Volterra method 
C651. 

i -I 

where cw is determined'by (5.145), and the values of r,'(O) 
found by solving Equation (5.150) when k = 2(1 + 2 j ) ,  ?.e., 
k = 2 - for a plate and a wedge, k = 6 - for a cone (the values 
T,' (0) =cp (nlk, Sc) for k = 2 are given in Figure 5.34). 

are 

As follows from an analysis of the solutions (5.150) (for 
k = 2), when n -P 00 the function rn'(O)yn':a3i,Bae-,, jibhe, ssS$e,s .,* . L2. 

determined by Expression (5.151), converges uniformly for all 
valuesfof x/L, although calculations show that the convergenee 
is rather slow when 5, 1 1. 
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Fig&?e"'5!36. S o l u t i o n s  f o r  f l a t  p l a t e  ( j  = 0 )  and conel (j = 

F i g u r e  5.35 shows t h e  d i s t r i b u t i o n  o f  atom c o n c e n t r a t i o n s  
a l o n g  t h e  s u r f a c e  of a f l a t  p l a t e  ( o r  wedge),  c a l c u l a t e d  by 
means of Equat ion  (5 .151)  when Sc = 0 . 7 2  w i t h  a l lowance  for 1 0  
and 15 terms i n  t h e  s e r i e s .  With an  i n c r e a s e  i n  5 -. fi, t h e .  

atom c o n c e n t r a t i o n  s t r i v e s  to i t s  e q u i l i b r i u m  v a l u e  ( z e r o ) .  The 
method of  l o c a l  s i m i l a r i t y  ( i . e . ,  t h e  s o l u t i o n  ( 5 . 8 9 ) ,  when t h e  / 266  
l o c a l  v a l u e  of cw(x) i s  used as c 0 )  r educes  t h e  v a l u e  of z ( 0 ,  x), 

due t o  t h e  r a p i d  change i n  t h e  f low c h a r a c t e r i s t i c s  n e a r  t h e  
l e a d i n g  edge. 

W 

d 
A s o l u t i o n  i n  t h e  form of  ( 5 . 1 5 1 )  i s  a p p l i c a b l e  when kw - x . 

I n  t h i s  c a s e ,  t h e  Damkeler number assumes  t h e  form 

I C2d 

i . e . ,  i n  order to determdne Y,'(O) i t  i s  necessa ry  to use  t h e  

s o l u t i o n  o f  Equat ion  ( 5 . 1 5 0 )  when k = 2 (1 + 2 j ) / ( 1  + 2 d ) .  By 
way of an  example, F i g u r e  5.36 g i v e s  t h e  v a l u e s  of  zw(O, 'cw) and I 

4d=Ipzk(o, f) f o r  a p l a t e  and a cone when d = 1/2 and tw - x. 
- 
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I n  more r e c e n t  s t u d i e s ,  f o r  example [63],  t h e  s o l u t i o n  f o r  
a f l a t  p l a t e  when g l o - ~ ' / k  w a s  o b t a i n e d  i n  c l o s e d  form,  u t i l i z i n g  
the a sympto t i c  expans ions  of t h e  s o l u t i o n s  o f  t h e  boundary l a y e r  
e q u a t i o n s .  

It i s  u s e f u l  t o  w r i t e  the  f o l l o w i n g  s imple  approximate  
e x p r e s s i o n  f o r  de t e rmin ing  the c o n c e n t r a t i o n  o f  atoms a l o n g  t h e  
p l a t e  (wedge) s u r f a c e ,  o b t a i n e d  i n  [3]  when u s i n g  t h e  i n t e g r a l  

.. , 

method of  Pol 'gauzen:  S' i  dLi& 

C a l c u l a t i o n s  u s i n g  t h i s  formula  a l s o  p rov ide  good agreement w i t h  /267 
t h e  r e s u l t s  of c a l c u l a t i o n s  u s i n g  o t h e r  methods.  

Exper imenta l  v e r i f i c a t i o n  of the accu racy  of  e x i s t i n g  
computa t iona l  methods was proposed i n  [ 6 4 ]  by  measuring t h e  heat 
t r a n s f e r  i n  a wind t u n n e l  on a f l a t  p l a t e  w i t h  a c a t a l y t i c  and 
n o n c a t a l y t i c  s u r f a c e .  The measurements showed t h a t ,  i n  o r d e r  t o  
have an  agreement w i t h  expe r imen ta l  da ta ,  i t  i s  very  impor t an t  t o  
take i n t o  account  t h e  change of p 1 ~  c l o s e  t o  t h e  s u r f a c e  and t h e  

i n f l u e n c e  of a change i n  t h e  P r a n d t l  number. 

I n  a s tudy  of the  problem of  nonequ i l ib r ium r e a c t i o n s  on 
a s u r f a c e ,  one method which i s  widely used i s  t h e  t r a n s f o r m a t i o n  
of  t he  c o n c e n t r a t i o n  e q u a t i o n  t o  a n  i n t e g r a l  e q u a t i o n  o f  t h e  
V o l t e r r a  type .  A s o l u t i o n  of  t h i s  e q u a t i o n  was o b t a i n e d  i n  [65J 
f o r  a m a j o r i t y  o f  t h e  body forms which are  of  i n t e r e s t ,  and, i n  
p a r t i c u l a r ,  f o r  a cont inuous  and a b r u p t  change i n  kw a l o n g  t h e  
s u r f a c e .  
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In the Dorodnitsyn variables 5 and 

the concentration equation (5.10) assumes the form 

a2 a2 pa a t  u-+v--=-- 
aE drl sc  Pa d?* ' 

where 

(5.154) 

The boundary conditions (5.143) for a cooled surface (when n = 1) /268  
may be written in the form 

The form of Equation (5.155) coincides with the energy 
equation studied by Lighthill [661 .  Following the procedure of 
Lighthill, we replace the real velocity distribution in the 
boundary layer by its asymptotic value close to the body surface: 

"=(%) W y. 

Then, using the method given in [66] ,  we can transform 
Equation (5.155) to the following form: 
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where I' ( 4 / 3 )  is the value of the gamma function. 

In the case of a flat plate (wedge) and a cone, the concen- 
tration of atoms in the nosezwO = l (two = 0). 

tion of momentum in the coordinates (5, ?-I) coincides with the 
corresponding equation f o r  an incompressible boundary layer 
around a flat plate, we have 

Since the equa- 

Also using the boundary condition (5 .156) ,  we finally obtain 
the following nonlinear integral Volterra equation:* 

Let us use Equation (5 .157)  to solve the problem in the 
case of an abrupt change in kw on a plate or a wedge, when the 

surface consists of individual segments of different materials 
with differing catalycity. 

/ 2 6 9  

. >  

~~ ~ 

*In principle, in a similar way we may obtain from 
Equation (5 .157)  the concentration distribution along the surface 
for all body forms and a continuous change in kw, if we use the 
corresponding expression for (aU/at)w, with allowance for the 
pressure gradient along the surface and the corresponding initial 
value of zwo for blunt bodies. 
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L e t  u s  assume kw changes a b r u p t l y  a t  t h e  p o i n t  5 ,  up t o  a 

c e r t a i n  a r b i t r a r y  f i n i t e  v a l u e .  

assumes t h e  form 

Equat ion  (5.157)  when 5 > 5, 

The method of  s o l v i n g  Equat ion  ( 5 . 1 5 9 ) . c o n s i s t s  of  d i v i d i n g  
t h e  i n t e g r a t i o n  i n t e r v a l  i n t o  s m a l l  segments and approx ima t ing  
z,(q) by a f u n c t i o n  such tha t  Equa t ion  (5 .159)  can be i n t e g r a t e d  

a n a l y t i c a l l y  f o r  each segment.  The s o l u t i o n s  o b t a i n e d  n u m e r i c a l l y  
may be summed, beg inn ing  w i t h  Q = 1, and w e  can t h u s  o b t a i n  the 
con t inuous  s o l u t i o n  zw(Q). 

I n  [65]  on t h e  k t h  segment of @k--L<(P<(Dk,  t h e  s o l u t i o n  f o r  
z ( 9 )  was r e p r e s e n t e d  i n  t h e  form Z a c , k = a k - b k g " 4 ,  where the  c o e f f i c i -  

e n t s  ak and bk were found from Equat ion  (5 .159)  and  t he  con t inu -  

i t y  e q u a t i o n  zw. 

i n  t h e  c a s e  of c o n s t a n t  kw p rov ided  an  agreement w i t h  data g i v e n  

W 

The use  o f  t h i s  method f o r  t h e  c a l c u l a t i o n s  

i n  [36]  w i t h i n  a n  accu racy  of  3%, when (Dk-Q)k--l=O,l.  . . . .~ 
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F i g u r e  5.37 g i v e s  the  r e s u l t s  
o f  c a l c u l a t i n g  the  atom concent ra -  
t i o n s  a l o n g  a f l a t  p l a t e  (wedge) 
f o r  s e v e r a l  combina t ions  of v a l u e s  
kw when 0 5 x I x1 [when x > x1 t h e  

v a l u e  Cd(x/x1) = 0.2161. 

c a s e  of an  a b r u p t  change i n  kw, 

t h e  p r o c e s s  by which t h e  atom 

I n  t h e  

ZW 

48 

Q6 

a4 

U2 

c o n c e n t r a t i o n  on t h e  s u r f a c e  0 a5 10 15 z f f  X/Xf 

F i g u r e  5.37. Abrupt change approaches  t h e  v a l u e  cor responding  
t o  a c o n s t a n t  v a l u e  of kw o c c u r s  

ve ry  s lowly .  T h i s  has  a d i r e c t  /27O 

i n  c a t a l y c i t y  a l o n g  f l a t  
p l a t e .  

e f f e c t  on the  v a l u e  of t h e  thermal f l u x  qd caused  by r e a c t i o n s  
on t h e  body s u r f a c e .  

I n  p a r t i c u l a r ,  i t  may g r e a t l y  i n c r e a s e  t h e  s e n s i t i v i t y  ( i . e . ,  
t h e  r a t i o  qd/qw) o f  a c a t a l y t i c  s e n s o r  f o r  measuring t h e  atom 

c o n c e n t r a t i o n  i n  a n  advancing  f low,  i f  t h e  n o n c a t a l y t i c  s u r f a c e  
i s  l o c a t e d  b e f o r e  t h e  c a t a l y t i c  s u r f a c e .  The r e s u l t s  of e x p e r i -  
menta l  s t u d i e s  performed i n  [67 ]  confirmed t h i s .  

5 . 4 .  honequ i l ib r ium p r o c e s s e s  w i t h  a small d e n s i t y  
of t h e  su r round ing  g a s  ( c r i t i c a l  p o i n t )  

Up t o  t h i s  t i m e ,  nonequ i l ib r ium p r o c e s s e s  i n  t h e  i n v i s c i d  
r e g i o n  and i n  t h e  boundary layer  have been i n v e s t i g a t e d  indepen- 
d e n t l y .  However, w i t h  a d e c r e a s e  i n  t h e  su r round ing  g a s  d e n s i t y  
( i n c r e a s e  i n  t h e  f l i g h t  a l t i t u d e )  t h e  t h i c k n e s s  o f  t h e  boundary 
l a y e r  i n c r e a s e s ,  and i n t e r a c t i o n  of t h e  boundary l a y e r  w i t h  

i n v i s c i d  f low must be t a k e n  i n t o  account .  For s l e n d e r  p o i n t e d  
.bodies ,  t h e  i n f l u e n c e  of  nonequ i l ib r ium p r o c e s s e s  under  t h e  
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i n t e r a c t i o n  c o n d i t i o n s  i s  s m a l l  
[68].  T h e r e f o r e ,  w e  sha l l  examine 
the  c a s e  o f  s p h e r i c a l  b l u n t i n g ,  
which i s  of  g r e a t  p r a c t i c a l  v a l u e .  

C l a s s i c a l  boundary l a y e r  
t h e o r y  may be a p p l i e d  when t h e  

-1 boundary l a y e r  t h i c k n e s s  6 i s  s m a l l  

F i g u r e  5.38. D i a g r a m  of 
f low i n  v i c i n i t y  o f  

as compared w i t h  the  d i s t a n c e  A I  \ J 
f rom t h e  shock wave t o  t h e  body 

c r i t i c a l  p o i n t .  ( F i g u r e  5 .38 ) .  A s  t h e  Reynolds 
number d e c r e a s e s ,  t he re  i s  a n  i n c r e a s e  i n  t h e  i n f l u e n c e  o f  t h e  

v o r t e x  i n t e r a c t i o n  o f  t h e  boundary l a y e r  w i t h  i n v i s c i d  f low,  i . e . ,  
v o r t i c i t y  i n  t h e  l a y e r  o f  an  i n v i s c i d  gas  ( caused  by a c u r v i l i n e a r  
shock wave) becomes comparable  t o  t h e  t r a n s v e r s e  v e l o c i t y  g r a d i e n t  
due t o  s h e a r i n g  s t resses  i n  t h e  boundary l a y e r .  

With a f u r t h e r  d e c r e a s e  i n  the  g a s  d e n s i t y  i n  t h e  su r round ing  
space ,  v i s c o u s  f low o c c u p i e s  an  e v e r  i n c r e a s i n g  p o r t i o n  of  t h e  

r e g i o n  o f  t h e  shock l a y e r  beween t h e  shock wave and the  body 
( v i s c o u s  l a y e r  regime). I n  a d d i t i o n ,  t h e  t h i c k n e s s  of  t h e  shock 
wave i t s e l f  c e a s e s  t o  be  n e g l i g i b l y  s m a l l  as compared w i t h  t h e  

v a l u e  o f  A ( " d i f f u s e d "  l a y e r ) .  According t o  es t imates ,  f o r  a 
body w i t h  a c l o s e d  s u r f a c e  and a b l u n t n e s s r a d i u s  o f  Rb 2 0.3 m ,  

t h e  v i s c o u s  l a y e r  regime i n  t h e  c a s e  of hype r son ic  f l i g h t  ve lo-  
c i t i e s  beg ins  approx ima te ly  a t  an a l t i t u d e  of  H z 75 k m .  

, , .,, jr!\-: I :  I i:.;c. : i . 

Theory of  s l e n d e r  shock l a y e r  

Remaining w i t h i n  t h e  framework of Navier-Stokes e q u a t i o n s ,  /27l 
w e  sha l l  s t u d y  t h e  f l o w  up t o  t h e  " d i f f u s e d "  l a y e r  reg ime.  I n  
t h e  (x, y )  c o o r d i n a t e s  o f  t h e  boundary l a y e r ,  t h e  Navier-Stokes 
e q u a t i o n s  i n  t h e  p l a n e  (j = 0 )  o r  t h e  ax isymmetr ic  ( j  = 1) c a s e  



have the following form: 



I n  view o f  t h e  e l l i p t i c a l  n a t u r e  o f  t h e s e  e q u a t i o n s ,  
g e n e r a l l y  speak ing  i t  i s  imposs ib l e  t o  perform a l o c a l  s t u d y  
of f low even i n  t h e  v i c i n i t y  of  t h e  c r i t i c a l  p o i n t .  

Using t h e  assumption of a l a r g e  deg ree  of  compression 
behind t h e  shock wave (p,/pl + 0 ) ,  Cheng [ 6 9 ]  d i v i d e d  t h e  e n t i r e  

f low f i e l d  around a b l u n t  body i n t o  two r e g i o n s :  t he  t r a n s i t i o n a l  
r e g i o n  th rough  the  shock wave ( t h i c k n e s s  o f  t h i s  r e g i o n  i s  on 

t h e  o r d e r  of t h e  mean f r e e  p a t h  i n  t h e  advancing f low,  and the  

d e n s i t y  p - O(p,), and t h e  r e g i o n  o f  t h e  shock l a y e r  w i t h  a 
t h i c k n e s s  o f  A = (p,/p ) R  

assumed t h a t  b o t h  of  these r e g i o n s  are  s l e n d e r  as compared w i t h  
t h e  c h a r a c t e r i s t i c  s i z e  of  t h e  body ( f o r  example, R b ) .  

d i s c a r d i n g  t e rms  of  t h e  o r d e r  ( A / R b )  and h i g h e r  i n  t h e  Navier- 

S tokes  e q u a t i o n s ,  we o b t a i n  t h e  f o l l o w i n g  form of  e q u a t i o n s  i n  
t h e  shock l a y e r  r e g i o n  [69] ( s e e  a l s o  [ 7 0 1 ) : *  

I ,  

w i t h  a d e n s i t y  o f  p1 >>p,. It i s  1 b  

Then, 

These are  o r d i n a r y  p a r a b o l i c  boundary l a y e r  e q u a t i o n s  w i t h  

an a d d i t i o n a l  e q u a t i o n  f o r  dp/dy (a t  t h e  c r i t i c a l  s t r e a m l i n e  
p=const=p,VL ) .  The shock l a y e r  r e g i o n  may be s t u d i e d ,  iqdepen-, 
d e n t l y  of  t h e  t r a n s i t i o n a l  r e g i o n  th rough  t h e  shock wave, i f  t h e  

- i i. 

*The t e r m  ap/ax i s  r e t a i n e d  f o r  b e t t e r  agreement w i t h  
s o l u t i o n s  u s i n g  l a r g e  Reynolds numbers,  
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F i g u r e  5.39. Comparison o f  t h e o r e t i c a l  and e x p e r i m e n t a l  data on 
thermal f l u x  q a t  t h e  c r i t i c a l  p o i n t  ( s o l i d  l i n e  - c a l c u l a t i o n  
of Cheng [691; d o t s  d e s i g n a t e  e x p e r i m e n t a l  data; s q u a r e s  - f rom 
E721 a t  To = 1230 K ;  c i r c l e s  from [73] a t  T = 1 1 7 0  K; t r i a n g l e s  
from [74] a t  To = 3000 K; c ross -ha tched  r e g i o n  - exper iment  
from [75J a t  yw = I). 

0 

o r d i n a r y  Hugoniot e q u a t i o n s  f o r  a v i s c o u s  l a y e r  regime are used 
as t h e  o u t e r  boundary c o n d i t i o n s  f o r  Equat ion  (5 .161)  and i f  w e  
u s e  f o r  t h e  " d i f f u s e d "  l a y e r  e x p r e s s i o n s  t a k i n g  i n t o  account  
v i s c o u s  s t resses  and thermal f l u x e s  behind t h e  shock wave ( " s l i p "  

c o n d i t i o n s  a t  t h e  shock  wave) [71, 691:  

where 0 i s  t h e  a n g l e  o f  i n c l i n a t i o n  f o r  t h e  shock  wave, and the  /273 
s u b s c r i p t  "1" p e r t a i n s  t o  c o n d i t i o n s  behind t h e  shock wave .. 

Customary a t t achmen t  c o n d i t i o n s  a re  used  as t h e  boundary 
c o n d i t i o n s  on t h e  s u r f a c e ,  s i n c e  f o r  t h e  c o l d  s u r f a c e  b e i n g  
c o n s i d e r e d  boundary shock waves o f  v e l o c i t y  and t e m p e r a t u r e  a r e  
s m a l l  i n  t h e  r e g i o n  o f  a p p l i c a b i l i t y  f o r  t h i s  t h e o r y .  
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To i l l u s t r a t e  t h e  i n f l u e n c e  of a d e c r e a s e  i n  t h e  g a s  
d e n s i t y ,  F i g u r e  5.39 shows the  change i n  t h e  c r i t i c a l  f l u x  q 
a t  the  c r i t i c a l  p o i n t  as compared w i t h  i t s  v a l u e  q 

acco rd ing  t o  c l a s s i c a l  boundary l aye r  t h e o r y .  The c a l c u l a t i o n  
was performed f o r  g a s  w i t h  e x c i t e d  v i b r a t i o n a l  deg rees  of  

freedom (e1=0.13 * a t  P r  = 0 .71 ,  Tw/TO * 0, MW -t m as a f u n c t i o n  

of t h e  Reynolds number Re,= O0 

t o  t he  s m a l l  pa rame te r s  behind t h e  normal shock wave) . 'Expe r imen ta l  
data i n  [72 ,  73, 74, and 751 conf i rm t h e  t h e o r e t i c a l  dependence 
c a l c u l a t e d  by Cheng [69] on t h e  basis of t h e  f low model examined 
above. 

of t he  thermal f l u x  c a l c u l a t e d  by  Cheng c o i n c i d e  w i t h  t h e  c o r r e s -  
ponding v a l u e s  f o r  f r ee ly -molecu la r  f low when t h e  accommodation 
c o e f f i c i e n t  e q u a l s  u n i t y  

c a l c u l a t e d  b . 1 '  

( p l  w a s  de te rmined  a c c o r d i n g  P V R  
) 

P1 

It i s  i n t e r e s t i n g  t o  n o t e  t h a t  when R e s  + 0 t h e  v a l u e s  /274 

1 
2 4Re+&)=- P,V&J. 

Basic equgt ions.__and boundary c o n d i t i o n s  

Nonequi l ibr ium f low i n  t h e  v i c i n i t y  o f  t h e  c r i t i c a l  p o i n t  
of a b l u n t  body, i n  t h e  c a s e  of a low d e n s i t y  of t h e  su r round ing  
gas ,  may a l s o  be  s t u d i e d  on t h e  basis of  t h e  model of  a s l e n d e r  
shock layer .  Thus, f o r  a b i n a r y  mixture  o f  atoms ( w i t h  t h e  m a s s  

- ! .  L , _ r .  

*It w a s  assumed tha t  t h e  chemical  r e a c t i o n s  are  f r o z e n ,  
and t h e  e x p r e s s i o n  pi-  3 p , / p 1  w a s  used f o r  t h e  v e l o c i t y  
g r a d i e n t  [compare w i t h  Express ion  ( 5 . 6 7 ) ] .  
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c o n c e n t r a t i o n  a) and molecules*  the  b a s i c  e q u a t i o n s  i n  t h e  case 
of a low gas d e n s i t y  have the f o l l o w i n g  form 

f H’ + (+- W ) . + [ V  lh’a’] =O. 

Here t h e  s u p e r s c r i p t  1 ’ 1 1 1  d e s i g n a t e s  t h e  d e r i v a t i v e  w i t h  r e s p e c t  
t o  t h e  s i m i l a r i t y  v a r i a b l e  

and t h e  stream f u n c t i o n  i s  de termined  by t h e  r e l a t i o n s h i p  

The q u a n t i t y  Bi i s  t h e  v e l o c i t y  g r a d i e n t  a t  t h e  c r i t i c a l  p o i n t  

- - p&x) ( t h e  i n  i n v i s c i d  f low ( s e e  5 . 6 7 ) ,  assuming t h a t  -- 
Newton l a w ) .  

dPS 
dx 

7% 

The f o l l o w i n g  e x p r e s s i o n  i s  used t o  de t e rmine  t h e  ra te  a t  
. I  which atoms are formed 

*A b i n a r y  mix tu re  o f  atoms and molecules  i s  u s u a l l y  used 
as t h e  s i m p l e s t  model o f  t h e  d i s s o c i a t i o n  and r ecombina t ion  
p r o c e s s e s  i n  a i r  (see S e c t i o n  5 . 1 ) .  



(5.166) 

The v i b r a t i o n a l  degrees of  freedom are  assumed to be 

comple te ly  e x c i t e d .  I n s t e a d  of  Equa t ion  ( 5 1 . 1 6 5 ) ~  w e  may w r i t e  
t h e  co r re spond ing  e q u a t i o n  f o r  t empera tu re ,  u s i n g  t h e  f o l l o w i n g  
equa t ion  

where 

H ='EpT + aho. 

The boundary c o n d i t i o n s  on t h e  s u r f a c e  (q = 0 ) :  

f (O)= f ' ( O ) = 0 ;  

H (01 = r,,,~, + a (0) A'; 

a' (0) = L a  (01, 

( OP T(O)=T,); (5 .168)  

i s  the  Damkeler number f o r  r e a c t i o n s  on the s u r f a c e .  

The " s l i p "  boundary c o n d i t i o n s  on t h e  shock wave (TI = ql) 

are 

1 

1275 
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The las t  boundary c o n d i t i o n  s e r v e s  for cletermining the 

unknown c o o r d i n a t e  o f  t he  shock nl. 
t he rma l  f l u x  qw on t h e  body s u r f a c e  may be e x p r e s s e d  by s o l v i n g  

t h e  sys tem of  e q u a t i o n s  (5 .163)  - (5 .165)  as f o l l o w s  

The d e s i r e d  v a l u e  of t h e  

, L i  

R e s u l t s  o f  numer i ca l  calculati-0-n-s. 

One of  t h e  f i rs t  c a l c u l a t i o n s  of t h e  t h e r m a l  f l u x  f o r  t h e  

v i scous  l a y e r  regime w a s  performed by Chung [76], Figure  5 .40  
g i v e s  some of  h i s  c a l c u l a t i o n  r e s u l t s  i n  t h e  form o f  t h e  r a t i o  
o f  t h e  thermal  f l u x  q t o  t h e  e q u i l i b r i u m  v a l u e  qe as a f u n c t i o n  

of t h e  f l i g h t  a l t i t u d e  H .  The c a l c u l a t i o n  w a s  performed f o r  a 1276 
n o n c a t a l y t i c  s u r f a c e  (5, = 0 ) .  

One c h a r a c t e r i s t i c  of t he  s o l u t i o n  o b t a i n e d  i s  t h e  minimum 
va lue  of  t h e  thermal  f l u x  as compared t o  t h e  e q u i l i b r i u m  va lue  
a t  H = 64 k m  ( f o r  Rb = 0 . 3  m )  and H = 73 km ( f o r  Rb = 1 . 5 2  m ) .  

T h i s  cor responds  t o  the  moment when t h e  deg ree  of  d i s s o c i a t i o n  
on t h e  o u t e r  boundary o f  t h e  v i s c o u s  l a y e r  r e t a i n s  i t s  e q u i l i b -  
r ium (maximum) va lue ,  and r ecombina t ion  w i t h i n  t h e  v i s c o u s  l a y e r  
i s  almost  e n t i r e l y  f r o z e n .  With a dec rease  i n  t h e  f l i g h t  
a l t i t u d e ,  t h e  r ecombina t ion  p r o c e s s  i s  a c c e l e r a t e d  i n  t h e  v i s -  
cous l a y e r ,  energy o f  d i s s o c i a t i o n  i s  l i b e r a t e d ,  and t h e  thermal  
f l u x  i n c r e a s e s .  With an  i n c r e a s e  i n  t h e  a l t i t u d e ,  t h e  degree  
of d i s s o c i a t i o n  d e c r e a s e s  i n  t h e  shock l a y e r  ( r e l a x a t i o n  t i m e  
i n c r e a s e s ) ,  and t h e  r a t i o  of the the rma l  f l u x e s  a g a i n  i n c r e a s e s ,  
s i n c e  a sma l l  p a r t  of  t h e  t o t a l  energy i s  spen t  on d i s s o c i a t i o n ,  
and i s  f rozen  i n  t h e  v i s c o u s  l a y e r .  
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Figure  5 . 4 0 .  I n f l u e n c e  of 
chemical  r e a c t i o n s  on t h e  
thermal  f l u x  upon non- 
c a t a l y t i c  s u r f a c e  ( s o l i d  
l i n e  a t  Rb = 0 . 3  m; Va, - 
7.92 km/sec; Tw = 1500 K ;  

dashed l i n e  a t  Rb = 1 . 5 2  m; 
V, = 7.92 km/sec; Tw - 
1500 K ;  t h e  p o i n t s  des ig -  
n a t e :  
m; V, = 7 . 9 2  km/sec; Tw - 
1 0 0 0  K ;  squa res  a t  Rb = 

1 . 5 2  m;  V, = 7 . 9 2  km/sec; 
Tw = 1 0 0 0  K ;  t r i a n g l e s  a t  

Rb 

- 

- 

c i r c l e s  a t  Rb = 0 . 3  
- 

= 0 . 3  m;  Vo3 = 9 . 1  km/sec; 
T~ = 1500 K. 

Nonequil ibr ium f lows  i n  
a v i s c i o u s  shock l a y e r  were 
a l s o  examined i n  [ 7 7 ,  78,  791 .  

F i g u r e  5 . 4 1 .  P r o f i l e s  of atom 
c o n c e n t r a t i o n  i n  t h e  v i c i n i t y  
o f  t h e  c r i t i c a l  p o i n t  a t  V, = - 
7 . 9 2  km/sec; Tw = 1500  K ;  Rb - 
0 . 3  m; H = 85 km. 
1 - i n v i s c i d  s o l u t i o n ;  2 - 
n o n c a t a l y t i c  s u r f a c e ;  3 - 
i d e a l l y  c a t a l y t i c  s u r f a c e ;  dashed 
l i n e s  - n o n c a t a l y t i c  s u r f a c e .  

Cheng [ 6 9 ]  s t u d i e d  t h e  problem of nonequi l ibr ium d i s s o c i -  
a t i o n  i n  t h e  v i c i n i t y  o f  t h e  c r i t i c a l  p o i n t  i n  t h e  v i s c o u s  and 
"d i f fused"  l a y e r  regime.  H e  showed (F igu re  5 . 4 1 )  t h a t  t h e  con- /277 
c e n t r a t i o n  shock behind  t h e  shock wave i s  no t  n e g l i g i b l y  s m a l l ,  
as Chung exper ienced  [ 7 6 ] ,  as  w e l l  as o t h e r s ,  even when w e  may 
d i s r e g a r d  changes i n  t h e  t a n g e n t i a l  v e l o c i t y  and en tha lpy  behind 
t h e  shock wave. The s o l u t i o n  o b t a i n e d  i n  [ 7 6 ]  c o i n c i d e s  w i t h  
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t h e  i n v i s c i d  p r o f i l e  c l o s e  t o  the  
shock wave and i s  comparable  t o  
t h e  s o l u t i o n  [69] c l o s e  t o  t h e  
s u r f a c e .  With a s m a l l  dec rease  
i n  t h e  d e n s i t y  i n  t he  su r round ing  
medium, as a r e s u l t  of  a d e c r e a s e  

bo 90 100 dYUM i n  t h e  e n t h a l p y  i n  t h e  shock wave 
(due t o  " s l i p " )  and t h e  i n t e r a c t i o n  

- -7 

Figure  5.42. Heat t r a n s f e r  
cQ&$&sbent  of t h e  cooled  s u r f a c e ,  t h e  temper- 

4, 

Pcovco (ffm-hTCt,c) 
ch - 
a t  t h e  c r i t i c a l  p o i n t  when Vm 
7 . 9 2  km/sec; Rb = 0 . 3  m; Tw 
1500 K ( s o l i d  l i n e  - non- 
c a t a l y t i c  s u r f a c e ;  dashed  
l i n e  - i d e a l l y  c a t a l y t i c  
s u r f a c e ) .  

a t u r e  i n  t h e  shock l a y e r  d e c r e a s e s  
s o  much t h a t  t h e  d i s s o c i a t i o n  
p rocess  becomes i n s i g n i f i c a n t .  
S ince  t h e  d i f f e r e n c e  i n  t h e  
c h a r a c t e r i s t i c s  of  n o n c a t a l y t i c  
and c a t a l y t i c  s u r f a c e s  depends on 
t h e  number of p a r t i c i p a t i n g  atoms, 

as t h e  d e n s i t y  d e c r e a s e s  i n  t h e  su r round ing  medium t h e  e f f e c t i v e -  
n e s s  of  u s ing  a n o n c a t a l y t i c  s u r f a c e  to r educe  t h e  heat t r a n s f e r  
d e c r e a s e s ,  and a t  H 5 95 km ( f o r  a body w i t h  Rb = 0.3 m )  t h e  

d i f f e r e n c e  i n  t h e  heat t r a n s f e r  d i s a p p e a r s  comple t e ly  (F igu re  
5 .42) .  

i s  v a l i d  i n  t h e  r e g i o n  where d i s s o c i a t i o n  i s  t h e  predominant  
r e a c t i o n ) ,  we may conve r t  t h e  r e s u l t s  of  Cheng [69] t o  o t h e r  
v a l u e s  of  Rb.  

Using the  l a w  of b i n a r y  s i m i l a r i t y  pmRb = cons t  (which 

S tudy ing  t h e  r e s u l t s  o f  numer iqa l  . c a l c u l a t i o p s  C80, 81, 76, 
691 of e q u i l i b r i u m  and nonequ i l ib r ium f lows i n  t h e  c a s e  of  low 
gas  d e n s i t y  i n  t h e  s u r r o u n d i n g  space ,  we may r e a c h  t h e  f o l l o w i n g  
c o n c l u s i o n  (F igu re  5 . 4 3 ) :  the  d imens ion le s s  v a l u e  of  t h e  shockwave 

- . . I  i e '- 

( P G ~ -  gas  d e n s i t y  i n  i n v i s c i d  f low a t  t h e  s t a n d - o f f  d i s t a n c e  - - A Phc 

Rb PCO 
c r i t i c a l  p o i n t )  i s  a lmost  independent  of t h e  Reynolds number Re,. /278 
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F i g u r e  5.43. Thickness  of  
shock l a y e r  and a d i a b a t i c  
f low r e g i o n  ( s o l i d  l i n e s  - 
nonequ i l ib r ium f low; dashed 
l i n e s  - e q u i l i b r i u m  f l o w ) .  
The s q u a r e s  d e s i g n a t e  data  
from [80];  t h e  c i r c l e s  - 
from [81];  t h e  t r i a n g l e s  - 
from [ 7 6 ] ;  and t h e  c r o s s e s  
- from [69] .  

Another d imens ion le s s  q u a n t i t y  
(Y~R&(?~C/PCO) shown i n  F i g u r e  5.43 
c h a r a c t e r i z e s  t h e  t h i c k n e s s  of 
t h e  shock l a y e r  c l o s e  t o  t h e  
s u r f a c e ,  where 99% o f  t h e  e n t i r e  
change i n  e n t h a l p y  takes  p l a c e  
i n  t h e  l a y e r  behind t h e  shock wave 
( o u t s i d e  o f  t h i s  r e g i o n ,  t h e  f low 
behind  t h e  shock wave isras&dmet3t, 
t o  be a d i a b a t i c  f l o w ) .  T h i s  

t h i c k n e s s  changes i n  p r o p o r t i o n  
t o  l/%, and a t  R e s  z 10' the 

shock l a y e r  becomes v i s c o u s .  
However ( a t  l e a s t  f o r  bod ie s  with 
a b l u n t n e s s r a d i u s  o f  Rb 7 1 m and 

f o r  a v e l o c i t y  o f  Vm 7 7 .6  km/sec) 
t h e  gas  i n  t h e  e n t i r e  shock l a y e r  i s  p r a c t i c a l l y  f r o z e n .  

Approximate - a n a l y t i c a l  determin&tign of t h e  t h e r m a l  f l u x  

Using t h e  data g i v e n  above, on t h e  basis o f  a model o f  a 
s l e n d e r  shock l a y e r ,  I n g e r  [821  o b t a i n e d  an  approximate s o l u t i o n  
i n  c l o s e d  form i n  t h e  most impor t an t  ( i n  t e r m s  of  s t u d y i n g  non- 
e q u i l i b r i u m  p r o c e s s e s  i n  t h e  g a s )  f low reg imes .  T h i s  regime 
encompasses b o t h  l a r g e  Reynolds numbers, when t h e  u s u a l  t h e o r y  
of  a s l e n d e r  boundary l a y e r  w i t h  a uni formly  d i s s o c i a t e d  i n v i s c i d  
shock l a y e r  i s  v a l i d ,  and f o r  s m a l l  Reynolds numbers up t o  Rest 9 

lo2, when t h e r e  i s  a.n o u t e r  r e g i o n  of i n v i s c i d  f r o z e n  nonequ i l ib -  
r ium shock l a y e r  which sur rounds  t h e  i n n e r  ( n o t  n e c e s s a r i l y  

1 . .  

s l e n d e r  as compared w i t h  A )  v i scous  l a y e r .  I .  

i . .  
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To obtain an analytical solution, Inger used the following 
simplifying assumptions: 
was being examined, the values of Pr, Sc, c and the product pp 

were constant, and the following expression was used f o r  K (T) 

in Equation (5.166) 

a binary mixture of atoms and molecules /279 

P’ 

P ’  

(5.172) 

. . .  Inger was able to generalize his previous solution C421** for a - , - ’ ’ . ’  
nonequilibrium boundary layer in the vicinity of the critical 
point in the case of arbitrary surface catalycity to the case of 
a low density of the surrounding gas. In spite of the assumptions 
made, the analytical expression obtained for the nonequilibrium 
thermal flux may be used for tentative estimates, since existing 
results of numerical estimates are extremely limited. In this 
connection, it is useful to describe the procedure for calculating 
the nonequilibrium thermal flux (in the axisymmetric case, i.e., 
at j = 1). 

1. First, the equilibrium characteristics of inviscid flow 
at the critical point (pi, p6e, etc.) are determined in the usual 

way, and the ratio of the characteristic time of the flow to 
the dissociation time in inviscid flow is calculated 

The Damkeler number for reactions on the shface is 5, (5.169), 

and the first approximation is calculated for conditions behind 

*When considering excitation of only the basic electron 
level and s = 3/2, the following are assumed for oxygen: A x 66; 
Tv = 2239 K; Td = 61000 K; for nitrogen - A z 44; T, = 3395 K; 
Td = 121,000 K. 

**See Section 5.2. 
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t h e  shock wave [ i n c l u d i n g  f l  and R e s ,  s e e  (5 .170)1 ,  assuming the 

r e a c t i o n s  are f r o z e n  and d i s r e g a r d i n g  t h e  ' ' s l i p "  c o n d i t i o n s  
behind t h e  shock wave. 

according t o  the f o l l o w i n g  formula  

The f i r s t  approximat ion  f o r  alY obtained 

where . , , . )  

(5.174) 

i s  s u f f i c i e n t ,  as a r u l e .  

2.  I n  t h e  approximat ion  o f  v o r t e x  i n t e r a c t i o n ,  t h e  para- 
meters o f  i n v i s c i d  f low are  j o i n e d  w i t h  t h e  s o l u t i o n  on t h e  
boundary of t h e  v i s c o u s  r e g i o n  f o r  t h e  f r l l o w i n g  v a l u e s  o f  i t i t ?  

stream f u n c t i o n  f 6 '  which cor respond t o  v a l u e s  o f  f(Pr) fo l ,  /280 

H6/Hm = 0 . 9 9  i n  boundary l a y e r  t h e o r y :  

For t h e  s e l e c t e d  v a l u e  of f 6 ,  t h e  f u n c t i o n  ~ ( a )  i s  ca l< :u -  
la ted from t h e  e q u a t i o n  
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where 

Using the graph (Figure 5.44), we can determine the value 
of a6 - the concentration of atoms on the outer boundary of the 
viscous region. After this, Equation (5.167) can be used to 
find the value of T6 and, consequently, Ri(a6), and the Damkeler 

number for the recombination of gas in the viscous region: 

(5.179) 

3. The r a t i o  z(0) = a(0)/a6 on the body surface is found 

from the following equation (see Figure 5.19) 

where 

is the Goulard s o l  ition [34] for frozen flo 

(5.180) 

(5.181) 

, generalized t o  the 
case of vortex interaction, and 
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Figure 5.44. Values of the Figure 5.45. Value of the 
function J$ for tu + s = 0 .  function at xd (ai ) when 

+w + s = 0; /Rm = 9/2 
(solid lines for Tv/Td = 

0.031; dashed lines for 

P 

Tv/Td + 

i s  the generalized Damkeler number, which simultaneously takes 
into account the influence of reactions in the gas and on the 
body surface. The function 

characterizes the influence of nonequilibrium dissociation in /281 
inviscid flow upon the flow characteristics in the viscous 
region. The numerical values of the function JZ are given in 
Figure 5.45. 
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The functions IZ(fs) and (JFIi when eW 5 0.3 and 1 Q 6  < 11 

are related to the functions IZ(m) and Jz which are given 
¶ Fi 

in [36] (see'Figure 5.20) ,  a's follows: 

(N,=1,35; N,=0,36; N,= -0.66) 

/ z  (f d = 0 , 4 7 S ~ ' ' ~ [  1 +0.5Q,-O0.11Y:] * 
1 

where 

is the j:i:..~meter of the vortex interaction of Cheng [ 6 9 ] ,  which 
is generalized with allowance for nonequilibrium dissociation 
in inviscid flow and the "s1ip"conditions behind the shock wave. 

L ! .  The unknown ratio of the thermal flux qw to its equil- /282 

ibrium V;~:.L~ is determined by the expression* 

where the subscript "e" corresponds to the total equilibrium 
flow 

%There was a misprint in the denominator of the corres- 
ponding formula (44) in C821. 
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and I e ( f s )  i s  o b t a i n e d  from I Z ( f s )  by r e p l a c i n g  Sc by Pr. 

Le = 1 the r i g h t  s ide  of  Equat ion  (5.185)  i s  reduced  t o  t h e  
well-known e x p r e s s i o n  

A t  

H, - H (0) 

H ,  - C p T -  

It must be n o t e d  tha t  t h e  e q u i l i b r i u m  s t a t e  o f  t h e  gas on 
t h e  o u t e r  boundary o f  t h e  v i s c o u s  l a y e r  i s  t a k e n  i n t o  account  
i n  t h i s  s o l u t i o n .  Wi th in  t h e  framework of boundary l a y e r  t h e o r y  
as - a, and c l o s e  t o  a cooled  s u r f a c e ,  t h e  g a s  c h a r a c t e r i s t i c s  

are  comple te ly  de te rmined  by t h e  new ' recombina t ion  ra te  i n  t h e  

boundary l a y e r  (see S e c t i o n  5 . 2 ) .  

- 

However, f o r  a low gas  d e n s i t y  i n  t h e  su r round ing  s p a c e ,  
t h e  s t a t e  o f  t h e  gas  i n  t h e  i n v i s c i d  f low r e g i o n  i s  f a r  from 
an  e q u i l i b r i u m  s t a t e .  S i n c e  t h e r e  i s  r a p i d  f r e e z i n g  o f  recombi- 
n a t i o n  c l o s e  t o  a coo led  s u r f a c e ,  t h e  degree o f  gas d i s s o c i a t i o n  
i n  t h e  i n v i s c i d  r e g i o n  becomes t h e  d e c i s i v e  f a c t o r  when ca l cu -  
l a t i n g  t h e  c h a r a c t e r i s t i c s  on a body s u r f a c e .  When t h e  r e a c t i o n s  
w i t h i n  t h e  v i s c o u s  r e g i o n  a r e  f r o z e n  [I'* << 1, rd 7 0(1)], t h e n  

z ( 0 )  z z f ( 0 )  - 1 + rd. 

p,Rb t h e  p r e v i o u s  r e l a t i o n s h i p  e x p r e s s e s  t h e  b i n a r y  s i m i l a r i t y  

l a w  (see S e c t i o n  4 . 2 ) .  

A t  a c o n s t a n t  f l i g h t  v e l o c i t y  rd - p/Bi - 
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Q4 
a2 

- 

46' 50 60 
1. . - *  

F i g u r e  5.46. C o n c e n t r a t i o n  F i g u r e  5.47. Value o f  non- 

t h e  c r i t i c a l  p o i n t  a t  Vm = 

7.92 km/sec; Rb = 0 . 3  m; Le  = 1. 

of atoms i n  t h e  shock l a y e r  e q u i l i b r i u m  thermal  f l u x  a t  
at V, = 7.92 km/sec; Rb - 
0.3 m; Le = 1 ( n o n c a t a l y t i c  
s u r f a c e ) :  s q u a r e s  d e s i g n a t e  
data from [76] ;  t r i a n g l e s  - 
from L691. 

- 

' F i g u r e  5.46 g i v e s  t h e  r e s u l t s  of  pe r fo rming  c a l c u l a t i o n s  
with t h e  method d e s c r i b e d  above o f  t h e  atom c o n c e n t r a t i o n  ad 

o n ' t h e  o u t e r  boundary o f  t h e  v i s c o u s  l a y e r  f o r  a body w i t h  R = 

0.3 m a t  a v e l o c i t y  o f  Vm = 7.92 km/sec as a f u n c t i o n  o f  t h e  

f l ' i g h t  a l t i t u d e  ( L e  = 1, n o n c a t a l y t i c  s u r f a c e ) .  It g i v e s  t h e  
v a l u e s  of - t he  e q u i l i b r i u m  c o n c e n t r a t i o n  of atoms i n  

i n v i s c i d  f l o w  i n  t h e  v i c i n i t y  of  t h e  c r i t i c a l  p o i n t ,  and a1 - 

t h e  c o n c e n t r a t i o n  of atoms behind  t h e  shock wave. The good ag ree -  
ment w i t h  t h e  r e s u l t s  o f  numer ica l  c a l c u l a t i o n s  of Chung [ 7 6 ]  and 
Cheng C691 must be no ted .  

b 

(-, .I ,.. ..-. , . . ~ .~  r< -I : -,.: ;- r ,. ._ ,. .,. - L . -  r.N-. i,-+ i 

C a l c u l a t i o n s  of  t h e  thermal  f l u x  performed i n  [ 8 2 ]  a l s o  c l o s e l y  
c o i n c i d e  w i t h  t h e  data o f  Chung [ 76 ] .  
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T h i s  c a l c u l a t i o n  method makes it p o s s i b l e  t o  s tudy  t h e  /283 
i n f l u e n c e  of  a c a t a l y t i c  s u r f a c e  (parameter  z;,) upon t h e  thermal 

f l u x  w i t h  a change i n  the f l i g h t  a l t i t u d e .  F igu re  5.47 p l o t s  
t h e  dashed l i n e s  co r re spond ing  t o  t h e  recombina t ion  e f f i c i e n c y  
c o e f f i c i e n t s  y, = ( t y p i c a l  va lue  f o r  metal  ox ides  C341) and 

= (Pyrex [ 3 4 ] ) .  The use  of  materials such as g l a s s  f o r  yw 
t h e  cove r ings  g r e a t l y  reduces  t h e  thermal  f l u x  a t  the c r i t i c a l  
p o i n t  i n  t he  a l t i t u d e  range of 45 - 80 km ( f o r  Rb = 0.3 m ) ,  

which may be p a r t i c u l a r l y  impor tan t  f o r  hype r son ic  a i r c r a f t  
des igned  f o r  pro longed  f l i g h t s  a t  h igh  a l t i t u d e s .  

~ ' I  2 1  33112?16[  . .  

A dec rease  i n  t h e  thermal  f l u x  w i t h  t h e  use  of n o n c a t a l y t i c  /284 
cover ings  (H3P04 and ,320) i s  a l s o  confirmed by  expe r imen ta l  

s t u d i e s  a t  M = 4.7 - 6.5  and Res = 20 - 250 C751. 

I n  conc lus ion ,  w e  should n o t e  tha t  r e s u l t s  have r e c e n t l y  
b e e n . p u b l i s h e d  from numer ica l  c a l c u l a t i o n s  of nonequ i l ib r ium 
p r o c e s s e s  a t  a low gas d e n s i t y  f o r  a complete  chemica l  model of 
a i r  ( s e e ,  f o r  example C831). 

5.5. C h a r a c t e r i s t i c s  o f  nonequ i l ib r ium f lows i n  t h e  
wake behind  a body 

The problem of  communicating w i t h  o b j e c t s  e n t e r i n g  
the  atmosphere a t  hype r son ic  v e l o c i t i e s  has become of  p a r t i c u l a r  
i n t e r e s t  r e c e n t l y  w i t h  r e s p e c t  t o  s t u d y i n g  nonequ i l ib r ium f lows  
i n  a wake. 

1 I 8 j I J ' ,  

The s e l e c t i o n  of  t h e  wavelength n e c e s s a r y  f o r  communication 
depends,  i n  p a r t i c u l a r ,  on t h e  c r i t i c a l  f requency  of e l e c t r o -  
magnet ic  v i b r a t i o n  p r o p a g a t i o n  ( r a d i o  waves, l i g h t ) ,  which i n  
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F i g u r e  5.48.  E l e c t r o n  
d e n s i t y  d i s t r i b u t i o n  a l o n g  
a x i s  of  wake behind  b l u n t  
body a t  M = 32 ( s o l i d  l i n e s  
a t  H = 30 km;  dashed l i n e s  
a t  H = 6 1  km). 

1 - f r o z e n  f low; 2 - 
e q u i l i b r i u m  f low.  

t u r n  i s  d i r e c t l y  de te rmined  by t h e  

e l e c t r o n  c o n c e n t r a t i o n  i n  t h e  

medium th rough  which t h e  waves 
p a s s .  It i s  a p p a r e n t  t h a t  e l e c -  
t r o n s ,  produced as a r e s u l t  o f  
g a s  h e a t i n g  beh ind  t h e  shock wave 
and a l s o  i n  t h e  v i s c o u s  boundary 
l a y e r  around t h e  body, e n t e r  t h e  
wake behind t h e  body. 
[84]  shows t h e  c h a r a c t e r i s t i c  change 
i n  t h e  e l e c t r o n  c o n c e n t r a t i o n  n 

( p a r t i c l e / c m 3 )  a l o n g  t h e  wake 
a x i s  ( x  - d i s t a n c e  from t h e  body, 
d - t a r g e t  d iameter )  when M = 22 

a t  an a l t i t u d e  o f  30 and 6 1  k m .  

$ilgure 5.48 

e 

The cu rves  r e f e r  to t h e  l i m i t i n g  c a s e s  o f  f r o z e n  and e q u i l i b r i u m  
f lows .  The c r i t i c a l  f r e q u e n c i e s  co r re spond ing  t o  d i f f e r e n t  
r a n g e s  o f  r a d i o  waves and u l t r a s h o r t  waves a re  a l s o  g i v e n .  Due 
to t h e  nonequ i l ib r ium p r o c e s s e s ,  t h e  wake may b e  observed  a t  
d i s t a n c e s  which a re  hundreds and even thousands  of  t imes g r e a t e r  
t h a n  t h e  c h a r a c t e r i s t i c  body d imens ions .  

Genera l  p i c t u r e  of-  t h e  - f low - 

L e t  u s  b r i e f l y  r e c a l l  t h e  p i c t u r e  of  t h e  f low i n  a wake /285 
( F i g u r e  5 . 4 9 ) .  Behind t h e  r ea r  par t  o f  t h e  body, t h e  s e p a r a t e d  
boundary layer i n  t h e  form o f  a f r e e  j e t  stream 4 d e f i n e s  t h e  

bot tom r e g i o n  ( n e a r  wake) where t h e r e  i s  r e t u r n i n g  c i r c u l a t i n g  
f low.  The s i z e  of t h i s  r e g i o n  i s  on t h e  o r d e r  o f  t h e  c h a r a c t e r -  
i s t i c  diameter o f  t h e  body. Behind t h e  j o i n i n g  r e g i o n  8 of  t h e  

f r ee  boundary l a y e r  i n  t h e  c o n t r a c t i o n  r e g i o n  - t h e  " t h r o a t "  o f  
t h e  wake 9 where t h e  g a s  i s  slowed down and heated - t h e r e  i s  a 
s h o r t  r e g i o n  i n  which t h e  gas  expands up t o  t h e  p r e s s u r e  of  t he  
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F i g u r e  5 .49 .  P i c t u r e  of 
f low i n  wake behind body 
f l y i n g  a t  hype r son ic  
v e l o c i t y .  
1 - forward  shock wave; 
2 - body; 3 - boundary 
l a y e r ;  4 - f r e e  j e t  stream; 
5 - rear  shock wave; 6 - 
v i s c o u s  i n t e r n a l  wake; 7 - 
r e g i o n  of  r e t u r n i n g  c i r c u -  
l a t i n g  f low; 8 - r e a r  c r i t -  
i c a l  p o i n t ;  9 - " t h r o a t "  of 
wake; 1 0  - v o r t e x  o u t e r  

su r round ing  s p a c e ,  which c o n t i n u e s  
as t h e  r e g i o n  o f  t h e  viscous i n n e r  
wake 6 .  I n  t h e  o u t e r  p o r t i o n  o f  
t h e  wake 1 0  ( o r  i n  t h e  en t ropy  
wake),  t h e  v o r t i c i t y  i s  de termined  
by t h e  i n c l i n a t i o n  o f  t h e  forward 
and, p a r t i a l l y ,  by t h e  f i n a l  shock 
waves, t h rough  which t h e  c o r r e s -  
ponding gas  p a r t i c l e s  p a s s .  The 
i n n e r  wake c h a r a c t e r i s t i c s  ape - 

determined  by i n t e n s e  mixing 
( d i f f u s i o n )  o f  t h e  gas  and p o s s i b l e  
t r a n s i t i o n  t o  t u r b u l e n t  f low.  The 

r a t e  o f  t u r b u l e n t  d i f f u s i o n  i s  

much g r e a t e r  t h a n  t h a t  of laminar  
d i f f u s i o n ,  and t h e  t u r b u l e n t  
f r o n t ,  which expands,  encompasses 
p a r t  o f  t h e  f low which i n i t i a l l y  
i s  l o c a t e d  i n  t h e  o u t e r  p a r t  o f  
t h e  i n v i s c i d  v o r t e x  wake. 

wake; 11 - v e l o c i t y  p r o f i l e s .  The problem of  t h e  f low i n  
t h e  wake behind  a body i s  one o f  

t h e  most impor t an t  problems,  and i n c l u d e s  t h e  m a j o r i t y  of  contem- 
po ra ry  problems of t h e  mechanics of l i q u i d s  and g a s e s .  

I n  t h e  i n v e s t i g a t i o n  of t h e  n e a r  wake r e g i o n ,  on the basis 
of works by Chapman [85],  Lees [86 ] ,  and o t h e r s ,  i n c l u d i n g  S o v i e t  
s t u d i e s  [87 - 891, a t  t h e  p r e s e n t  t i m e  methods have been 
developed which make it p o s s i b l e  t o  a c c u r a t e l y  de t e rmine  t h e  

flow pa rame te r s  up t o  t h e  r e a r  c r i t i c a l  p o i n t  ( " t h r o a t  I '  r e g i o n ) .  
However, t h i s  was done p r i m a r i l y  for t h e  s i m p l e s t  forms o f  bod ie s  
under  t h e  assumpt ion  o f  e q u i l i b r i u m  and l amina r  f low.  On t h e  
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o t h e r  hand, i t  i s  known t h a t  t h e  i n i t i a l  t h i c k n e s s  of  t h e  boundary 
l a y e r ,  t h e  form of  t h e  body, the  M number, and t h e  i n t e r a c t i o n  
between v i s c o u s  and i n v i s c i d  f lows  (see [ g o  - 921) i n f l u e n c e  
t h e  v e l o c i t y  a long  t h e  d i v i d i n g  s t r e a m l i n e ,  which d e f i n e s  t h e  
r e g i o n  of  c i r c u l a t i n g  f low.  T h i s  i n f l u e n c e s  t he  r a t i o  o f  t h e  /286 
e n t h a l p y  a t  t h e  rear c r i t i c a l  p o i n t  t o  the  t o t a l  e n t h a l p y  i n  
i n v i s c i d  f low ( a c c o r d i n g  t o  t h e  Chapman t h e o r y ,  it approx ima te ly  
e q u a l s  0 .58 ) .  T h i s  e n t h a l p y  r a t i o  i s  -0.3 i n  t h e  wake behind  a 
s l e n d e r  body [90 - 931. 

The l a c k  o f  p r e c i s e  i n f o r m a t i o n  on t h e  n a t u r e  o f  the  f low 
f i e l d  c l o s e  t o  the " t h r o a t "  c r e a t e s  g r e a t  d i f f i c u l t i e s  i n  c a l c u -  
l a t i n g  n o n e q u i l i b r i u m  p r o c e s s e s  i n  a wake, s i n c e  t h e  rate of 
t h e  chemica l  r e a c t i o n s  ( i o n i z a t i o n )  i s  very  s e n s i t i v e  t o  t h e  
t e m p e r a t u r e  i n  t h e  " t h r o a t "  r e g i o n .  Toge the r  w i t h  t h e  ad3acen t  
p o r t i o n  of  t h e  l amina r  wake, t h i s  r e g i o n  i s  t h e  l lsource* '  of 
e l e c t r o n s  and atoms i n  c o n t r a s t  t o  t h e  t u r b u l e n t  s e c t i o n  of  t h e  
wake, where the g a s  i s  coo led .  

A s  t h e  a n a l y s i s  of numerous e x p e r i m e n t a l  data shows [94 - 
981, o b t a i n e d  i n  wind t u n n e l s  and on b a l l i s t i c  equipment ,  t h e  
t r a n s i t i o n  t o  t h e  t u r b u l e n t  f low f i r s t  o c c u r s  i n  t h e  fa r  wake 
w i t h  a c e r t a i n  c r i t i c a l  Reynolds number. A s  t he  d e n s i t y  of  t h e  
su r round ing  medium i n c r e a s e s ,  t h e  t r a n s i t i o n  p o i n t  xT moves 

ups t ream t o  t h e  " t h r o a t , "  and t h e  c r i t i c a l  Reynolds 
number remains  approx ima te ly  c o n s t a n t  and depends p r i m a r i l y  on 
t h e  l o c a l  number M a t  t h e  t r a n s i t i o n  p o i n t  o r  t h e  Mr number 

i n  t h e  rear p o r t i o n  of  t h e  body. 

.., 
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F i g u r e  5.50. Graph f o r  de te rmining  t r a n s i t i o n  t o  t u r b u l e n t  f low 
i n  t h e  wake. 
I - i n t e r p o r l a t i o n  curve between l i m i t i n g  dependencies .  

C o r r e l a t i o n  ( w i t h i n  an  accuracy  o f  t h e  f a c t o r  2 )  of  t h e  

r e s u l t s  o f  expe r imen ta l  s t u d i e s  i n  t h e  t r a n s i t i o n  r e g i o n  i n  a 
wake* may be o b t a i n e d  by t h e  i n t e r p o l a t i o n  curve  i n  F i g u r e  5.50 

t h e  s t u d i e s  of Wilson [98 ] ,  a t  hype r son ic  v e l o c i t i e s  may be 
exp la ined  - by t h e  f ac t  t h a t  i n  t h e  high-entropy r e g i o n  of  t h e  wake 
a t  M, > 20 t h e  d e n s i t y  i s  very  low, and i t  i s  ve ry  d i f f i c u l t  t o  
de te rmine  t h e  t r a n s i t i o n  by  means of  o p t i c a l  d e v i c e s .  The t r a n s -  
ition becomes s i g n i f i c a n t  when t h e  t u r b u l e n t  f r o n t  b reaks  th rough  
into t h e  c o l d  o u t e r  r e g i o n  of  t h e  wake. 

- _ _  - 
*The p r o t r a c t i o n  of t he  t r a n s i t i o n  i n  t h e  w a k e ,  observed  i n  
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Figure  5.51. Dependence o f  
M on Ma f o r  cones.  r 

dence f o r  t h e  n e a r  wake. The  

[gg]. The v e r t i c a l  l i n e s  i n  t h i s  
f i g u r e  co r re spond  t o  the  l i m i t i n g  
dependence f o r  t h e  f a r  wake: 

where p H = O  i s  t h e  p r e s s u r e  on 

t h e  s u r f a c e  o f  t he  Ea r th .  The 
i n c l i n e d  l i n e s  

Ig [" PH-0  xT(bf ] ]  = -2.882+0.082Mr 

co r re spond  t o  t h e  l i m i t i n g  depen- 
f u n c t i o n  Mr = f ' ( M m )  f o r  s h a r p  cones 

i s  shown i n  F igu re  5 .51 ,  f o r  s p h e r e s  Mr a 3 a t  a l l  Mm > 5. 

A t  t h e  p r e s e n t  t i m e ,  on ly  a s e m i e m p i r i c a l  c a l c u l a t i o n  of  
the  t u r b u l e n t  wake i s  p o s s i b l e .  D i f f e r e n t  models have been 
proposed* t o  c a l c u l a t e  t h e  i n f l u e n c e  of c o n t r a c t i o n  upon t h e  

t u r b u l e n t  v i s c o s i t y  c o e f f i c i e n t  E ( o r  the  d i f f u s i o n  c o e f f i c i e n t ,  
s i n c e  it i s  u s u a l l y  assumed . _  tha t  P r T  = LeT = 1). 

t u r b u l e n t  models** p r o v i d e  a b e t t e r  p r e d i c t i o n  o f  t h e  change i n  
t h e  pa rame te r s  a iong  t h e  body a x i s  

d' 

The proposed 

than  t h e i r  rad ia l  d i s t r i b u t i o n  
c1021. 

d 

*See f o o t n o t e  on page 383. 
* *For .e xamp le , 

4 '.*. 
t = 0,026 po (ua - no). . . [ 1001;~ = 0,048 pa (u6 - uo). . . 1841; 

c = 0 , 0 2 8 ( u , - ~ o ) ( p ~ / p o ) ( y / ~ ) 2  ... [ l o l l ,  where 6 i s  t h e  l o c a l  r a d i u s  of  t h e  
t u r b u l e n t  nuc leus ;  t h e  s u b s c r i p t  " 6 "  r e f e r s  t o  t h e  o u t e r  boundary 
of t he  nuc leus ;  t h e  s u b s c r i p t  "0" - t o  t h e  a x i s .  
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The development of turbulent flow in the near wake, and 
particularly the rate at which the wake is cooled, depend greatly 
on the form of the body, since it influences the form of the 
forward shock wave and the distribution of the momentum loss 
in the outer wake ClO31. 

all of the body drag equals the l o s s  of momentum in the 
turbulent viscous wake, and the width of the wake (in Dorodnitsyn 
variables) behind this region is very well determined (for bodies 

However, at x/JcxF > lo3 practically 

of revolution) by the relation I "  7 -A% 

This 'coincides with the similar dependence for the self-modeling /288 
solution in an incompressible liqiiid C l O 4 1 .  In the case of 
thermodynamic equilibrium, there is naturally a rapid decrease in 
temperature T - (x)-''~ along the wake axis. 

The mixing processes of the turbulent nucleus with the 
outer inviscid wake play an important role in the investigation 
of nonequilibrium flows in a wake. Two limiting mixing models 
are possible: the so-called inviscid disordered convection and 
homogeneous mixing [l05]. In the first case, the gas particles 
entering the nucleus are "split up" and are mixed without the 
participation of molecular diffusion and viscous dissipation, 
so that the parameters of the incoming gas do not change (model 
of the "layer cake"). In the second case, the gas particles 
entering the wake are simultaneously mixed with gas particles 
in the nucleus, which corresponds to an infinitely rapid dissi- 
pation. A modified model of turbulent diffusion in the following 
form was proposed in [lo61 
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where 

The q u a n t i t y  Ki co r r e sponds  t o  t h e  average  v a l u e  o f  t h e  l amina r  

d i f f u s i o n  c o e f f i c i e n t ;  KT - t h e  e x p e r i m e n t a l  va lue  o f  t h e  t u r b u l e n t  

d i f f u s i o n  c o e f f i c i e n t  (KT 

i n s t a b i l i t y  and x 

de te rmined  on t h e  basis of e x p e r i m e n t a l  d a t a ,  f o r  example [98].  

0 . 0 2 ) ;  xi - o r i g i n  of  l amina r  f low 

- oTig,in o f  developed t u r b u l e n t  f low,  T 

Basic  e q u a t i o n s  and c a l c u l a t i o n  methods 

Taking n o n e q u i l i b r i u m  p r o c e s s e s  i n t o  accoun t  g r e a t l y  
c o m p l i c a t e s  t h e  s t u d y  o f  t h e  c h a r a c t e r i s t i c s  i n  each  r e g i o n  of  
the f low.  I n  t h i s  connec t ion ,  t h e  i n t e g r a l  methods of  s o l u t i o n s .  
[84, 1 0 0 ,  105,  1 0 7 ,  1081 have been used most e x t e n s i v e l y  i n  
c a l c u l a t i n g  n o n e q u i l i b r i u m  f lows .  These methods make i t  p o s s i b l e  
t o  g i v e  t h e  c o r r e c t  p i c t u r e  of t h e  change i n  a c e r t a i n  f low 
c h a r a c t e r i s t i c  as a f u n c t i o n  of t h e  d i s t a n c e  t o  t h e  body.. 

According t o  t h e  i n t e g r a l  method, Equa t ions  ( 5 . 2 )  - ( 5 . 4 ) *  
are sat isf ied e x a c t l y  on t h e  a x i s  ( a t  r = 0 ) :  

1 

*These e q u a t i o n s ,  where v i s  r e p l a c e d  by  t h e  co r re spond ing  
value of t h e  t u r b u l e n t  v i s c o s i t y  - c o e f f i c i e n t  E, a r e  used t o  
de t e rmine  t h e  v a l u e s  o f  u ,  p ,  ?? averaged  ove r  t i m e  i n  t u r b u l e n t  
motion. 



On t h e  ave rage ,  these e q u a t i o n s  are s a t i s f i e d  i n  
p o r t i o n  o f  t he  v i s c o u s  wake: 

1 

,.. .. 

t h e  remain ing  / 2 8 9  

(5 .188)  . - ,> .. .. . - 1,. . , .  - 

for which t h e  a p p r o p r i a t e  number of a r b i t r a r y  parameters a re  
used, depending on t h e  form of t h e  p r o f i l e  s e l e c t e d ,  for example, 

where f i ( n >  are s e l e c t e d  based on t h e  c o n d i t i o n  t h a t  t h e  i n i t i a l  

data are s a t i s f i e d .  

I n  t h e  e q u a t i o n s  g iven  above, i t  i s  assumed t h a t  

where t h e  s u b s c r i p t  " 0 "  r e f e r s  to t h e  v a l u e s  of t h e  pa rame te r s  
on t h e  a x i s ,  and t h e  s u b s c r i p t  " 6 "  re fers  t o  t h e  o u t e r  boundary 
of the  v i s c o u s  wake, which are  assumed t o  be  known. 
v e l o c i t i e s  which are l e s s  t h a n  approximate ly  t h e  f irst  cosmic 

S i n c e ,  a t  
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velocity (-7.8 km/sec),* the chemical processes have a slight /290 
influence on the equation of momentum, we may determine the law 
governing wake expansion 6m(x), assuming there is thermodynamic 

equilibrium in the gas. 

The method of integral relationships [ l o 9 1  o r  the finite 
difference method [ l l O ,  1111 are used in several-studies to 
calculate nonequilibrium flows in a wake. However, one disad- 
vantage of all these studies is the unsatisfactory value of the 
"initial conditions,'' i.e., the characteristics of the flow field 
in the region of the "throat," which were discussed previously. 
As a rule, it is assumed that in the region of the "throat" the 
gas is frozen with a composition corresponding to the composition 
in the rear part of the body, and then the gas expands isentropi- 
cally up to the pressure in the surrounding space. The ratio of 
the enthalpy in the "throat" t o  the total enthalpy in the advanc- 
ing flow for blunt bodies is assumed to equal 0 .5  - 0.6 for 
slender pointed bodies -0.3. In the best case, the characteris- 
tics of inviscid flow are calculated by the method of streamtubes 
with a known (from calculations of equilibrium flow) pressure 
distribution. 

Concentration of electrons in the wake 
behind pointed and blunt bodies 

In a study of nonequilibrium flows in a wake, the greates.t 
. .  \,_,, . . a< ;  2. 

.>. 

attention is given t o  determining the electron conc@ntra$ion. 
The use of microwave technology (open resonator and horn-lens 
antenna) in tests on ballistic equipment ClO6, 112, 113, 1141 
has made it possible in recent years to obtain a large amount 
~ 

* Translator's note: The first cosmic velocity designates 
the minimum initial velocity that a body must acquire to become 
an Earth satellite. 
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sphere with a diameter of 15 mm at a flight velocity of 6.6 lan 
per second (solid lines - data from theoretical calculation; 
cross-hatched region - experimental data). 
a - f o r  x/d = 3; b - for x/d = 10. 

Figure 5.52. Change in total electron density in wake behind 

of experimental data and to improve existing calculation 
methods. 

At flight velocities up to -7 km/sec, the nonequilibrium 
concentration of electrons in the wake is determined by the 
following basic reactions: 

(recombination) NO+ + e e N  +o; 
(electron capture, 
or attachment) 0 2  + e  + 02Z 07 + 02; 
(charge transfer ) 0; + O f  0 2  + 0-. 

The most cqzplete summary of reactions and the corresponding 
constants may be found in [115, 1161. 

r - n  i tc.- 

. I  

Existing computational methods are more suitable for 
calculating flows behind blunt bodies, since in this case the 
electron concentration is caused primarily by the large tempera- 
ture values behind the forward shock wave (i.e., in the inviscid 
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r e g i o n  of  t h e  wake w i t h  a wid th  on the o r d e r  of  t he  body 
diameter).  The i n f l u e n c e  o f  t he  composi te  n a t u r e  of  t h e  f l o w  
i n  t h e  i n n e r  ( v i s c o u s )  p o r t i o n  of t h e  wake b e g i n s  t o  p l a y  a n  
impor t an t  r o l e  only  a t  g r e a t  d i s t a n c e s  (x/d - > l o 3 )  as t h e  mixing 
p r o c e s s  deve lops ,  p a r t i c u l a r l y  when t h e  t u r b u l e n t  f r o n t  b reaks  
t h r o u g h ' i n t o  t h e  c o l d  i n v i s c i d  p o r t i o n  of  the  wake. 

F igu re  5.52 g i v e s  data c h a r a c t e r i z i n g  the  development o f  
t h e  methods f o r  c a l c u l a t i n g  t h e e l e c t r o n  c o n c e n t r a t i o n  i n  t h e  
wake behind  a s p h e r e .  The change i n  the t o t a l  e l e c t r o n  d e n s i t y  

N r D p =  Tnpr(D, - d i a m e t e r  of i o n i z e d  p o r t i o n  of t h e  wake) i n  t h e  

n e a r  wake i s  i n s e n s i t i v e  [ l l l l ]  t o  t h e  mixing model used ,  and may 
be s a t i s f a c t o r i l y  d e s c r i b e d  by t h e  compara t ive ly  s imple  t h e o r e t i -  
c a l  scheme: by t h e  i n t e g r a l  method, t a k i n g  i n t o  accoun t  on ly  
t he  r ecombina t ion  r e a c t i o n  [lO5].  Exper imenta l  p roo f  of  t he  
b i n a r y  s i m i l a r i t y  ( -pmd) f o r  i o n i z a t i o n  i n  t h e  wake behind  a 
sphe re  up t o  x/d J 2*103, when t h e  va lue  of N D changes by f o u r  

o r d e r s  of magni tude,  i s  g iven  i n  [ 1 1 2 ] .  

-QD 

e P  

A comparison o f  the  r e s u l t s  from c a l c u l a t i n g  i o n i z a t i o n  i n  
t h e  t u r b u l e n t  far  wake w i t h  expe r imen ta l  data 1 1 1 2 ,  1137 has 
shown t h a t  i n  t h i s  c a s e ,  i n  a d d i t i o n  t o  the  complex k i n e t i c s  
of chemica l  p r o c e s s e s ,  a n  impor tan t  r o l e  i n  t h e  e l e c t r o n  concen- 

t r a t i o n  change i s  p layed  by  t h e  mechanism of  the  t u r b u l e n t  / 2 9 2  
nuc leus  mixing w i t h  t h e  i n v i s c i d  f low and t h e  model assumed f o r  
t u r b u l e n t  v i s c o s i t y  [ 1 1 4 ] .  
g r e a t l y  d i f f e r  from t h e  t h e o r e t i c a l  v a l u e s  c a l c u l a t e d  f o r  t h e  
l i m i t i n g  c a s e s  of t h e  model of  i n v i s c i d ,  d i s o r d e r e d  c o n v e c t i o n  
and t h e  model of homogeneous mixing,  The use  of t he  modi f ied  
model a c c o r d i n g  t o  Formula (5.186)  (F igu re  5 , 5 3 )  p r o v i d e s  b e t t e r  
agreement where "8 x 1 0 "  and "13 x 39" d e s i g n a t e  t h e  d i f f e r e n t  
schemes f o r  t h e  chemica l  r e a c t i o n s  used i n  a i r  ( t h e  f i rs t  t e r m  

I n  p a r t i c u l a r ,  t h e  e x p e r i m e n t a l  d a t 3  ' c, : I <  2 . J  OJ 
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s t i l l  i n  t h e  stage o f  develop-  
d e n s i t y  i n  wake behind  s p h e r e  

The wake behind  s l e n d e r  bod ie s  

Figure 5.53. L i n e a r  e l e c t r o n  

w i t h  a d i a m e t e r  of 5 mm a t  a 
p r e s s u r e  i n  the su r round ing  
medium o f  p = 75 mm H g  ( s o l i d  

and t h e  second t e r m  i s  t h e  amount 
of r e a c t i o n s  c o n s i d e r e d  i n  agreement 
w i t h  data i n  C1151). 

Other  t h e o r e t i c a l  approaches ,  

lines - data from theoreticayis much less i n t e n s e  and s h o r t e r ,  c a l c u l a t i o n  a t  a v e l o c i t y  o f  
s i n c e  i n  t h i s  c a s e  t h e  r e g i o n  of  

i g h  t e m p e r a t u r e s  i s  c o n c e n t r a t e d  b 6 .25  km/sec; c ros s -ha tched  
r e g i o n  - e x p e r i m e n t a l  data at 
a v e l o c i t y  from 5 .89  to 6.6  
km/sec) . tin t h e  boundary l a y e r ,  and t h e  

i n t e r n a l  ( l a m i n a r  or t u r b u l e n t )  r e g i o n  o f  t h e  wake i s  sur rounded 
by t h e  co ld  f low of  an  i n v i s c i d  g a s ,  where r ecombina t ion  o f  e l e c -  
t r o n s  may be  d i s r e g a r d e d .  It i s  t h u s  p a r t i c u l a r l y  impor t an t  t o  
de te rmine  t h e  i n i t i a l  c o n d i t i o n s  i n  t h e  " t h r o a t "  of  t h e  wake, 
t a k i n g  i n t o  accoun t  t h e  i n f l u e n c e  o f  t h e  b o d y b l u n t n e s s a n d  non- 
e q u i l i b r i u m  i o n i z a t i o n  i n  t h e  r e g i o n  of t h e  r e t u r n i n g  c i r c u l a t i n g  
f low.  With i d e n t i c a l  i n i t i a l  c o n d i t i o n s ,  t h e  r e s u l t s  of ca l cu -  
l a t i n g  t h e  nonequ i l ib r ium e l e c t r o n  c o n c e n t r a t i o n  a l o n g  the  a x i s  
of t h e  wake behind  a p o i n t e d  cone,  which were o b t a i n e d  independen t ly  
of o t h e r  methods,  lead t o  t h e  s c a t t e r  shown i n  F i g u r e  5.54 Cl08-J. /293 
It may a l s o  be s e e n  here t h a t  t h e  mechanism o f  e l e c t r o n  a t t achmen t  
to o x y g e n ' b e g i n s ' t o  take p l a c e  a t  x/d 2 lo2, when t h e  t empera tu re  
d e c r e a s e s  approx ima te ly  below 800 K .  

I n  t h e  c a s e  o f  a b l u n t  cone,  t h e  h i g h  e l e c t r o n  c o n c e n t r a t i o n  
i s  r e t a i n e d  up t o  a b s o r p t i o n  by t h e  v i s c o u s  n u c l e u s  o f  t h e  strea.m- 
l i n e s  p a s s i n g  th rough  t h e  p o i n t  on t h e  shock wave w i t h  low i n t e n s i t y .  
The u s e  o f  a modi f ied  t u r b u l e n t  v i s c o s i t y  model (5 .186)  makes t h e  

3 9 1  
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F i g u r e  5.54. E l e c t r o n  
d e n s i t y  d i s t r i b u t i o n  a l o n g  
t h e  wake a x i s  behind  a 
p o i n t e d  cone a t  4 = 8"; d = 
0.85 m; f l i g h t  v e l o c i t y  V, = 
6.7 km/sec a t  an a l t i t u d e  o f  
H = 46 km. 

1 - i n t e g r a l  method; 2 - 
f i n i t e  d i f f e r e n c e  method; 
3 -method of  i n t e g r a l  
r e l a t i o n s h i p s ;  T - 
t r a n s i t i o n  p o i n t .  

computa t iona l  data approximate  
p a r t i c u l a r l y  when t h e  k i n e t i c s  
r e f i n e d  ( F i g u r e  5.55 [114]>. 

F i g u r e  5.55. Change i n  t o t a l  
e l e c t r o n  d e n s i t y  i n  wake behind  
b l u n t  cone a t  Q = 1 2 . 5 O ,  dn - 
0.38  mm; d = 6.35 mm; f l i g h t  
v e l o c i t y  7 km/second and p r e s s u r e  
o f  p, = 75 mm H g .  
1 - e x p e r i m e n t a l  data; 2 - 
data from t h e o r e t i c a l  c a l c u l a t i o n  
t a k i n g  i n t o  c o n s i d e r a t i o n  seven  
components ( N 2 ,  02 ,  N ,  0, NO,  

NO', e- ) ;  3 - t h e  same, w i t h  
the  a d d i t i o n  of  components 0- 
and 0; ; 4 - same w i t h  t h e  
a d d i t i o n  o f  components 0- ,  02 ,  

NO2, and NO;. 

- 

t he  e x p e r i m e n t a l  r e l a t i o n s ,  
of  t h e  chemica l  p r o c e s s e s  are  . -  a. J C  2 l i . i  b S  

The p resence  o f  even s m a l l  admixtures  which have a low 
i o n i z a t i o n  p o t e n t i a l  ( f o r  example, sodium, see F i g u r e  5.56 [l08]), 
has a g r e a t  i n f l u e n c e  on t h e  r a t e  a t  which the e l e c t r o n  concen- 
t r a t i o n  d e c r e a s e s  a l o n g  t h e  wake .  The s lower  (due  t o  t r i p l e  
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collisions) recombination of 
sodium electrons does not have an 
influence until the process by 
which electrons are attached to 
oxygen becomes significant. 

Research problems and 
_____ difficulties 

I i '!f 1 I ! 
In the general case, 

admixtures in the flow, which are 
produced, for example, when the 

Figure 5.56. Influence of material of the body surface is 
disturbed,' greatly complicate Na admixture on electron 

density distribution along 
wake axis behind blunt cone 
at J = 12O; dn = 1.14 m; d = 

the kinetics of processes in the 
wake behind the bodv. Even in " 

pure air, a lack of equilibrium 2.28 m; flight velocity 7 
km/sec at an altitude of 
H 3 38 km. between different degrees of 
freedom and quanta levels may greatly change the reaction rate. 
Finally, an important problem is the influence of the density 
pulsations of electrons and other particles on the average 
reaction rates [114, 1201. 

It must be emphasized that the scattering by the turbulent 
wake of electromagnetic waves incident to it depends exactly on 
the mean square electron density pulsations, which are related 
to the scale and intensity of turbulent pulsations p 1 6 ,  1201. 
To calculate the electron density pulsations, there are several 
approximations [117 -119, 1211, whose suitability, however, may 
only be shown by direct measurements of electron concentrations 
in turbulent regions. 
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Thus, the flow parameter distribution (including the 
electron concentration) in wakes behind bodies entering the 
atmosphere at a hypersonic velocity is a result of the complex 
mutual influence of the form of the body, the chemical kinetics, 
and the process of transition from the laminar to the turbulent 
flow regime. Although at the present time the basic characteris- 
tics have been studied, including the characteristics of non- 
equilibrium flows, as a whole, as Lees writes in his summary 
article [l.0,31,-n':..s: TT. a satisfactory, comprehensive description 
of the hypersonic wake cannot be obtained until the gaps are 
filled in our present knowledge about the mechanics of liquids, 
kinetic processes, and the mechanics of radiation." 
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CHAPTER 6 

RADIATION IN HYPERSONIC GASDYNAMICS 

6.1. Basic concepts and definitions 

In shock layers which are produced when hypersouic,+Lr.c,ret /.2,9r9 
move in the atmosphere, energy is transported by radiation, which 
is new for classical aerodynamics, and which may have an influ- 
ence on the heating of the aircraft and the gas parameters in 
the shock layer. Within the framework of the continuous media 
model, this chapter examines the problems of the flow of radi- 
ating air, without studyingthe detailed quantum-mechanical 
picture of the interaction of the radiation field with matter. 
The analysis is confined to only the macroscopic characteristics 
of interaction. 

The radiation is characterized by the oscillation frequency 
of the electromagnetic field v or the wavelength A connected 
with the frequency by the relationship A = c/v, where c is the 
speed of light. From the quantum point of  view, radiation is 
a group of photons, or light quanta, whose energy E is directly 
proportional to the frequency of electromagnetic oscillations 
E = hv, where h is the Planck constant. 

The absorbtion and radiation of light quanta in a gas 
occurs when the energy state of the gas particles changes. The 
form of the transitions, and consequently the energy and frequency 
of the quanta, depend on the nature of the gas, its temperature, 
and pressure. Bound-bound transitions in monatomic gases occur 
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between electron states of atoms, and in a multi-atomic gas - 
between the vibrational, rotational, and electron levels of 
molecules. These transitions give a line spectrum, which has' 
the form of a system of lines in the case of molecular transitions. 

A neutral atom is produced in the recombination of an ion 
and a free electron, and an excess of energy is given off in the 
form of radiation. This transition, and the photoionization 
process which is opposite to it, pertain t o  free-bound transitions. 
Free-free transitions are transitions which occur when the energy / 3 0 0  

of the free electrons changes in the field of positive ions and 
neutral particles. The radiation produced in the case of free- 
free transitions is called bremsstrahlung. Free-bound and free- 
free transitions give a continuous radiation spectrum. 

In order to study each of these transitions in detail, we 
shall try to solve the problem of the flow of a radiating gas, 
using the integral characteristics of the interaction of the 
radiation electromagnetic field and matter. Since the flow 
velocities of the gas are a little less than the speed of light, 
we shall assume that the radiation is propagated in a fixed gas, 
We shall give certain definitions which are necessary in order 
t o  describe the radiation field and its interaction with matter. 
More detailed information may be found in the references on 
radiative transport [l - 51. 

* 

The basic factor which is used to obtain all quantities 
characterizing the radiation field is the spectral radiation 
intensity, which is introduced as follows. 

the radiation energy which, in the frequency interval from v to 
v + dv in the time dt, is transported over an arbitrarily oriented 
element of the area dA (Figure 6.1) surrounding point P, in an 
element of the solid angle dR in the direction g. 

Let us assume dcv is 

Then the 
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s p e c t r a l  r a d i a t i o n  i n t e n s i t y  Iv 

a t  t h e  p o i n t  P i n  t h e  d i r e c t i o n  
s w i t h  t h e  f r equency  v w i l l  be  

de te rmined  by t h e  r e l a t i o n s h i p  

-& 

ds,= I v  COS SdAdQdvdt. ( 6 . 1 ) 

P Here Q i s  the  a n g l e  between t h e  

d i r e c t i o n  5 and t h e  normal t o  dA. 
Figure  6 .1 .  De te rmina t ion  of . I  - I  - I  L ~ ~ J J L O  < - l A , i 1 . t  c , I '. 

s p e c i f i c  r a d i a t i o n  i n t e n s i t y .  
According t o  t h i s  d e f i n i t i o n ,  

t h e  s p e c t r a l  r a d i a t i o n  i n t e n s i t y  i s  a f u n c t i o n  of  t ime ,  f requency ,  
and a l s o  c o o r d i n a t e  and d i r e c t i o n  i n  space ,  and e q u a l s  t h e  amount 
of ene rgy  p a s s i n g  p e r  u n i t  t i m e  i n  u n i t  s o l i d  a n g l e  and u n i t  
f requency  i n t e r v a l  t h rough  a u n i t  s u r f a c e  l o c a t e d  p e r p e n d i c u l a r l y  
to s. -& 

The r a d i a t i o n  s p e c t r a l  f l u x  i s  de termined  as t h e  energy  of 
r a d i a t i o n  p e r  u n i t  i n t e r v a l  of f requency  p a s s i n g  p e r  u n i t  t i m e  
t h rough  a u n i t  area i n  a l l  d i r e c t i o n s  

F , = J  Ircos 8dQ. 

"Complete," o r  i n t e g r a l  q u a n t i t i e s ,  j u s t  l i k e  t h e  t o t a l  /3  0 1  
r a d i a t i o n  i n t e n s i t y  I and t h e  t o t a l  r a d i a n t  energy f l u x  F ,  a r e  
ob ta ined  by i n t e g r a t i n g  t h e  s p e c t r a l  t e r m s  over  t h e  e n t i r e  
f requency  spectrum. 

Z ' 3 L  :i I t i l  

For example,  
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The coefficients of absorption and radiation are macroscopic 
characteristics for the interaction of the radiation field with 
matter. They are usually determined as follows. Let us consider 
the elementary volume dV of the radiative gas. The amount of 
energy radiated by this volume in the time dt in the frequency 
interval from v to v + dv in all directions is 

de, = jydVdvdt. ( 6 . 4 )  

Here j v  is Ghe volumetric ,radiation.coefficient of the material 
at the frequency v. In order to obtain the mass radiation 
coefficient, we must divide the volumetric coefficient by the 
density of the material. 

We shall follow the change in the intensity of radiation 
falling at a right angle on the layer of nonradiative gas. As 

has been shown experimentally and theoretically, this change will 
be proportional to the intensity of the incident radiation I, 
and the path traversed: 

where k, is determined as the volumetric radiation absorption 

coefficient at the frequency v. The inverse value of the volu- 
metric absorption coefficient l/kv represents the radiation meaq 

free path of the frequency v .  

There is one form of interaction between the r&diat_io.ni..Jli,,iJ~ 
field and matter - radiation scattering, However, ingasdynamic 
problems the scattering is very insignificant as compared with 
the absorption and it can be disregarded [5 ,  61. 
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The main equation for the radiation theory - the equation 
of radiation transport - may be written by examining the balance 
of radiant energy per unit of volume of a radiative and absorbing 
gas. For the steady case, the radiation transport equation 
has the form 

The derivative of IV in this equation is calculated along the 

fixed direction 2, in which the radiation of intensity I,, is' 
propagated. 

In the case of complete thermodynamic equilibrium in a 
medium, the radiation intensity in any direction is constant 
and equals the radiation intensity of an absolutely black body. /302 
From Equation ( 6 . 6 ) ,  in the case of complete thermodynamic 
equilibrium, we have 

j .  = k. B., ( 6 . 7 )  

where BV is the distribution of the equilibrium radiation 

intensity determined by the Planck law 

2hvs 
C2 

B,  = - [exp (hv/RT) - 11-1, ( 6 . 8 )  

and k is the Boltsmann constant. The total intensity of the 
equilibrium Lradiation is 

B =Q T', 
¶c 

where 0 is the Stefan-Boltsmann constant. Formula ( 6 . 7 )  
represents an example of the Kirchoff law, according to which 
the ratio between the radiation coefficients and absorption 



coefficients for any body in a state of thermodynamic equilibrium 
does not depend on the nature of the body, but only on its temper- 
ature, and equals the radiation intensity of a black body. 

For the flow of real gases, it is impossible to speak of 
the existence of complete thermodynamic equilibrium in these 
gases. However, if the concept of a continuous medium is valid, 
within the framework of which the present examination is conducted, 
it is possible to,introdyce.the well-known assumption of the 
occurrence of local thermodynamic equilibrium in the gas. This 
assumption is based on the fact that collisions between gas 
particles occur much more frequently than absorption and 
radiation. As a result, the energy of excitation between gas 
particles is redistributed, and the emission of photons is 
characterized by the local thermal state of the medium. Therefore, 
the radiation coefficient of gas particles in the volume dV at 
a temperature of T in an arbitrary temperature field may equal 
the coefficient which would be valid in the case of complete 
thermodynamic equilibrium with the same temperature. For this 
volume, the formula of Planck and the law of Kirchoff would be 
valid. 

- L  ! l L ~ > j  <: , ,  ~ 1 : l : .  ; J :  c : .  ' 

In the case of,local thermodynamic equilibrium, the trans- 
p o r t  equation (6.6) has the form 

(6.10) 

z,!-i:..2\ 3 . S S d  .fnsihJ;r 
Here the term k l = k , [ l - e x p ( - h v l k T ) ]  is called the absorption coeffi- 
cient w2th allowance for forced radiation, and is a basic charac- , . _  

teristic of the radiating medium.'' Below the prime ( " ' " )  for the 
absorption coefficient will be everywhere omitted. 

_ ,  1 . 
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L e t  u s  f i n d  t h e  formal  s o l u t i o n  of  t h e  r a d i a t i o n  t r a n s p o r t  /303 
e q u a t i o n  i n  a g a s  ( 6 . 1 0 ) ~  assuming B v ( T >  and k , ( p ,  T )  a r e  known 

f u n c t i o n s  o f  t h e  c o o r d i n a t e s .  

p o i n t  s on a r a y  w i t h  t h e  d i r e c t i o n  has t h e  form 

The  r a d i a t i o n  i n t e n s i t y  Iv a t  t h e  

( 6 . 1 1 )  

where C r e p r e s e n t s  t h e  i n t e g r a t i o n  c o n s t a n t  de te rmined  from t h e  
c o n d i t i o n  s = 0 on the boundary of  t h e  medium. Thus, f o r  known 

J -  r r  - r  7 r  7 ,  < - <  r r  I . -  

d i s t r i b u t i o n s  o f  t empera tu re  and gas  d e n s i t y  and t h e  dependence 
o f  t h e  a b s o r p t i o n  c o e f f i c i e n t  on t empera tu re ,  d e n s i t y ,  and 
f requency ,  f i n d i n g  t h e  r a d i a t i o n  i n t e n s i t y  a t  any p o i n t  of a 
body s imply r educes  t o  a quadra tu re  - i n t e g r a t i o n  over  t h e  

r a y .  Approximate methods of s o l v i n g  t h e  r a d i a t i o n  t r a n s p o r t  
e q u a t i o n  a r e  g i v e n  i n  t h e  l i t e r a t u r e  on a s t r o p h y s i c s  [l - 4 1 .  

6 .2 .  Gas e q u a t i o n s  of  motion w i t h  a l lowance  f o r  r a d i a t i o n  

Radiant  heat exchange i n  a g a s  i n f l u e n c e s  i t s  motion and 
i t s  c o n d i t i o n .  T h i s  i n f l u e n c e  i s  r e l a t e d  t o  t h e  f a c t  t h a t ,  i n  
t h e  case  of emis s ion  and a b s o r p t i o n  o f  l i g h t ,  a gas  l o s e s  o r  
a c q u i r e s  energy.  The re fo re ,  t h e  s t a t e  of  t h e  moving gas  w i t h  

r a d i a t i o n  i s  d e s c r i b e d  by  t h e  e q u a t i o n s  of gasdynamics,  which, 
i n  t h e  c a s e  of  r a d i a t i o n  exchange, must be g e n e r a l i z e d  w i t h  

a l lowance  f o r  t h e  i n t e r a c t i o n  of r a d i a t i o n  w i t h  a gas .  S ince  
r a d i a n t  heat exchange depends on t h e  gas  t e m p e r a t u r e  and d e n s i t y ,  
t h e  r a d i a t i o n  t r a n s p o r t  e q u a t i o n  must be added t o  t h e  e q u a t i o n s  
of  gasdynamics which are g e n e r a l i z e d  t o  t h e  c a s e  of r a d i a t i o n  
t r a n s p o r t .  

r , I  

. r  , , ’ 3.  - . - ,  , 
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L e t  u s  w r i t e  t h e  e q u a t i o n s  o f  motion f o r  an  i n v i s c i d  gas 
w i t h  a l lowance  f o r  r a d i a t i o n  [6 - 81. We s h a l l  d i s r e g a r d  t h e  

r a d i a t i o n  p r e s s u r e  and d e n s i t y  of  t h e  r a d i a t i o n  energy  i n  these 
e q u a t i o n s ,  s i n c e ,  f o r  n o n a s t r o p h y s i c a l  a s sumpt ions ,  t h e y  a r e  s m a l l  
as compared w i t h  t h e  p r e s s u r e  and d e n s i t y  of  t h e  i n t e r n a l  g a s  
energy  [5 ,  61.  T h e r e f o r e ,  t h e  e q u a t i o n s  o f  c o n t i n u i t y  and momen- 
tum w i l l  a p p a r e n t l y  be t h e  same as  t h o s e  which do n o t  t ake  radia- 
t i o n  i n t o  accoun t :  

- 
dP - + div pv=O; 
dt 

dv 

dt 
p -+gradp= 0. 

( 6 . 1 2 )  

( 6 . 1 3 )  

-t 
Here p and p are  t h e  d e n s i t y  and p r e s s u r e  o f  t h e  g a s ,  and v i s  
the v e l o c i t y  v e c t o r  of  t h e  g a s  p a r t i c l e s .  

When w r i t i n g  t h e  energy  e q u a t i o n ,  w e  must take t h e  f a c t  
i n t o  accoun t  t h a t  a g a s  p a r t i c l e  e m i t s  a n d a b s o r b s  ene rgy .  
T h e r e f o r e ,  w e  must add t h e  v e c t o r  d ive rgence  o f  t h e  r a d i a n t  f l u x  
t o  t h e  energy  e q u a t i o n .  We t h e n  have 

4 -+ 
+divpv+divF=O. 

dt 
( 6 . 1 4 )  

where e i s  t h e  i n t e r n a l  ene rgy  p e r  u n i t  o f  g a s  mass and /304 

. .  
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W e  must add t h e  e q u a t i o n  o f  s t a t e  f o r  t h e  g a s  t o  t h e  s y s t e m  
of e q u a t i o n s  ( 6 . 1 2 ) ,  ( 6 . 1 3 ) ,  and ( 6 . 1 4 )  

P = f  (P, T) 

as w e l l  as t h e  r a d i a n t  ene rgy  t r a n s p o r t  e q u a t i o n  

( 6 . 1 6 )  

I n  t h e  c a s e  o f  t h e  g a s  f l o w  o f  e m i t t i n g ,  a b s o r b i n g ,  and 
r e f l e c t i n g  s u r f a c e s ,  t h i s  must be t a k e n  i n t o  a c c o u n t  i n  t h e  
boundary  c o n d i t i o n s  t o  s o l v e  t h e  t r a n s p o r t  e q u a t i o n  o f  r a d i a n t  
ene rgy .  

I n  t h e  g e n e r a l  c a s e ,  t h e  e q u a t i o n s  o f  gasdynamics ,  w i t h  
a l l o w a n c e  f o r  r a d i a t i o n ,  r e p r e s e n t  a s y s t e m  o f  n o n l i n e a r  i n t e g r a l  
d i f f e r e n t i a l  e q u a t i o n s  w i t h  g i v e n  boundary  and  i n i t i a l  c o n d i t i o n s .  
T h i s  s y s t e m  i s  made more complex by t h e  f a c t  t ha t  t h e  r a d i a t i o n  
f l u x  depends  on t h e  g e o m e t r i c  c o n f i g u r a t i o n  o f  t h e  f l o w  f i e l d ,  
T h e r e f o r e ,  i n  t h e  s t u d y  o f  t h e  f l o w  o f  r a d i a t i v e  g a s  d i f f e r e n t  
a s s u m p t i o n s  a re  used  which s i m p l i f y  t h e  p rob lem and  make i t  
p o s s i b l e  t o  p r o v i d e  a q u a l i t a t i v e  d e t e r m i n a t i o n  o f  t h e  i n f l u e n c e  
of t h e  r a d i a n t  h e a t  t r a n s f e r .  These  a s s u m p t i o n s  may be a l l  of  
t h e  a p p r o x i m a t i o n s  and l i m i t i n g  c a s e s  o f  t h e  f l o w s  o f  o r d i n a r y  
gasdynamics ,  f o r  example,  t h e , i n v i s c i d  f l o w  o f  g a s  b e h i n d  a shock  
wave, or t h e  f l o w  i n  t h e  boundary  l a y e r ,  D i f f e r e n t  approxima- 
t i o n s  r e l a t e d  t o  t h e  n a t u r e  o f  t h e  r a d i a t i o n  may be u s e d ,  T h i s  
may be e i t h e r  t h e  f r e q u e n t l y  used  h y p o t h e s i s  o f  a g r e y  g a s ,  
a c c o r d i n g  t o  which  t h e  r a d i a t i o n  a b s o r p t i o n  c o e f f i c i e n t  i s  
used which  d o e s  n o t  depend on t h e  r a d i a t i o n  f r e q u e n c y ,  or t h e  
l i m i t i n g  c a s e s  o f  a s t r o n g l y  a b s o r b i n g  o r  t r a n s p a r e n t ,  nonabsorb -  
i n g  gas. The method o f  small p e r t u r b a t i o n s  may a l s o  be u s e d ,  
when r a d i a t i o n  has a s m a l l  i n f l u e n c e  on t h e  gas f l o w .  F i n a l l y ,  



wide use is made of the assumption of the radiation field 
dependence only on one three-dimensional variable. The validity 
of certain functions which are frequently used at the same time 
may be studied by means of the characteristic flow parameters. 

Chapter 2 examines the characteristic gasdynamic flow 
parameters (similarity parameters) which make it possible t o  

establish the influence of different forces and transport 
processeslontthe , I  . _  . gas flow. We shall give below the parameters 
which take into account the influence of radiation on the gas 
flow. Let us use L to designate the characteristic length of 
the gas volume, and k* to designate the characteristic value 
of the radiation absorption coefficient. The product k*L = w 

is called the characteristic optical thickness of the gas volume, 
Since l/k* = L* is the mean free path of radiation in the volume, /305 
w = L/L* represents the ratio of the characteristic dimension 
of the radiating region to the mean free path of light quanta. 
The value of the parameter w characterizes the interaction of 
radiation with the gas volume being considered. If the para- 
meter w <<1, then the radiation freely leaves the gas volume, 
without being absorbed in it, and at w >>1 there is repeated 
absorption and emission of quanta in the volume or, as it is 
called, the radiation "is suppressed." The parameter w is 
usually designated by T, and in certain studies it is called 
the Bouguer Bu number. Sometimes, instead of a, the radiation 
Knudsen number is introduced Knr = L*/L, which represents a 

value which is inverse that of the parameter w .  

Let us examine the energy equation (6.14). The order of 
magnitude of the vector divergence of radiant flux from 
Equation (6.15) will be div $ - 4rBk* ( B  and k* designate the 
order of magnitude of B, and k,, and, for purposes of definition, 
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it is assumed that the radiation absorption coefficient does not 
depend on frequency). Then the ratio of the characteristic value 
of the term, which takes radiation into account in the energy 
equation, to the characteristic value of the inertia terms will 
be 

(6.18) 

where t is the characteristic time of occurrence of a gas 
particle in a radiating zone; v - its characteristic velocity, 
and p - the gas characteristic density. This parameter 
characterizes the energy influence of radiation on the gas 
flow. If the parameter W is small, then the influence of 
radiation on the flow is small. When the value of the parameter 
W 2 1, then the radiation will have a great influence on the 
parameters and flow of the gas. In the literature, this para- 
meter is designated by different symbols, but most frequently 
of a l l  by the letter r .  

1 

Let us obtain the limiting forms of the gas equations of 
'motion with allowance for radiation for different values of 
the characteristic optical thickness of the gas volume. 

We shall assume that the gas is optically thick ( w  >>1). 
Substituting the values of kv and kvBv, which are expanded in 

Taylor series in the vicinity of the point s, into the expression 
for the radiation intensity (6.11), we obtain 



Using  t h i s  s o l u t i o n ,  we f i n d  t h e  e x p r e s s i o n  f o r  t h e  v e c t o r :  

d i v e r g e n c e  o f  t h e  radiarit f l u x  

+ 1 d i v F = d i v  - 
( 3 k ~  grad ’)* ( 6 . 2 0 )  

where kR i s  t h e  a v e r a g e  r a d i a t i o n  a b s o r p t i o n  c o e f f i c i e n t ,  

i n t r o d u c e d  by R o s s e l a n d ,  which i s  d e t e r m i n e d  b y  t he  e x p r e s s i o n  , 

/306 
(6.21) 

and  B i s  t h e  t o t a l  i n t e n s i t y  o f  e q u i l i b r i u m  r a d i a t i o n  ( 6 . 9 ) .  

Thus,  f o r  t h e  c a s e  of  a l m o s t  g r e y  r a d i a t i o n  ( w  >-1), t h e  

i n t e g r a l ,  d i f f e r e n t i a l  s y s t e m  of e q u a t i o n s  o f  gasdynamics ,  w i t h  

a l l o w a n c e  for r a d i a t i o n ,  may be t r a n s f o r m e d  i n t o  a s y s t e m  o f  
d i f f e r e n t i a l  e q u a t i o n s :  

dv 
P z + g r a d p = O ;  

1 +e)+ L.Jpv+div  -b (-grad B ) = Q  

3 4  
P = f  (P, T) .  

( 6 . 2 2 )  

A s  f o l l o w s  f rom ( 6 , 2 0 ) ,  t h e  t r a n s f e r  of  r a d i a n t  ene rgy  
J -  L - \  i 

f rom p a r t i c l e  to p a r t i c l e  i n  t h e  c a s e  w >> 1 i s  f o r m a l l y  s i m i l a r  
t o  o r d i n a r y  h e a t  c o n d u c t i v i t y ,  I n  t h i s  c a s e ,  t h e  heat conduc- 
t i v i t y  c o e f f i c i e n t  i s  t h e  well-known f u n c t i o n  o f  g a s  t e m p e r a t u r e  
and d e n s i t y .  The s t r o n g l y  heated g a s  r e g i o n  t h u s  l o s e s  i t s  e n e r g y  
o n l y  from t h e  t h i n  s u r f a c e  l aye r ,  which encompasses  t h e  r e g i o n  
where t he  r a d i a t i o n  i s  b l o c k e d .  I n  t h e  c a s e  o f  w >>1, t h e  

a p p r o x i m a t i o n  i s  c a l l e d  t h e  a p p r o x i m a t i o n  of  r a d i a n t  heat 
c o n d u c t i v i t y .  
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Let us now turn to the opposite case of an optically thin 
gas, when the characteristic optical thickness of the gas is 
small, i.e., w <<l. Since in this case the quantity Iv (6.11) 

has the oriier of Byw, the expression for the vector divergence 

of t h e  radiant flux (6.15) assumes the form 

(6.23) 
t i c .  . ; j div Fa= 4n k,B,dv. 

In other words, if w e l ,  we may disregard the radiation absorp- 
tion in the gas volume, i.e., in the w <<1 approximation, the 
gas particles only emit spontaneously, without absorbing radiant 
energy. 

For the case of an optically thin gas, the equations of 
gasdynamics assume the form 

..+ - dP +diV PV=O; 
df 

-+ 
dv P d~ +grad p=O; 

4 

0 

P = f  (P, T) .  ' 

The term taking into account the influence of radiation /3 07 
when w <<1 may be formally regarded as the sink of heat distri- 
buted- oyer thf! heated gas volume. The strength of this sink 
is the well-known function of the gas temperature and density. 
In the case of an optically thin gas, the Planck average absorp- 
tion coefficient kp is used, which is determined as 

. .  

/ I  



In many problems of gasdynamics, for example in the case of  
hypersonic f l o w  o f  air around bodies, both the analyzed cases 
w <<1 and w >>1, as well as the intermediate case w - 1, may be 
encountered. 

6.3. Nonequilibrium radiation 

It has been found [ g  - 143 in experiments in wind tunnels 
that the.rad1akion from.ithe-’~hemically nonequilibrium zone behind 
a shock wave exceeds by several factors the level of radiation 
from the equilibrium region. This phenomenon of excess radiation 
from the nonequilibrium zone is called “nonequilibrium radiation.” 
Although the processes leading to nonequilibrium radiation are 
very complex and have been studied inadequately at the present, 
we shall attempt to give a suitable model for this phenomenon. 

When a gas passes through a shock wave of great intensity, 
translational and rotational degrees of freedom of‘ the molecules 
are completely excited by the gas. This leads to a very high 
translational temperature for the gas. As the gas moves further 
downstream, the gas translational temperature will decrease since 
the energy of  the particle translational motion will be spent on 
the excitation of vibrational and electron molecular degrees of 
freedom, and also on dissociation of molecules and on ionization, 
until thermochemical equilibrium is established in the gas. 
(The picture of relaxation behind a shock wave is described in 
detail in Section 3.1. ) If the probability is very -.gPeat -thzt - .  -. r’ 

the radiative states of the moleculesare excited and the proba- 
bility that the corresponding lifetime in the excited state in 
T is small, and the dissociation of  the radiative molecules 

takes place in the characteristic time T ~ ,  when -rd > > T ~ ,  then 

the population of the radiative excited levels of the molecules 

e 
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may greatly exceed the equilibrium value. In other words, in 
view of the delay in the dissociation process there is a region 
directly behind the shock wave front where the concentration of 
excited molecules greatly exceeds the equilibrium concentration, 
and this leads t o  a peak of the excess radiation. 

For shock wave velocities which exceed 10 km/sec, the 
relaxation picture is different - the molecules dissociate very 
rapidly. In this case, n o n e q u i l i b r i u m r , P a d l a t l ~ ~ ~ i i ~ , ~ ~ a ~ s ~ ~ . i b y ~ l  J J 611.1 

molecular ions which are produced during associative ionization / 3 0 8  
[reactions like (1.10511. The concentration of these ions may 
be much greater than the equilibrium concentration, since the 
opposite processes (dissociative recombination and recharging) 
are less effective and take place at slower rates than does 
associative ionization. 

In order that the radiation intensity reaches a maximum Value 
of Emax, a determined time is necessary - the time of excitation 

and a certain relaxation time. This makes it possible to ‘max 
decrease the radiation intensity to an equilibrium level. The 
width of the nonequilibrium relaxation zone doe1 is assumed to 

be the distance from the front of a normal shock wave (Figure 
6 . 2 ) ,  at which the radiation intensity differs from the equilib- 
rium value by lo%, and dmax = T 

velocity) is the distance corresponding to the maximum intensity. 
Since t%@-ekbT’tation processes and chemical reactions behind the 
shock wave are primarily binary, as was already noted in Section 
3.1, the width of  the relaxation zone d 

proportional to the gas density. In its turn, the nonequilibrhm 
radiation intensity is proportional to the density. Therefore, 
the integral radiation flux from the nonequilibrium zone will 

u (us is the shock wave max s 

will be inverseiy’ 0.1 

I 



Figure 6.2. Model of nonequilibrium radiation. 

I li -,. r p  o 4 -  - 
not d%p~hd"on"%he gas density, but only on the shock wave 
velocity. This phenomenon was observed in [lo] and was called 
"the plateau of the radiative front" and was confirmed 
experimentally [lo - 1 2 3 .  

In actuality, the nonequilibrium radiation may not be 
completely independent of the advancing flux density, since, 
even under the assumption of binary conditions behind the shock 
wave, there are factors which distort the independence of the 
total radiation(fr0mthe equilibrium zone) from density. Let us 
examine these processes. 

Nonequilibrium radiation will depend on density in the 
case of strong, radiation cooling of the shock layer, when the 
energy removed by the radiation comprises a significant portion 
of the total flow energy, and the escape of radiation leads to 
the uncompensated l o s s  of excited particles. This independence /309 
is absent, when the shock layer is not thin, and it is necessary 
to take into account absorption in the shock layer. 

r' . :. ,,- ;.?; r r , , -  '7- 

Let us examine nonequilibrium radiation behind the shock 
wave around the spherical forward part of a body moving at 
hypersonic velocity. It may be assumed that along each stream- 
line of the shock layer there is approximately the same distri- 
bution of nonequilibrium radiation as behind a normal shock wave 
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of  t h e  co r re spond ing  i n t e n s i t y .  
F i g u r e  6 . 3  shows t h e  case  when 
the  nonequ i l ib r ium zone occup ies  
t h e  e n t i r e  shock l a y e r ,  and t h e  

i n t e n s i t y  d i s t r i b u t i o n  of  non- 
e q u i l i b r i u m  r a d i a t i o n  on t h r e e  
s t r e a m l i n e s  i s  g iven .  If  t h e  t i m e  
r e q u i r e d  f o r  t h e  gas  p a r t i c l e s  t o  
move a l o n g  the  streamllge i s -  less .  
t h a n  t h e  r a d i a t i o n  r e l a x a t i o n  t i m e ,  
t h e  i n t e g r a l  r a d i a t i o n  from t h i s  

F i g u r e  6.3.  Diagram of  
f low around b l u n t  body 

- 
s t r e a m l i n e  w i l l  be l e s s  t h a n  the  

and r a d i a t i o n  i n t e n s i t y  r a d i a t i o n  from t h e  noneau i l ib r ium 
d i s t r i b u t i o n  a long  t h e  
s t r e a m l i n e .  zone behind t h e  normal shock wave. 

T h i s  phenomenon i s  ca l l ed  

" t r u n c a t i o n  o f  t h e  r a d i a t i o n  p r o f i l e . "  S ince  t h e  r a d i a t i o n  
r e l a x a t i o n  t i m e  o r  t h e  w i d t h  of  t h e  nonequ i l ib r ium zone i s  
i n v e r s e l y  p r o p o r t i o n a l  to t h e  gas  d e n s i t y ,  a t  f i r s t ,  w i t h  a 
d e c r e a s e  i n  t h e  gas  d e n s i t y ,  t h e  r a d i a t i o n  w i l l  b e  reduced 
from a c o n s t a n t  va lue  u n t i l  t h e  w i d t h  of  t h e  nonequ i l ib r ium zone 
i s  comparable w i t h  t h e  wave s t and-o f f  d i s t a n c e .  With a f u r t h e r  
decrease i n  d e n s i t y ,  .. t h e  r a d i a t i o n  from t h e  nonequ i l ib r ium zone W i l l  

s h a r p l y  d ropdue  t o  t h e  t r u n c a t i o n  of t h e  r a d i a t i o n  p r o f i l e .  

There i s  a p r o c e s s ,  which i s  c a l l e d  t h e  " c o l l i s i o n  l i m i t , "  
when, due t o  t h e  s m a l l  c o n c e n t r a t i o n  of gas p a r t i c l e s ,  t he  number 
of c o l l i s i o n s  i s  s m a l l  and the  c o n c e n t r a t i o n  of e x c i t e d  p a r t i c l e s  . 

d e c r e a s e s  due t o  r a d i a t i o n  much more r a p i d l y  t h a n  i t  i n c r e a s e s  

due t o  c o l l i s i o n s .  The re fo re ,  t h e  p o p u l a t i o n  of t h e  e x c i t e d  /310 
molecular  l e v e l s  i s  l e s s  t h a n  i s  necessa ry  a t  a g iven  t empera tu re ,  
and t h e  i n t e g r a l  r a d i a t i o n  from t h e  nonequ i l ib r ium zone w i l l  be  

p r o p o r t i o n a l  t o  t h e  d e n s i t y  [151. The c r i t i c a l  gas  d e n s i t y  p * ,  

below which the c o l l i s i o n  l i m i t  has an  e f f e c t ,  was est imated i n  
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TABLE 1 6  
CRITICAL DENSITY FOR "COLLISION LIMIT"* 

._ .... - i .  

*The commas r e p r e s e n t  dec imal  p o l n t s .  

[15] f o r  d i f f e r e n t  sys tems of  molecu la r  bands,  and i s  shown i n  
T a b l e  1 6  ( p o  i s  t h e  g a s  d e n s i t y  under  normal c o n d i t i o n s ;  H* - 

c r i t i c a l  a l t i t u d e .  

Based on r e s u l t s  d e r i v e d  from measuring r a d i a t i o n  from t h e  

shock l a y e r ,  a g raph  i s  compiled ( F i g u r e  6 . 4 )  i n  [lo] which 
a p p l i e s  t o  t h e  problem of heat t r a n s f e r  by r a d i a t i o n  upon e n t r y  
i n t o  t h e  a tmosphere .  The s o l i d  l i n e  i n  t he  g raph  shows t h e  

r a d i a n t  t he rma l  f l u x  at  a c r i t i c a l  p o i n t  o f  a s p h e r i c a l  body 
w i t h  a r a d i u s  o f  one meter, f l y i n g  a t  a v e l o c i t y  of  7 . 6  km/sec 
as a f u n c t i o n  of  t h e  f l i g h t  a l t i t u d e .  A t  low a l t i t u d e s ,  t h e  
e q u i l i b r i u m  r a d i a t i o n  r e a c h e s  a maximum de te rmined  by t h e  b l a c k  
body r a d i a t i o n .  At a n  a l t i t u d e  of  about  5 0  km,  nonequ i l ib r ium 
becomes i m p o r t a n t ,  and the  curve  s t r i v e s  t o  assume the  form o f  
a p l a t e a u .  With a f u r t h e r  i n c r e a s e  i n  t h e  a l t i t u d e ,  t h e  r a d i a n t  
f l u x  beg ins  t o  d e c r e a s e ,  s i n c e  f a c t o r s  d i s t u r b i n g  t h e  independence 
of t h e  nonequ i l ib r ium r a d i a t i o n  from t h e  gas d e n s i t y  have a 
c o n s i d e r a b l e  i n f l u e n c e .  A t  an a l t i t u d e  o f  abou t  9 0  k m ,  t h e  

shock l a y e r  becomes comple te ly  v i s c o u s ,  and t h i s  leads t o  a s h a r p  
d e c r e a s e  i n  t h e  r a d i a t i o n .  A t  h i g h e r  a l t i t u d e s ,  a shock wave i s  

- - , . . , - -  . r. .. L:. 
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Figure 6.4. Dependence of 
radiation flux at the 
critical point of a sphere 
R = 1 m.on altitude at Vo3 = 
7.6 km/sec. 
1 - black body; 2 - equil- 
ibrium radiation; 3 - con- 
vective thermal flux; 4 - 
plateau of radiative front; 
5 - free-molecular flow; 
6 -  formation of shock; 
7 - inviscid flow; 8 - 
nonequilibrium radiation. 

not formed in front of the body, 
and the flow becomes free-molecular 
flow. 

To calculate the intensity of 
radiation from the nonequilibrium 
zone behind a normal shock wave, 
it is necessary to note the 
kinetics of tzha chemical reactions 
in the gas, i.e., to determine the 
concentration of the gas components, 
its density, and temperature. 
Generally speaking, when calculat- 
ing the kinetics in the energy 
conservation equations the energy 
losses due to radiation must be 
taken into account, and the system 
of chemical reactions used must 

include reactions occurring with radiation. However, as estimates 
made in [14] have shown, during the flow around a sphere with a 
radius of 60 cm moving at a velocity of about 11 km/sec at an 
altitude of 60 km, the energy removed by radiation will be on 
the order of one percent of the total flux of energy. Therefore, 
when calculating the kinetics, as a rule, the energy removed 
by radiation and reactions occurring with radiation are not taken 
into account, and the usual system for calculating parameters 
behind a normal shock wave is used, which is discussed in 
Section 3.1. 

Nonequilibrium radiation of air, which is observed in 
experiments, may be primarily attributed to nitrogen molecules 
N2 (the first and second positive band system), a molecular ion 

of nitrogen N 2  + (the first negative band system), the band system 
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Schuman-Runge (Sc-R) of oxygen molecules, 02, and molecules of nitric 
oxide NO ( B  and y band system). The role of the radiation of /311 
axomic lines in the integral nonequilibrium radiation flux has 
a lso  been noted in [14]. As the shock wave velocity increases, 
the role of molecules in nonequilibrium radiation will decrease, 
since the rate of molecular dissociation increases, and for shock. 
wave velocities greater than 10 km/sec, the main contribution to 
nonequilibrium radiation will be made by molecular ions (N2 , 
O2 , NO ) which are produced in the process of associative 

ionization, and by the spectral lines of atoms C16 - 183. 

+ 
+ + 

The contribution of the basic molecular systems to radiation 
from the nonequilibrium zone may be calculated by means of the 
following simple relationships: 

E [ N2 ( 1 + )] = 2,5.10-'3 nN, exp (.- 90 OOO/T,); (6.26) 

E [ N 2 ( 2 + ) ]  =3,4- lO-"n~,exp( - 129500/T,); (6.27) 

E [Nz' ( 1 - )] = 1,6 nN,+eXP ( - 36 0oO/T,); (6.28) 

E [O, (m. -P.)] =9,4. 10-12n~, exp( - 70000/Te); (6.29) 

E [ NO (?)I =4,84. 1 0 - 1 2 n ~ ~  exp ( - 65 000/T,); (6.30) 

E[NO(r)]=3,53- 10-13n~o exp(-63250/TC), (6.31) 

where RN* no,,  NO, n~,+ is the number of molecules of nitpogen,&^ ,.. I -,.. 

oxygen, nitric oxide, and the molecular ions of nitrogen per 
1 cm3, respectively; Te - excitation temperature of electron 

levels of molecules in K; E - radiation intensity in W/cm3*cp. 
Formulas (6.26) - (6.28) were taken from [14], and Formulas 
(6.29) - (6.31) were obtained by A. D. Nadezhin who used the 
results from [191. 
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The main problem i n  c a l c u l a t i n g  nonequ i l ib r ium r a d i a t i o n  
i s  t o  de te rmine  t h e  e x c i t a t i o n  t empera tu re  o f  molecular  e l e c t r o n  
l e v e l s .  A h y p o t h e s i s  e x i s t s ,  which has been confirmed by c e r t a i n  
exper iments  (see [20, 2 1 ] ) ,  t ha t  t h e  molecu la r  e l e c t r o n  d e g r e e s  
of freedom are c l o s e l y  r e l a t e d  t o  t h e  v i b r a t i o n a l  energy ,  and 
i t  may t h e r e f o r e  b e  assumed t h a t  t h e  p o p u l a t i o n  of t h e  e x c i t e d  
l e v e l s  cor responds  t o  t h e  gas  v i b r a t i o n a l  t empera tu re .  O t h e r  

exper iments  [13] have shown t h a t  t h i s  r e l a t i o n s h i p  does  not  
e x i s t  f o r  a i r .  S i n c e  t h e  mechanism f o r  t h e  e x c i t a t i o n  o f  
molecular  l e v e l s  i s  n o t  c l e a r  and s i n c e  many impor t an t  co l l i $ ion  
p r o c e s s e s  are n o t  known, i t  may b e  p r e s e n t l y  assumed t h a t  d u r i n g  
t h e  t i m e  i n  which e q u i l i b r i u m  i s  approached behind a s t r o n g  shock 
wave, on ly  t h e  chemical  composi t ion of t h e  g a s  changes,  and a l l  
o t h e r  d e g r e e s  o f  freedom, i n c l u d i n g  t h e  e l e c t r o n  d e g r e e s  of  
freedom, w i l l  b e  i n  l o c a l  thermodynamic e q u i l i b r i u m  w i t h  t r a n s -  
l a t i o n a l  d e g r e e s  o f  freedom, and t h e i r  t empera tu re  w i l l  e q u a l  
t he  t r a n s l a t i o n a l  t empera tu re .  

3- 
- 

There fo re ,  r a d i a t i o n  from t h e  nonequ i l ib r ium zone behind a 
normal shock wave i s  c a l c u l a t e d  as f o l l o w s ,  The c o n c e n t r a t i o n  
of  t h e  g a s  components and t h e  t r a n s l a t i o n a l  t empera tu re  a re  
de termined  acco rd ing  t o  t h e  scheme d i s c u s s e d  i n  S e c t i o n  3 .1 ,  ’ /312 
and t h e n  t h e  r a d i a t i o n  i n t e n s i t y  i s  c a l c u l a t e d  acco rd ing  t o  
Formulas ( 6 . 2 6 . )  - ( 6 . 3 1 ) .  

The use  of  t h e  t r a n s l a t i o n a l  t empera tu re  as t h e  e x c i t a t i o n  
t empera tu re  of m.olecular l e v e l s  makes t h e  c a l c u l a t e d  r a d i a t i o n  
l e v e l  exceed t h e  a c t u a l  i n t e n s i t y  of  r a d i a t i o n  from the  nonequi l -  
i b r ium zone, p a r t i c u l a r l y  c l o s e  t o  t h e  shock wave f r o n t .  
The re fo re ,  t h e  nonequ i l ib r ium r a d i a t i o n  i n t e n s i t y  d i s t r i b u t i o n  
ob ta ined  as a r e s u l t  o f  t h e  c a l c u l a t i o n  must b e  assumed t o  be  

too h igh .  By way.of  a n  example, F i g u r e  6.5 g i v e s  t h e  r e s u l t s  of  
c a l c u l a t i n g  t h e  r a d i a t i o n  i n t e n s i t y  i n  t h e  r e l a x a t i o n  zone 
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E behind a normal shock wave, moving 
a t  a v e l o c i t y  o f  9.6 km/sec i n  
a i r  w i t h  a p r e s s u r e  b e f o r e  t h e  
f r o n t  of 0 . 1  mm Hg, and a l s o  t h e  
measured i n t e n s i t y  i n  t h e  0 .55  t o  
1 . 0  l.~ s p e c t r a l  i n t e r v a l  C141.  The 
d i f f e r e n c e  between t h e  t h e o r e t i c a l  
cu rve  and t h e  expe r imen ta l  p o i n t s  

F igu re  6 . 5 .  Comparison o f  i s  n o t  s u r p r i s i n g ,  s i n c e  i n  t h i s  

s p e c t r a l  i n t e r v a l  t h e r e  are  o t h e r  c a l c u l a t e d  ( s o l i d  l i n e s )  
and measured ( e x p e r i m e n t a l  
p o i n t s )  i n t e n s i t y  o f  non- s o u r c e s  o f  r a d i a t i o n  which are  n o t  
e q u i l i b r i u m  r a d i a t i o n  i n  
t h e  s D e c t r a l  i n t e r v a l  t a k e n  i n t o  account  i n  t h e  c a l c u l a -  
0 .55  - 1 . 0  microns t i o n  ( recombina t ion  r a d i a t i o n  and 
a t  Vs = 9 . 6  km/sec and 
p = 0 . 1  mm Fig. 

n i t r o g e n  a tomic  l i n e s ) ,  and t h e  

t empera tu re ,  d e n s i t y  and concen- 
t r a t i o n  i n  t h e  r e l a x a t i o n  zone a re  only  known approximate ly  due 
t o  t h e  i n a c c u r a t e  r e a c t i o n  c o n s t a n t s .  I n  s p i t e  o f  t h i s ,  t h e  
r a d i a t i o n  i n t e n s i t y  d i s t r i b u t i o n  o b t a i n e d  behind  t h e  shock wave 
f r o n t  cor responds  t o  t h e  observed d i s t r i b u t i o n .  Thus, w e  may 
use t h i s  method t o  c a l c u l a t e  t h e  i n t e n s i t y  o f  nonequ i l ib r ium ' 

r a d i a t i o n  behind t h e  f r o n t  o f  a normal shock wave. 

There i s  a n o t h e r  way to c a l c u l a t e  t h e  i n t e n s i t y  of  r a d i a t i o n  
from t h e  nonequ i l ib r ium zone behind  a normal shock wave [22] ,  
which i s  used i n  a s tudy  o f  t h e  chemical  r e l a x a t i o n  o f  a i r  behind 
a normal shock wave w i t h  a l lowance f o r  r a d i a t i o n  i n  [23].  I n  

t h i s  s tudy ,  t h e  energy c o n s e r v a t i o n  e q u a t i o n  takes i n t o  account  . - r  -, 

t h e  l o s s  of  energy due to r a d i a t i o n ,  and t h r e e  r e a c t i o n s  of  
e l e c t r o n  e x c i t a t i o n  and t h r e e  r e a c t i o n s  of t h e  r a d i a t i o n  of t h e  

f i r s t  and second p o s i t i v e  band systems o f  n i t r o g e n  molecules  and 
t h e  f i r s t  n e g a t i v e  band system of  t h e  molecular  i o n  of  n i t r o g e n  
were added t o  t h e  s y s t e m  of  r e a c t i o n s .  I n  o r d e r  t o  c a l c u l a t e  
t h e  i n t e n s i t y  of r a d i a t i o n  from t h e  s o l u t i o n s  of  t h e  e q u a t i o n s  
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of kinetics, the concentration of excited molecules was selected, 
and the average spectral characteristics of the molecules were 
given in [ 22 ] .  The value of the integral nonequilibrium radiative /313 
flux which was obtained coincided with the experimental value. 
Calculations confirmed that allowance for de-excitation lead to 
the dependence of the total flux of radiation from the nonequil- 
ibrium zone on the altitude. This method of calculating the 
intensity of nonequilibrium radiation has no particular advan- 
tages over the former method, since even when the radiation is 
accurately averaged within the limits of one band according to 
the method given in [ 2 2 ] ,  the mechanism and the cross sections 
of the molecular electron excitation remain unexplained. For 
reliable determinations of nonequilibrium radiation, the first 
method was preferable due to its simplicity. However, the second 
method gives even more precise results, if the optical charac- 
teristics of the molecules are completely known, 

C .  , r  . -  

The mechanism of excitation for the first negative band 
of the molecular ion of nitrogen N 2 +  was studied in [ 2 4 ] .  

excitation cross section of N 2  

vibrationally excited molecule of nitrogen was obtained, and it 
was shown that for flight velocities of Vm I 6 km/sec the second 
excitation mechanism plays the primary role, and for Vm 2 8 
km/sec, the first mechanism plays the primary role, 

The 
+ by electron impact and by the 

The three-dimensional distribution of the radiant flux . .Lt, 
falling on a sphere with a radius of 60 em, which moves at an 
altitude of 60 km at a velocity of 10.7 km/sec, was calculated 
in C l 4 l  as follows. The modified Newton theory was used to 
calculate the pressure distribution behind the shock wave and on 
the sphere surface. Under the assumption that the gas flow 
behind the shock wave is equilibrium flow, the position of the 
streamtubes was determined. In addition, using the calculations 



X 
K 

of thermodynamic properties' and 
the gas composition behind the 
normal shock wave, the parameters 
were examined along each stream- 
tube. Then the new position of 
the streamtube was determined, 
and the iteration process was 
repeated until the position of 
,the streamtubes did not change. 
The distribution of the gas con- 
centration and parameters along 
the streamtubes, just as behind 
a normal shock wave, was used to 
calculate the radiation field 
according to Formulas (6.26) - 
(6.28) with allowance for radi- 
ation in the equilibrium zone, 
The assumption was implicitly Figure 6.6. Radiation intensity 

distribution in shock layer. introduced that the width of the 
R - sphere radius; x - dis- relaxation zone and the distance 

from the shock wave up to the tance from center of sphere; 
r - radius of circular ~ 

cylinder. location of maximum radiation 
intensity in the streamtube were the same as behind a normal shock 
wave, Figure 6.6 gives the results of this calculation in the form 
of the radiation intensity distribution in cross sections produced 
by the intersection of the shock layer with circular cylinders 
having different radii r, whose axis coincides with the flow axis 
of symmetry. Although the intensity of radiation emitted by the 
nonequilibrium zone is much greater than the intensity of the 
radiation in the equilibrium zone, the proportion of nonequilibrium 
radiation in the radiation integral flux is small. Figure 6.7 
shows the distribution of the radiation integral flux on the 
surface of the body in the flow, calculated from the radiation 

. r ,,.. . v  . - 
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i n t e n s i t y  d i s t r i b u t i o n  shown i n  
F i g u r e  6 . 6 ,  w i thou t  a l lowance  
f o r  a b s o r p t i o n ,  and a l s o  t h e  

d i s t r i b u t i o n  o f  n o n e q u i l i b r i u m  
and e q u i l i b r i u m  r a d i a n t  thermal  
f l u x e s .  

For  an estimate of  t h e  

r a d i a n t  f l u x  around a body,,? a !, ,! 
F i g u r e  6 .7 .  D i s t r i b u t i o n  o f  c a l c u l a t i o n  s i m i l a r  t o  t h a t  

r a d i a n t  f l u x  o v e r  s p h e r e  g i v e n  i n  above w i l l  b e  sa t i s fac-  
s u r f a c e :  1 - t o t a l  r a d i a t i o n ;  
2 - e a u i l i b r i u m  r a d i a t i o n :  t o r y ,  b u t  it cannot  be confirmed 
3 - n o n e q u i l i b r i u m  r a d i a t i o n .  a priori that t h e  d i s t r i b u t i o n  

of  t h e  pa rame te r s  i n  t h e  stream- 
t u b e  w i l l  be  i d e n t i c a l  t o  t h e  

d i s t r i b u t i o n  behind  t h e  normal shock wave. T h e r e f o r e ,  i t  w i l l  
bemore a c c u r a t e  t o  make a d e t a i l e d  c a l c u l a t i o n  of  f low around 
t h e  body, w i t h  a l lowance  f o r  chemica l  r e a c t i o n s  and r a d i a t i o n ,  
having  i n  mind t h e  removal o f  ene rgy  by r a d i a t i o n  and a l lowance  
f o r  a b s o r p t i o n  i n  t h e  shock l a y e r .  However, u n r e l i a b l e  v a l u e s  /314 
o f  t h e  v e l o c i t y  c o n s t a n t s  o f  t h e  chemica l  r e a c t i o n s  and t h e  

i o n i z a t i o n  ra tes  a t  h i g h  t e m p e r a t u r e s  p reven t  t h i s  t y p e  of 
complex c a l c u l a t i o n s .  I n  a d d i t i o n ,  t h e  e x c i t a t i o n  mechanism 
has  n o t  been s t u d i e d ,  and t h e r e  a re  no data  on t h e  t r a n s v e r s e  
c r o s s  s e c t i o n s  f o r  d i f f e r e n t  s y s t e m s  o f  molecu la r  bands .  The 

behav io r  o f  t h e  v i b r a t i o n a l  t e m p e r a t u r e  and t h e  t empera tu re  of t h e  

molecu la r  e l e c t r o n  e x c i t a t i o n ,  as w e l l  as t h e i r  i n t e r c o n n e c t i o n  w i t h  
t h e  t r a n s l a t i o n a l  t empera tu re  of t h e  g a s ,  have n o t  been c l a r i -  
f i e d .  G e n e r a l l y  speak ing ,  i t  would be  most v a l i d  t o  s t u d y  a 
nonequ i l ib r ium g a s  and i t s  r a d i a t i o n  [ 2 5 ,  2 6 3 .  However, such  
an  a n a l y s i s  i s  ex t r eme ly  complex and v e r y  l i t t l e  s u c c e s s  has 
been r eached  i n  t h i s  area.  
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6 .4 .  R a d i a t i o n  thermal  f l u x e s  and t h e  f low of a r a d i a n t  
i n v i s c i d  g a s  a round b l u n t  bod ie s  

The f i r s t  problem t o  appea r  h i s t o r i c a l l y  i n  r a d i a t i o n  g a s  
dynamics was t h e  problem o f  d e t e r m i n i n g  the r a d i a t i o n  t h e r m a l  
f l u x e s  which f a l l  on the  s u r f a c e  of a body e n t e r i n g  t h e  atmos- 
phere .  For  e n t r y  v e l o c i t i e s  on t h e  o r d e r  of t he  f i r s t  cosmic 
v e l o c i t y ,  the  t e m p e r a t u r e s  i n  t h e  e q u i l i b r i u m  shock l a y e r  are 
moderate.iandii&%& 5 ~ & m h e q ~ f  T a d i a t i o n  on t h e  g a s  f l o w  w i l l  be 

i n s i g n i f i c a n t .  The re fo re ,  t h e  r a d i a t i o n  thermal  f l u x  may be 1315 
r e p r e s e n t e d  i n  t h e  form of  a n  a d d i t i o n  t o  the c o n v e c t i v e  f l u x ,  
and i t  may be c a l c u l a t e d  from t h e  f low f i e l d  which i s  unpe r tu rbed  
by t h e  r a d i a t i o n .  

However, a t  a tmosphe r i c  e n t r y  v e l o c i t i e s  on t h e  o r d e r  o f  
t h e  second c o s m i c v e l o c i t y ,  i t  w a s  shown above t h a t  t h e  r a d i a t i o n  
may have a g r e a t  i n f l u e n c e  on t h e  g a s  f low i n  t h e  shock l a y e r ,  
and the  r a d i a t i o n  t h e r m a l  f l u x e s  w i l l  be comparable w i t h  t h e  
convec t ive  f l u x e s ,  and may even exceed them. A q u a l i t a t i v e  
diagram (F igure  6 . 8 )  [ 2 7 ]  g i v e s  t h e  r e g i o n s  of  a l t i t u d e s  and 
f l i g h t  v e l o c i t i e s  f o r  which t h e  pa rame te r s  behind t h e  shock wave 
make i t  p o s s i b l e  t o  use  c e r t a i n  approx ima t ions  t o  c a l c u l a t e  the  
f lows of  a r a d i a n t  gas .  We may d i s t i n g u i s h  between f o u r  c a s e s  
of f lows  of an  e q u i l i b r i u m  r a d i a n t  g a s ,  I n  t h e  f i r s t  p l a c e ,  when 
t h e  r a d i a t i o n  has very  l i t t l e  i n f l u e n c e  on t h e  gas  f low (W <<1>, 
t h e  shock l a y e r  remains approx ima te ly  i s o t h e r m a l .  On t h e  o t h e r  
hand, a t  W 2 1 t h e  removal  o f  energy  by r a d i a t i o n  from t h e  shock 
l a y e r  le tads  t o  t h e  f a c t  tha t  t h e  gas  p a r t i c l e  t e m p e r a t u r e  
d e c r e a s e s  as t h e  b r a k i n g  p o i n t  i s  approached. These two c a s e s  
wi thou t  a b s o r p t i o n  of  t h e  r a d i a t i o n  i n  t h e  shock l a y e r  must be 
supplemented by two c a s e s  w i t h  a b s o r p t i o n .  
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The e q u i l i b r i u m  r a d i a n t  f l u x  
a t  t h e  b r a k i n g  p o i n t  i s  o b t a i n e d  
by adding  the  c o n t r i b u t i o n s  t o  
r a d i a t i o n  from a l l  t h e  e lementary  
volumes of  the  shock l a y e r  

F i g u r e  6 . 8 .  Diagram of 
a l t i t u d e - v e l o c i t y  (dashed 
line - boundary-of equilib- 
r ium and noneau i l ib r ium a body w i t h  t h e  b l u n t n e s s  r a d i u s  

where r i.s 'theadd'sta'ncb Siro~~'the-,lf,'liL,.,'ll 
brak ing  p o i n t  t o  a n  element  of  
t h e  volume d V .  S ince  t h e  d i s t a n c e  
from a de tached  shock wave up t o  

f lows  1. R approximate ly  e q u a l s  Rp,/p, 

1 - s a t e l l i t e  v e l o c i t y ;  2 - where p, and p are t h e  gas - 
r e t u r n  v e l o c i t y  from t h e  
Moon; 3 - r e t u r n  v e l o c i t y  d e n s i t y  b e f o r e  and a f t e r  t h e  

from-Mars;  4 - removal of shock,  t h e n  t h e  d i s t a n c e  from t h e  
r a d i a t i o n  energy;  5 - 
r a d i a t i o n  a b s o r p t i o n  and shock wave t o  t h e  body i s  s m a l l  
energy removal by r a d i a t i o n  
6 - r a d i a t i o n  a b s o r p t i o n .  

as  compared w i t h  t h e  b l u n t n e s s  
r a d i u s .  T h e r e f o r e ,  w e  may r e g a r d  

t h e  r a d i a t i o n  a t  t h e  c r i t i c a l  p o i n t  of  a b l u n t  body i n  t he  same 
way as i f  it had o r i g i n a t e d  from an  i n f i n i t e l y  f l a t  l a y e r  o f  gas  
w i t h  a t h i c k n e s s  e q u a l  t o  t h e  shock wave s t a n d - o f f d i s t a n c e  A .  For  a 
nonabsorbing,  i s o t h e r m a l  shock l a y e r  ( W  <<1; w <<1), t h e  expres-  
s i o n  for t h e  f l u x  of  r a d i a t i o n  f a l l i n g  on t h e  body a t  t he  c r i t i -  
c a l  p o i n t  w i l l  b e  

XI .,-d 1 oi. : n, 

/316 

o r  

1 
F = - E ( p ,  2 T ) 4 + ,  ( 6 . 3 4 )  



Figure 6.9. Temperature and velocity directly behind shock 
wave in standard atmosphere. 

The coefficient 1/2 is introduced in these expressions, 
since the energy is emitted to both sides of an infinitely flat 
layer. The radiant thermal flux for an isothermal boundary 
layer is proportional to the radius of the forward part R, 
whereas the convective flux will be inversely proportional to 
a. Using the graphs in Figure 6.9 [ 2 8 ]  and Figure 6.10 [ 27 ] ,  

with Formulas (6.33) and (6.34) we may rapidly establish the 
radiant thermal flux at the critical point of a blunt body with 
a given radius of bluntness. 

Unfortunately, this simple method of determining the 
equilibrium radiant flux falling on a body entering the atmos- 
phere gives satisfactory results only in a limited range of 
altitudes and flight velocities, when we may disregard the 
influence of radiation on the gas flow in the shock layer and 
the gas may be assumed to be optically transparent, i.e., it 
does not absorb radiation. Allowance for these factors decreases 
the radiant thermal flux on the body, and this method of 
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de te rmin ing  t h e  r a d i a n t  f l u x  may 
g i v e  r e s u l t s  which are  t o o  h igh .  

The re fo re ,  f o r  these c a s e s  o f  
g a s  f low i n  a shock l a y e r ,  which 
i s a s s u m e d  t o  be  a p l a n e  p a r a l l e l  
l a y e r ,  t h e  r a d i a n t  t he rma l  f l u x  
may be c a l c u l a t e d  acco rd ing  t o  
o t h e r  formulas .  

1317 

, 3 -  , 
0 4 8 12 v,km/sec 

\ \ \ ' \  i \ I \  For a shock ia$& i n  which 
F igu re  6 . 1 0 .  Equ i l ib r ium r a d i a t i o n  a b s o r p t i o n  i s  n o t  t a k e n  

i n t o  accoun t ,  bu t  on ly  removal o f  
r a d i a t i o n  i n t e n s i t y .  

energy by r a d i a t i o n ,  the  r a d i a n t  thermal  f l u x  a t  t h e  c r i t i c a l  
p o i n t  i s  

( 6 . 3 5 )  

I n  t h e  c a s e  of  a non i so the rma l  l a y e r  w i t h  a l lowance  f o r  
a b s o r p t i o n ,  w e  have 

Here 

wV = f k&-; w: = j k,dx; E2 ( t )  
6 

i s  t h e  i n t e g r a l  e x p o n e n t i a l  f u n c t i o n ,  determined by t h e  formula 

( 6 . 3 7 ) '  ' 
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For a n  i s o t h e r m a l  a b s o r b i n g  layer ,  t h e  r a d i a n t  thermal f l u x  a t  
t h e  c r i t i c a l  p o i n t  w i l l  be  

W 

A s  may be s e e n  from these fo rmulas ,  t o  c a l c u l a t e  t h e  r a d i a n t  
t h e r m a l  f l u x e s  a t  t h e  c r i t i c a l  p o i n t  i t  i s  n e c e s s a r y  t o  know t h e  
dependence of  t h e  v o l u m e t r i c  c o e f f i c i e n t  of  r a d i a t i o n  a b s o r p t i o n  
k, on t h e  t empera tu re  hnd p r e s s u r e  o f  a i r ,  and t h e  r a d i a t i o n  

f requency .  A g r e a t  many s t u d i e s  have been devo ted  t o  c a l c u l a t i n g  
t h e  r a d i a t i o n  a b s o r p t i o n  c o e f f i c i e n t s  f o r  a i r  and t o  v e r i f y i n g  
them e x p e r i m e n t a l l y .  The  f i n a l .  r e s u l t s  of  these c a l c u l a t i o n s  
are g i v e n  i n  [ 2 9  and 301, which c o n t a i n  an e x t e n s i v e  b i b l i o g r a p h y  
on t h i s  problem. 

, *,< -. 

I n  [ 2 9 ]  when c a l c u l a t i n g  t h e  a b s o r p t i o n  c o e f f i c i e n t ,  t h e  1318 
v i b r a t i o n a l - r o t a t i o n a l  s t r u c t u r e  of molecu la r  s p e c t r a  w a s  t a k e n  
i n t o  a c c o u n t ,  and t h e  p h o t o i o n i z a t i o n  s p e c t r a  were o b t a i n e d  
a c c o r d i n g  t o  t h e  quantum d e f e c t  method w i t h  i n d i v i d u a l  a l lowance  
f o r  a l l  l e v e l s  o f  t h e  atoms o f  oxygen, n i t r o g e n ,  and t h e i r  i o n s .  
The l i n e  r a d i a t i o n  of  atoms and i o n s  was c a l c u l a t e d  w i t h  a l low- 
ance  f o r  t h e  m u l t i p l e t  s t r u c t u r e  of  t h e  l i n e s  hav ing  a mixed 
d ispers ion-Doppler  con tour  w i t h  a l i n e a r  and q u a d r a t i c  S t a r k  
mechanism o f  expans ion .  The r e s u l t s  of  +,his  c a l c u l a t i o n  from 
[ 2 9 ]  are g i v e n  by way of  a n  example i n  F i g u r e  6 .11  a t  a n  a i r  
p r e s s u r e  o f  p = 1 kG/cm2 and d i f f e r e n t  t e m p e r a t u r e s .  The o . o l ~ ~ j ~ P $ l g  
p l e x i t y  of  t h e  r ea l  a b s o r p t i o n  c o e f f i c i e n t  spec t rum p r e s e n t e d  
h e r e  shows how cumbersome de ta i l ed  c a l c u l a t i o n s  w i l l  be  o f  
r a d i a n t  thermal f l u x e s  u s i n g  fo rmulas  ( 6 . 3 6 )  and ( 6 . 3 8 ) .  
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Figure 6.11. Radiation absorption coefficient in air at a 
pressure of p = 1 kG/cm2. 
1 - at T = 10,000 K; 2 - at T = 14,000 K ;  3 - at T = 20,000 
K ;  4 - at T = 12,000 K; 5 - at T = 16,000 K ,  

To calculate the radiant thermal flux from an isothermal 
absorbing layer, the following expression is sometimes used 

. r  

(6.39) 

pi$rqstea&ogf#,grmula . .. . (6.38) 

F = E ~ T ' ,  
z 

where T is the gas layer temperature; CI = 5.6694 10-l' W*cm-2 
- Stefan-Boltsmann constant; and E - degree of blackness of 
the isothermal absorbing layer of gas. The calculated values 

deg-4 
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of  t h e  degree  o f  b l a c k n e s s  o f  t h e  a i r  l a y e r  a re  g i v e n  i n  [31],  
and i n  [32] which i n c l u d e s  t h e  most r e c e n t  achievements  i n  t h e  

s t u d y  of  e l emen ta ry  r a d i a t i o n  p r o c e s s e s .  

I n  t h e  g e n e r a l  c a s e ,  t o  c a l c u l a t e  the  r a d i a n t  t he rma l  f l u x  
f a l l i n g  on t h e  body e n t e r i n g  t h e  atmosphere,  i t  i s  n e c e s s a r y  t o  
know t h e  pa rame te r  d i s t r i b u t i o n  i n  t h e  shock l a y e r ,  which must 
be  de te rmined  w i t h  a l l owance  f o r  r a d i a t i o n .  Problems o f  t h e  

f low o f  an o p t i c a l l y  t r a n s p a r e n t  g a s  around b o d i e s  ( w  <<1) have 
been s t u d i e d  most e x t e n s i v e l y ,  i n  which t h e  r a d i a t i o n  a b s o r p t i o n  
i s  d i s r e g a r d e d .  I n  t h i s  c a s e ,  as was already n o t e d  i n  S e c t i o n  
6 .2 ,  t h e  e q u a t i o n s  o f  gasdynamics w i t h  a l lowance  f o r  r a d i a t i o n  
are g r e a t l y  s i m p l i f i e d  and become p u r e l y  d i f f e r e n t i a l  e q u a t i o n s .  
The d i f f e r e n c e  between t h e  problem of i n v i s c i d  f l o w  o f  a non- 
abso rb ing  g a s  around b o d i e s  and f low wi thou t  r a d i a t i o n  may be 

reduced  to an  a d d i t i o n a l  t e rm i n  t h e  energy e q u a t i o n  which des ig -  
n a t e s  t h e  heat s i n k  ( d i s t r i b u t e d  ove r  t h e  gas  volume) w i t h  a 
s t r e n g t h  which depends on t h e  l o c a l  c o n d i t i o n s .  Such an  i n s i g -  
n i f i c a n t  c o m p l i c a t i o n  i n  f o r m u l a t i n g  t h e  problem o f  t h e  f low o f  
a nonabsorb ing  g a s  a round b o d i e s  makes i t  p o s s i b l e  t o  u s e  t h e  

r e g u l a r  methods to s o l v e  them which a r e  a p p l i e d  to problems 
wi thou t  r a d i a t i o n .  

i ' 1 ' J . k  t C I l , <  t ' ' ' 

I n f o r m u l a t i n g t h e  problems of i n v i s c i d  f l o w  o f  a r a d i a n t  
gas  around b l u n t  b o d i e s ,  t h e  f o l l o w i n g  assumpt ions  a r e  commonly 
made: t h e  g a s  i n  t h e  shock l a y e r  i s  i n  l o c a l ,  thermodynamic and 
chemica l  e q u i l i b r i u m ;  none of t h e  vapor s  from t h e  body e n t e r  the ,  
shock l a y e r ;  t h e  t h i c k n e s s  b o t h  of  t h e  shock wave and t h e  boundary 
l a y e r  i s  small as compared w i t h  t h e  d i s t a n c e  o f  t h e  shock  wave t o  
t h e  body, and t h e  g a s  v i s c o s i t y  and the rma l  c o n d u c t i v i t y  i n  t h e  
e n t i r e  shock l a y e r a r e n o t  t a k e n  i n t o  accoun t .  

-, - . .  . , .,- . . - p ' r  ,.-, 



The f l o w  o f  a n  o p t i c a l l y  t r a n s p a r e n t  g a s  a t  the c r i t i c a l  
p o i n t  of a b l u n t  body w a s  examined i n  [33, 34 ,  351 under  t h e  

assumption t h a t  t h e  r a d i a t i o n  had a s m a l l  i n f l u e n c e  on t h e  gas 
f low ( w  << 1, W << 1). Assuming tha t  t h e  f low i n  the  v i c i n i t y  
of t h e  c r i t i c a l  p o i n t  i s  one-dimensional  i n  t h e  c a s e  o f  hyper-  
s o n i c  f low,  by d i s r e g a r d i n g  t h e  i n f l u e n c e  o f  r a d i a t i o n  on t h e  
gas p r e s s u r e  and v e l o c i t y  p r o f i l e  i n  t h e  shock l a y e r ,  w e  may 
reduce  t h e  system o f  gasdynamic e q u a t i o n s  t o  one energy e q u a t i o n ,  
Th i s  f o r m u l a t i o n  makes i t  p o s s i b l e  t o  de t e rmine  t h e  t e m p e r a t u r e  
p r o f i l e  or t h e  e n t h a l p y  p r o f i l e  a c r o s s  t h e  shock l a y e r ,  i t s  
t h i c k n e s s ,  and t h e  v a l u e  o f  t he  r a d i a n t  thermal f l u x  a t  t h e  

c r i t i c a l  p o i n t .  The s t u d y  [36] used  t h e  method o f  t r u n c a t i o n  /320 
Of series accordir ig  t o  a g i v e n  form of the  snock wave t o  o b t a i n  
t h e  f low pa rame te r s  and t h e  c o n t o u r  of  a body i n  t h e  f low i n  t h e  

v i c i n i t y  of t h e  c r i t i c a l  p o i n t  f o r  s e v e r a l  v a l u e s  of t h e  pa rame te r  
W. The q u a l i t a t i v e  n a t u r e  of t h e  i n f l u e n c e  of  r a d i a t i o n  on f low 
around a b l u n t  body w a s  a l s o  s t u d i e d .  

The r e p o r t s  [ 3 7 ,  38, and 391 s t u d i e d  an i n v i s c i d ,  o p t i c a l l y  
t r a n s p a r e n t  gas around b l u n t  b o d i e s .  The most comprehensive 
s t u d y  w a s  t h e  s o l u t i o n  of t h e  f low around a s p h e r e  g i v e n  i n  
C38, 391, which o b t a i n e d  t h e  d i s t r i b u t i o n  of pa rame te r s  i n  
t h e  subson ic  r e g i o n  behind a curved  shock wave. These s t u d i e s  
used d i f f e r e n t  methods of s o l v i n g  a d i f f e r e n t i a l  s y s t e m  of gas 
dynamic e q u a t i o n s  w i t h  vo lumet r i c  d e - e x c i t a t i o n  ( t h e  method of 
s t r a i g h t  l i n e s  was used i n  1381, and t h e  method of i n t e g r a l  
r e l a t i o n s % i p s .  w a s  used  i n  [ 3 9 ] ) .  T h e  q u a l i t a t i v e  n a t u r e  of  
t h e s e  r e s u l t s  i n  b o t h  s t u d i e s  i s  t h e  same. 

By way o f  a n  example, l e t  u s  g i v e  t h e  f o r m u l a t i o n  of t h e  

problem and t h e  r e s u l t s  o b t a i n e d  i n  C381. I n  a s p h e r i c a l  COOP- 

d i n a t e  system ( r ,  @, +), t h e  e q u a t i o n s  of gasdynamics were s o l v e d  
which d e s c r i b e  t h e  f l o w  of  a nonabsorb ing ,  i dea l  g a s  beh ind  a 
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de tached  shock wave b e f o r e  a s p h e r e .  The e x p r e s s i o n  f o r  t h e  
v e c t o r  d ive rgence  o f  t h e  r a d i a n t  f l u x  i n  t h e  c a s e  o f  vo lumet r i c  
d e - e x c i t a t i o n  ( 6 . 2 3 )  w a s  g i v e n  i n  t h e  form o f  a power f u n c t i o n  
of e n t h a l p y  and g a s  d e n s i t y .  The r ea l  n a t u r e  o f  t h e  a i r  proper -  
t i e s  behind  a hype r son ic  shock wave were t a k e n  i n t o  accoun t  by 
means of  t h e  e f f e c t i v e  r a t i o  of  t h e  heat c a p a c i t i e s .  The method 
of s t r a i g h t  l i n e s  was used  f o r  t h e  c a l c u l a t i o n  [40] ,  acco rd ing  
t o  which, i n t h e  r e g i o n  where t h e  s o l u t i o n  i s  f o u n d , n r a y s  are 
drawn from -$he ,e-en$Fr--qf- a spheke ,  and ,  u s i n g  t h e  v a l u e s  of  t h e  

f u n c t i o n s ,  t h e  i n t e r m e d i a t e  v a l u e s  of t h e  d e s i r e d  f u n c t i o n s  a r e  
approximated on t h e  r a y s .  T h i s  makes i t  p o s s i b l e  t o  e x p r e s s  t h e  

d e r i v a t i v e s  w i t h  r e s p e c t  t o  i n  t h e  e q u a t i o n s  o f  gasdynamics i n  
terms of  t h e  f u n c t i o n s  on t h e  r a y s ,  and t o  o b t a i n  a system of 
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  which may be i n t e g r a t e d  ove r  
t h e  r a y s .  The well-known r e l a t i o n s h i p s  f o r  a shock  are used on / 3 2 l  
on t h e  s u r f a c e  of a shock wave, whose e q u a t i o n  i s  a l s o  g i v e n  i i i  

t h e  form o f  t h e  approximate  polynomia l  A = E  A#'. The s o l u t i o n  of  

t h e  problem may be r educed  to s e l e c t i n g  t h o s e  s tand-of f  d i s t a n c e s  
Ai on t h e  r a y s  a t  which t h e  v e l o c i t y  component u = 0 i s  normal 

t o  t h e  s p h e r e .  On t h e  z e r o  r a y ,  t h e  t r a n s v e r s e  v e l o c i t y  compon- 
e n t  v v a n i s h e s ,  and v v 0  i s  i n t r o d u c e d  - t h e  d e r i v a t i v e  o f  t h e  

t r a n s v e r s e  v e l o c i t y  component w i t h  r e s p e c t  t o  * on t h e  z e r o  r a y ,  
r e f e r r e d  t o  t h e  v e l o c i t y  o f  t h e  advancing f low.  

n 

1-1 

F i g u r e s  6 . 1 2  - 6 .16  g i v e  t h e  r e s u l t s  o f  c a l c u l a t i n g  t h e  

f low of a i r  around a s p h e r e  w i t h  t h e  r a d i u s  R = 1 m at  a v e l o c i t y  
of  V, = 1 1 . 4  km/sec a t  a n  a l t i t u d e  of  60  km [38] .  
component :u which i s  normal t o  t h e  body and t h e  t r a n s v e r s e  
v e l o c i t y  component v ,  which are  p r e s e n t e d  i n  t h e  g r a p h s ,  r e f e r  

t o  V,, t h e  d e n s i t y  p r e fe r s  t o  t h e  d e n s i t y  of  t h e  advancing  f low,  
and t h e  e n t h a l p y  h r e f e r s  t o  t h e  square  of  t h e  advancing  f low 
v e l o c i t y .  The r a d i a t i o n  t h e r m a l  f l u x  on t h e  s u r f a c e  o f  t h e  sphe re  

The v e l o c i t y  



F i g u r e  6.12. D i s t r i b u t i o n  
of normal v e l o c i t y  component 
of g a s  i n  a shock l a y e r  
( s o l i d  l i n e s  - w i t h  allow- 
ance f o r  r a d i a t i o n ;  dashed 
l i n e s  - wi thou t  r a d i a t i o n ) .  
0 - a t  v =  0 ;  1 - a t  

0 . 6 2 5 .  
= 0 .3125 ;  2 - a t  = 

F i g u r e  6.13. D i s t r i b u t i o n  o f  
t a n g e n t i a l  v e l o c i t y  component 
o f  gas  i n  a shock l a y e r  ( n o t a t i o n  
i s  t h e  same as i n  F i g u r e  6 . 1 2 ) .  

F r e f e r s  to i t s  v a l u e  a t  t h e  
c r i t i c a l  p o i n t .  The v a l u e s  of 
t h e s e  q u a n t i t i e s  are  g iven  i n  t h e  
r a y s  which a r e  l o c a t e d  a t  t h e  
a n g l e s  6,=0; 6,=0.3125; Ctl=0.625. The 

c o o r d i n a t e  a c r o s s  t h e  shock l a y e r  i s  g = ( r - R b ) / A .  The v a l u e  5 = 1 
corresponds  t o  t h e  wave; 5 = 0 - t o  t h e  body. The boundary 
c o n d i t i o n  on t h e  body ( u  = 0 )  i s  s a t i s f i e d  w i t h i n  an accuracy  of  
no l e s s  t h a n  0 . 1 % .  The shock wave s t and-o f f  d i s t a n c e  a l o n g  t h e  
r a y s  i s  A = 0 . 0 4 6 0 1 ,  A1 = 0 . 0 4 8 6 9 ,  and A 2  = 0.05992 f o r  a f low 
wi th  r a d i a t i o n  and A. = 0.04798, A, = 0 . 0 5 0 6 6 ,  and A 2  = 0 . 0 6 1 8 1  - 
without  r a d i a t i o n .  

0 

T h i s  example i l l u s t r a t e s  t h e  g e n e r a l  p r o p e r t i e s  of  i n v i s c i d  /322 
f lows  of a nonabsorbing gas  around b l u n t  bod ie s .  The pa rame te r s  
of t h e  shock l a y e r  undergo t h e  g r e a t e s t  change, as  compared w l t h  
f lows  wi thou t  r a d i a t i o n ,  i n  t h e  v i c i n i t y  of  t h e  b r a k i n g  p o i n t ,  
s i n c e  t h e  g a s  p a r t i c l e s  remain h e r e  l o n g e r  due to t h e i r  lower 
v e l o c i t y  and undergo g r e a t e r  d e - e x c i t a t i o n .  The r a d i a t i o n  has  
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Figure  6.14. D i s t r i  
of g a s  en tha lpy  i n  
l a y e r  ( n o t a t i o n  the  
as i n  F i g u r e  6 . 1 2 ) .  

. b u t i o n  F i g u r e  6.15. D i s t r i b u t i o n  o f  gas  
shock d e n s i t y  i n  shock l a y e r  ( n o t a t i o n  

same t h e  same as i n  F i g u r e  6 .12 ) .  

t h e  g r e a t e s t  i n f l u e n c e  on t h e  d i s t r i b u t i o n  of e n t h a l p y  and 
d e n s i t y  o f  t h e  r a d i a n t  gas; t h e  i n f l u e n c e  on t h e  v e l o c i t y  
d i s t r i b u t i o n  of  t h e  f low geometry i s  much l e s s .  

De-exc i t a t ion  o f  t h e  energy by t h e  g a s  d e c r e a s e s  i t s  e n t h a l -  
py and t empera tu re ,  which i s  p a r t i c u l a r l y  g r e a t  n e a r  t h e  body 
s u r f a c e .  The re fo re ,  t h e  g a s  p r e s s u r e  a c r o s s  t h e  shock l a y e r  i s  
almost  c o n s t a n t .  T h i s  leads to a d d i t i o n a l  condensa t ion  o f  t h e  
gas behind t h e  shock wave, which i s  l o c a t e d  c l o s e  to t h e  body 
s u r f a c e .  
d e n s i t y  c l o s e  to t h e  body s u r f a c e  p o i n t s  to t h e  pres&?ce60f a 
t h i n  boundary l a y e r ,  which i s  u s u a l l y  c a l l e d  t h e  r a d i a t i o n  
en t ropy  l a y e r  C36,  38, 4 1 1 ,  which has an i n f l u e n c e  on t h e  

boundary l a y e r  pa rame te r s  and on t h e  p r o c e s s e s  o f  g a s  heat 
exchange w i t h  t h e  body. 

The s h a r p  d e c r e a s e  i n  e n t h a l p y  and i n c r e a s e  i n  t h e  gas  
t C : p  i-FSF7 
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A d e c r e a s e  i n  t h e  g a s  temper- 
a t u r e  and t h i c k n e s s  of  t h e  shock 
l a y e r  l e a d s  t o  a d e c r e a s e  o f  t h e  

r a d i a t i o n  thermal  f l u x  on the  body 
s u r f a c e .  However, i t  i s  n o t  
p o s s i b l e  t o  o b t a i n  t h e  v a l u e  of  the  

t empera tu re  of  a n  o p t i c a l l y  t r a n s -  
F i g u r e  6 . 1 6 .  Radiant  t h e r -  

p a r e n t  gas  on t h e  body s u r f a c e ,  m a l  f l u x  d i s t r i b u t i o n  on 
s p h e r e  s u r f a c e .  FO=1.2 x s i n c e  t h e  t emgerp tu re  -a;nd-;:;t-halpy 

of  t h e  gas  v a n i s h  on a body s u r f a c e  
i n  t h e  i n v i s c i d  c a s e .  T h i s  o c c u r s  

-1 1 0  3 kca l*m-2*sec  . 

because  an  element  of  t h e  g a s  on t h e  z e r o  s t r e a m l i n e  w i l l  radi-  
a t e  u n t i l  i t  does  n o t  l i b e r a t e  any energy ,  and t h e n  t h e  s t a t i c  
e n t h a l p y  and t empera tu re  of t h e  g a s  v a n i s h  on t h e  body s u r f a c e .  
T h i s  c h a r a c t e r i s t i c  o f  f low wi thou t  a l lowance  f o r  r a d i a t i o n  was 
f i r s t  no ted  i n  [ 4 2 ,  331, and l a t e r  i n  [ 4 3 ,  4 4 1 .  T h e  s h a r p  
d e c r e a s e  i n  t h e  t empera tu re  o c c u r s  i n  a ve ry  c l o s e  v i c i n i t y  t o  
t h e  body s u r f a c e ,  and t h e r e f o r e ,  t h i s  c h a r a c t e r i s t i c  has no g r e a t  
i n f l u e n c e  on t h e  d i s t r i b u t i o n  o f  q u a n t i t i e s  i n  t h e  i n v i s c i d  shock 
l a y e r  o r  on t h e  r a d i a t i o n  the rma l  f l u x  on t h e  body. Attempts  
have been made to e l i m i n a t e  t h i s  c h a r a c t e r i s t i c  [34,  45 ,  461. 
It was e s t a b l i s h e d  i n  [ 4 6 ]  t h a t  f o r  a ve ry  s m a l l ,  b u t  f i n i t e  
a b s o r p t i o n  c o e f f i c i e n t ,  t h e  g a s  t empera tu re  on t h e  body s u r f a c e  
e q u a l s  t h e  body t e m p e r a t u r e .  

A s  w a s  a l r e a d y  n o t e d ,  i n  [34 ]  t h e  problem of t h e  f low of  a 
r a d i a n t . g a s  around t h e  c r i t i c a l  p o i n t  of  a b l u n t  body, under  t h e  

c o n d i t i o n  t h a t  t h e  r a d i a t i o n  i s  absorbed  i n  t h e  c o n t r a c t e d  l a y e r ,  
was reduced  t o  s o l v i n g  one i n t e g r a l  - d i f f e r e n t i a l  e q u a t i o n  of  
energy  : 
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Here p,  h, and u are the density, enthalpy, and gas velocity, 
respectively, across the shock layer at the critical point; w = kz 
- optical thickness of the gas; k - average absorption coeffi- /323 
cient of the gas; z - coordinate (z = 0 corresponds to the wave; 
2 = z o  -to the body); B = (a/r)T4 - Planck function averaged 

over frequency; El - integral, 

by (6.38). 
L .  

m e  a-dght- sid'e'a'f- Equation 

exponential function determined 

(6.40) represents the precise 
expression for the vector divergence of the radiant flux for a 
plane-parallel layer of gas with an arbitrary optical thickness. 
In the case of an optically transparent gas ( w  <<1), only the 
first term remains in this expression. To allow for absorption, 
the studies [34 and 451 used the method of "approximation based 
on the local temperature," which consists of the fact that the 
quantity B under the integration sign is expanded in Taylor series 
in the vicinity of its local value ( w  = E ) .  However, neither 
retaining the first term of the expansion [34] nor the first two 
terms [45] make it possible to obtain the correct temperature on 
the boundary between the gas and the body surface, because there 
the expansion has no meaning. This characteristic is eliminated 
by allowing for the viscosity and thermal conductivity in the 
boundary layer. However, it is of interest to establish the real 
(in physical terms) behavior of the temperature in the case of 
inviscid radiant gas. 

.I< 

The nature of the characteristics occurring in the case of 
flow of an inviscid gas with an extremely small optical thickness 
around q.,:c&i.%icaI point was discovered in [47], This study 
obtained the asymptotic (in the sense of w + 0) solution of 
Equation (6.40), whichhasthe form 
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(6.. 41) 

Here 

The q u a n t i t y  B re fe rs  t o  i t s  v a l u e  a t  t h e  wave, and W i s  the  
parameter  a r i s i n g  d u r i n g  t h e  d imens iona l  a n a l y s i s  o f  Equat ion  
( 6 . 4 0 )  and c h a r a c t e r i z i n g  t h e  i n f l u e n c e  of  Pad3atToi-f o h ' t h e  
flow. 

L e t  us  c o n s i d e r  t h e  s o l u t i o n .  On t h e  wave ( W  = 0 )  t h e  

f u n c t i o n  B(0) = 1 and on t h e  body ( w  = w o )  t h e  v a l u e  

1 B (ao)=- 2 molnwol .  

When u0 s t r i v e s  t o  z e r o ,  t h e  f u n c t i o n  B s t r i v e s  t o  u n i t y  every-  

where, excep t  t h e  p o i n t  w = w0,  where B s t r i v e s  t o  z e r o .  

6.17 shows t h e  a sympto t i c  s o l u t i o n  ( 6 . 4 1 )  for W = 1 and d i f f e r e n t  
v a l u e s  o f  w0. A comparison o f  t h e  numer i ca l  s o l u t i o n  of  t h e  

i n t e g r a l  - d i f f e r e n t i a l  e q u a t i o n  ( 6 . 4 0 )  w i t h  t h e  asymptot ic  
s o l u t i o n  showed C471 t h a t  t h e y  p r a c t i c a l l y  c o i n c i d e  f o r  o p t i c a l  
t h i c k n e s s e s  of  t h e  shock l a y e r  w o  < 0 . 0 1 .  

F i g u r e  

The a sympto t i c  s o l u t i o n  ( 6 . 4 1 )  shows t h a t  a l lowance  f o r  
r a d i a t i o n  a b s o r p t i o n  i n  t h e  shock l a y e r  leads t o  a f i n i t e  gas 
t empera tu re  a t  t h e  w a l l  a t  t h e  c r i t i c a l  p o i n t  T-(m011nool) ' ' 4 .  

It s t r i v e s  t o  z e r o  w i t h  a d e c r e a s e  i n  t h e  shoc'k l a y e r  o p t f b a 3  I ' ' ~ ; i  

t h i c k n e s s .  The p a r t i c u l a r  n a t u r e  of t h e  energy  e q u i l i b r i u m  of  /324 
a p a r t i c l e  of r a d i a n t  and abso rb ing  gas a t  t h e  c r i t i c a l  p o i n t  
on t h e  z e r o  s t r e a m l i n e  t h u s  becomes a p p a r e n t .  I n  t h i s  c a s e ,  t h e  
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particle emits as much energy as 
it absorbs from the entire volume 
of the radiant gas. Therefore, 
with an arbitrarily small, but 
finite optical thickness of the 
shock layer, the gas temperature 
on the surface of the body in the 

B 
20 

Q5 

0 45 

flow will be finite. Figure 6.17. Behavior of 
asymptotic solution (6 .41 )  
f o r  hLgfep,ing= values -of 
the optical thickness of The authors of E471 call this 
the shock layer. type of equilibrium equilibrium 
1 - at w = 0.01; 2 - at "on the average," in contrast to 
w = 0.1; 3 - at w o  = 0.3. complete thermodynamic equilibrium, 

0 

0 
which occurs at the critical point 

under other physical conditions - for example, in the case of  
nonequilibrium gas flow. This type of equilibrium is common for 
radiation, and occurs not only for grey gas, but also in the case 
of  an arbitrary dependence of the absorption coefficient on 
frequency. The use of equilibrium "on the average" makes it 
possible to obtain a simple, general condition for determining 
the gas temperature at the critical point. For this purpose, 
it is necessary to set the vector divergence of the radiant flux 
equal to zero. 

For any point on the body surface, the condition f o r  
determining the gas temperature may be expressed as follows 

d H  -3. 
PV -= div F,  

dS 
(6 .42 )  

. " . -  

where v is the velocity of the gas tangent to the body surface; 
H - total enthalpy, and d/ds - derivative along the surface. 
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The conc lus ion  r e g a r d i n g  t h e  non-zero v a l u e  o f  t h e  g a s  
t empera tu re  a t  t h e  c r i t i c a l  p o i n t  of  a b l u n t  body i n  t h e  c a s e  of 
r a d i a t i o n  a b s o r p t i o n  w a s  l a t e r  confirmed i n  [ 4 8 ,  491 .  

L e t  u s  g i v e  o t h e r  examples of  s o l v i n g  t h e  problem o f  f low of  
an  i n v i s c i d , r a d i a n t  and absorb ing  gas  around b l u n t  bod ie s .  
Absorpt ion o f  r a d i a t i o n  by a n  o p t i c a l l y  g rey  g a s  was t a k e n  i n t o  
account  i n  [ 5 O ]  by means of t h e  s o - c a l l e d  " d i f f e r e n t i a l  approxi -  
mat ion,"  w i t h i n  t h e  framework of  which t h e  mul t i -d imens iona l i ty  . , 

_ I  

of the  problem and r a d i a t i o n  a b s o r p t i o n  i n  a 3hockr'iayeEIdiay j b e -  ' f Z r  

cons idered .  I n  t h i s  approximation,  t h e  e x a c t  d i f f e r e n t i a l  equa- 
t i o n  of  r a d i a t i o n  t r a n s p o r t  i s  r e p l a c e d  by a n  approximat ing  sys-  
t e m  o f  moment e q u a t i o n s  as f o l l o w s .  The  moments a re  in t roduced  
f o r  t h e  r a d i a t i o n  i n t e n s i t y  o f  an  o p t i c a l l y  g r e y  g a s :  

1 
4n 

1 2  = - 5 I ( 8 )  cos 8dP; 

. . . . . . . . . . . . .  J 

Here i n t e g r a t i o n  i sper formed over  a l l  s o l i d  a n g l e s ,  The f i r s t  
moment r e p r e s e n t s  t h e  average  r a d i a t i o n  i n t e n s i t y ;  t h e  second 
moment r e p r e s e n t s  t h e  r a d i a t i o n  energy f l u x ;  t h e  t h i r d  moment 
r e p r e s e n t s  t h e  r a d i a t i o n  p r e s s u r e .  M u l t i p l y i n g  t h e  r a d i a t i o n  
t r a n s p o r t  e q u a t i o n  

( 6 . 4 4 )  

-+ w r i t t e n  f o r  a g rey  g a s  on t h e  r a y  s ,  which makes t h e  a n g l e  6c w i t h  
t h e  a x i s  xi, by t h e  power c o s  and i n t e g r a t i n g  t h e  r e l a t - i o n s - '  

ob ta ined  over  a l l  s o l i d  a n g l e s ,  we o b t a i n  an  i n f i n i t e  system of  
e q u a t i o n s  f o r  t h e  moments. T h i s  system approximates  t h e  t r a n s -  
p o r t  e q u a t i o n .  The system i s  t r u n c a t e d  i n  t h i s  case  by a method 
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advanced by  Eddington (Milne-Eddington [l- 4 1  approx ima t ion ) .  T h i s  
method assumes t h a t  a t  t h e  t h i r d  moment t h e  r a d i a t i o n  i n t e n s i t y  
i s  absorbed which does  no t  depend on d i r e c t i o n .  Then 1 3 = -  I , ,  

and t h e  approximat ing  t r a n s p o r t  e q u a t i o n  o f  t he  sys tem assumes 
t h e  form 

1 
3 

(6.46) 

Since  (6 .45 )  r e p r e s e n t s  t h e i - t h  component of  t h e  v e c t o r  
d ive rgence  of  t h e  r a d i a n t  f l u x ,  t h e  system o f  e q u a t i o n s  f o r  t h e  
gasdynamics of  a r a d i a n t  g a s  becomes a p u r e l y  d i f f e r e n t i a l  system. 
T h i s  system was s o l v e d  i n  [50]  f o r  d i f f e r e n t  v a l u e s  o f  t h e  shock 
l a y e r  o p t i c a l  t h i c k n e s s  by t r u n c a t i o n  of  t h e  s e r i e s ,  and t h e  

f low f i e l d  and r a d i a t i o n  around a b l u n t  body, whose form was 
determined from t h e  g i v e n  form o f  t h e  shock wave, were o b t a i n e d .  
The a u t h o r s  of [50] emphasized t h a t  t h e  s o l u t i o n  t h e y  o b t a i n e d  
w a s  approximate ly  a c c u r a t e  i n  t h e  e n t i r e  f low f i e l d  and f o r  a l l  
o p t i c a l  t h i c k n e s s e s .  For  l a r g e  o p t i c a l  t h i c k n e s s e s  of t h e  shock 
l a y e r ,  no s i n g u l a r i t i e s  should  e x i s t  on t h e  boundary between t h e  
gas  and the  body, s i n c e  a s i n g u l a r i t y  ar ises  on ly  i n  t h e  approxi -  
mat ion o f  a n  o p t i c a l l y  t r a n s p a r e n t  gas. However, s i n c e  t h e  

t empera tu re  and o t h e r  gas parameters  on t h e  body s u r f a c e  a re  
de termined  from s o l v i n g  t h e  system of d i f f e r e n t i a l  e q u a t i o n s  
w i t h i n  an  accuracy  which depends on t h e  accu racy  w i t h  which t h e  
c o n d i t i o n  of no f low on t h e  body i s  s a t i s f i e d ,  t he  r e s u l t s  on 
t h e  body have a c e r t a i n  deg ree  of inde terminancy .  P a r t i c u l a r l y  
appa ren t  inde terminancy  must appea r  i n  t h e  case  o f  f lows  w i t h  

small v a l u e s  of t h e  o p t i c a l  t h i c k n e s s  of  t h e  shock l a y e r  w and 

i- 7- 

$2: 
i 
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Figure 6.18. Distribution of relative values of temperature, 
density, pressure, and normal velocity component of gas in a 
shock layer (solid lines - without radiation; dashed lines - 
with allowance for radiation). 

the parameter W (these parameters are designated by Bu and r ,  
respectively, in C501). 

Figure 6.18, which was taken from L-503, shows the relative 
values of temperature T, density p ,  pressure p, and the normal 
velocity component v along the braking line for r = 0.04 and 
Bu = 0.08. It may be seen from the graphs that the gas 
temperature close to the body surface decreases so sharply that 
small errors in determining the coordinate of the body surface 
may lead to very inaccurate values of the temperature, Therefore, 
in solutions of this type we must determine the gas temperature /326 
on the body boundary from the condition of equilibrium "on the 
average. I' 

447 



Recen t ly ,  c a l . c u l a t i o n s  have been performed o f  t h e  f low of  an 
i n v i s c i d  r a d i a n t  and a b s o r b i n g  g a s  around b l u n t  bod ie s ,  t a k i n g  
i n t o  account  s e l e c t i v i t y  o f  r a d i a t i o n  a l o n g  t h e  wavelengths  [ 5 1  - 
551. I n  a d d i t i o n  t o  t he  g e n e r a l  assumptions g i v e n  above,  t h e  
s t u d i e s  [ 5 l  - 551 used  t h e  method of s t r a i g h t  l i n e s  [40] t o  
c a l c u l a t e  f low around a sphe re .  To t ake  i n t o  account  t h e  mul t i -  
d i m e n s i o n a l i t y  o f  t h e  r a d i a t i o n  f i e l d ,  i t  was assumed t h a t  t h e  

r a d i a n t  shock l a y e r  i n  each  c r o s s  s e c t i o n  may be approximated 
by a p l a n e - p a r a l l e l  l a y e r  o f  g a s  w i t h  t h e  same d i s t r i b u t i o n , o f , . ,  , <~ I . I 

paramete r s  as i n  t h e  c r o s s  s e c t i o n  be ing  c o n s i d e r e d ,  The ca l cu -  
l a t i o n s  i n  t h e s e  s t u d i e s  were performed by t h e  method o f  succes-  
s i v e  approximat ions .  I n  a c a l c u l a t i o n  of  t h e  v e c t o r  d ivergence  
of  t h e  r a d i a n t  f l u x ,  i t  was assumed t h a t  t h e  d i s t r i b u t i o n  o f  
t he  gasdynamic pa rame te r s  was known. The model of t h e  r a d i a n t  . 

a i r  i n  [ 5 l ]  was t a k e n  from [ 2 9 ] ,  and i n  [ 5 2 ] ,  it w a s  t a k e n  from 

['O]. 
s o l v e  t h e  system of  gasdynamic e q u a t i o n s ,  and t h i s  procedure  wa-s 
r e p e a t e d  u n t i l  t h e  subsequent  approximation co inc ided  w i t h  t h e  
p rev ious  one. 

j> . . ,.. I . I .  

The d i s t r i b u t i o n  of  d i v 3  w i t h i n  t h e  l a y e r  w a s  used t o  

These c a l c u l a t i o n s  have confirmed a l l  o f  t h e  q u a l i t a t i v e  /327 
r e s u l t s  on t h e  i n f l u e n c e  o f  r a d i a t i o n  o b t a i n e d  above. The 
s o l i d  l i n e  i n  F i g u r e  6 . 1 9  d e s i g n a t e s  t h e  d i s t r i b u t i o n  of  t h e  
r a d i a t i o n  thermal  f l u x  a l o n g  t h e  f r o n t  s u r f a c e  o f  a sphe re  w i t h  

a r a d i u s  o f  one meter ,  t a k e n  from [ S l ] ,  f o r  a v e l o c i t y  of 10 .5  
km/sec a t  a n  a l t i t u d e  of  65 k m ;  t h e  dashed l i n e ,  t a k e n  from [52], 
i s  f o r  a v e l o c i t y  of  1 0  km/sec. 

The f low around a sphere was a l s o  c a l c u l a t e d  i n  1531 by 
t h e  method of  i n t e g r a l  r e l a t i o n s h i p s .  To a l l o w  f o r  t h e  mul t i -  
d i m e n s i o n a l i t y  of  t h e  r a d i a t i o n  f i e l d ,  t h e  method o f  s p h e r i c a l  
harmonics was used,  which made i t  p o s s i b l e  t o  o b t a i n  a d i f f e r e n -  
t i a l  system of e q u a t i o n s  approximat ing  t h e  t r a n s p o r t  equa t ion .  

4 4 8  
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The f i r s t  approximat ion  o f  t h e  

method of  s p h e r i c a l  harmonics ,  
used i n  t h i s  s t u d y ,  leads t o  t h e  

same d i f f e r e n t i a l  e q u a t i o n s  as 
t h e  Milne-Eddington approximat ion  
which i s  known i n  a s t r o p h y s i c s .  

I n  o r d e r  to d e c r e a s e  t h e  

Figure 6.19. Distribution of number of  c a l c u l a t i o n s  necessa ry  ' 
r a d i a n t  t he rma l  f l u x  ove r  
sphere surface ( s o l i d  l i n e  t o  Solve t h e  t r a n s p o r t  e q u a t i o n  
a t  Vm = 10 .5  km/sec, H = f o r  each  r a d i a t i o n  wavelength,  
65  k m  C511; dashed l i n e  a t  some a u t h o r s  [54,  551 have used 
Vm = 1 0  km/sec [521. 

s imple  s t epped  models f o r  t h e  

a b s o r p t i o n  c o e f f i c i e n t .  The s tudy  [55 ]  i s  i n t e r e s t i n g  i n  t h a t  
t h e  method of  ad jus tment  i s  used to s o l v e  an  i n t e g r a l  - d i f f e r e n -  
t i a l  system o f  e q u a t i o n s  d e s c r i b i n g  t h e  f l o w  of a r a d i a n t  g a s .  
I n  t h e  o p i n i o n  of  t h e  a u t h o r  o f  [ 5 5 ] ,  t h e  method of  ad jus tment  
r e q u i r e s  much l e s s  machine t i m e  and i s  p a r t i c u l a r l y  s u i t a b l e  f o r  
s o l v i n g  three-d imens iona l  problems. 

The q u a l i t a t i v e  agreement of  t h e  r e s u l t s  of  a l l  s t u d i e s  
mentioned i n  t h i s  s e c t i o n  must be n o t e d .  However, a q u a n t i t a t i v e  
comparison of  t h e s e  r e s u l t s  i s  d i f f i c u l t ,  j u s t  l i k e  t h e  comparison 
of  t h e  machine t ime r e q u i r e d  f o r  t he  c a l c u l a t i o n s .  

6 .5 .  Flow of  r a d i a n t  v i scous  gas  

A s  has a l r eady  been r e p e a t e d l y  p o i n t e d  o u t ,  when s p a c e c r a f t  
e n t e r  t h e  atmosphere o f  t h e  E a r t h  a t  v e l o c i t i e s  on t h e  o r d e r  of 
t h e  second cosmic v e l o c i t y  and h i g h e r ,  r a d i a t i o n  beg ins  to have 
a g r e a t  i n f l u e n c e  on t h e  gas  f low i n  t h e  shock l a y e r ,  and t h e  

r a d i a n t  thermal  f l u x e s  on t h e  s u r f a c e  of  t h e  s p a c e c r a f t  may 

4 4 9  



exceed t h e  c o n v e c t i v e  f l u x e s .  T h e  p i c t u r e  o f  t h e  f l o w  o f  gas 
i n  t h e  shock l a y e r  under  t h e  i n f l u e n c e  of  r a d i a t i o n  changes ,  
a n d , t h e  p r o f i l e s  of  g a s  e n t h a l p y  and d e n s i t y  s h a r p l y  change.  
The shock wave i s  l o c a t e d  c l o s e r  t o  t h e  s p a c e c r a f t  s u r f a c e .  I n  
t h i s  case, i t  i s  imposs ib l e  t o  c a l c u i a t e  t h e  c o n v e c t i v e  thermal 
f l u x e s ,  w i thou t  t a k i n g  i n t o  account  t he  i n t e r a c t i o n  between radi-  

a t i o n  and t h e  f low f i e l d .  

*[,,+ TQiAs s e c t i o n  i s  devoted  t o  f lows  of  a v i s c o u s  rad&an.krigasrii 
around b l u n t  bod ie s  e n t e r i n g  the  atmosphere of  t h e  E a r t h  a t  
hypersonic  v e l o c i t i e s .  Viscous  shear f lows  ( C o u e t t e  f l o w ) ,  f l ows  
i n  t u b e s  and c h a n n e l s ,  and a l s o  f lows  around a wedge, cone ,  and 
p l a t e  w i l l  no t  be c o n s i d e r e d ,  s i n c e  t h e  i n f l u e n c e  of  r a d i a t i o n  i n  
t h e  boundary l aye r  on t h e  f r o n t  s u r f a c e  on a l a n d i n g  s p a c e c r a f t  
w i l l  be i n s i g n i f i c a n t .  

I n  aerodynamics,  t h e  f low f i e l d  i n  t h e  v i c i n i t y  o f  t h e  

c r i t i c a l  p o i n t  of  a b l u n t  body i s  u s u a l l y  d i v i d e d  i n t o  i n v i s c i d  
flow i n  t h e  shock l a y e r  and i n t o  a v i s c o u s  boundary l a y e r .  The 
s o l u t i o n  f o r  t h e  boundary l a y e r  g i v e s  t h e  c o n v e c t i v e  thermal  
f l u x  on t h e  body s u r f a c e ,  and t h e  c o n d i t i o n s  on t h e  o u t e r  boundary 
of t h e  boundary l a y e r  are de termined  by s o l v i n g  the  problem of 
i n v i s c i d  f low.  The i n t e r a c t i o n  of  r a d i a t i o n  w i t h  t h e  f low f i e l d  /328 
i s  a p p a r e n t ,  i n  t h e  f i r s t  p l a c e ,  i n  t h e  f a c t  t h a t  t h e  g a s  e n t h a l p y  
i n  t h e  shock l a y e r  changes due t o  energy t r a n s p o r t  by r a d i a t i o n .  
I n  t h e  second p l a c e ,  t h e  gas v e l o c i t y  g r a d i e n t  changes a l o n g  
t h e  o u t e r  boundary of t h e  boun$apy,,?gyer, , , .  1q; t h E  .$hQ-d p1a,csp3 
it i s  necessa ry  t o  c o n s i d e r  a d d i t i o n a l  boundary c o n d i t i o n s  t o  
s o l v e  t h e  e q u a t i o n  of  r a d i a t i o n  t r a n s p o r t  i n  t h e  boundary layer .  
Consequent ly ,  t h e  c o n d i t i o n s  on t h e  o u t e r  boundary of  t h e  boundary 
l a y e r  change as compared w i t h  t h e  f low of  a n o n r a d i a n t  gas, and 
i t  becomes compl ica ted  t o  de t e rmine  these  c o n d i t i o n s  [56,  571. 
The re fo re ,  i n  t h e  f i rs t  s t u d i e s  which were performed on t h e  



c o n c u r r e n t  i n f l u e n c e  o f  r a d i a t i o n  and convec t ion  i n  t h e  f l o w  
around b l u n t  b o d i e s ,  i t  was assumed C58, 591, and i s  s t i l l  be ing  
assumed [60] , tha. tL,  due t o  t h e  g r a d i e n t  (which i s  produced when 
r a d i a t i o n  i s  c o n s i d e r e d )  of t h e  g a s  e n t h a l p y  a c r o s s  t h e  shock 
l a y e r ,  i t  is. n e c e s s a r y  t o  c o n s i d e r  t h e  molecu la r  t r a n s p o r t  pro-  
cesses i n  t he  e n t i r e  shock l a y e r .  

The concept  of a compJetely v i s c o u s  shock l a y e r  was used 
byirmany~alutkhors f o r  a concur ren t  c a l c u l a t i o n  o f  convective. and 
r a d i a n t  t h e r m a l  f l u x e s  a t  t h e  c r i t i c a l  p o i n t  o f  a b l u n t  body. 
However, t h i s  concept  f o r  shock l a y e r s ,  i n  which t h e  Reynolds 
number R e s  c a l c u l a t e d  f o r  c o n d i t i o n s  behind  t h e  shock wave 

exceeds lo4, leads t o  a n  i n v a l i d  compl i ca t ion  o f  t h e  c a l c u l a t i o n .  
T h i s  makes it n e c e s s a r y  t o  u s e  s i m p l i f y i n g  assumpt ions  which 
d e c r e a s e  t h e  r e l i a b i l i t y  o f  t h e  r e s u l t s  o b t a i n e d ,  and make i t  
imposs ib l e  t o  c a l c u l a t e  t h ree -d imens iona l  f l ows .  T h e r e f o r e ,  f o r  
large Reynolds numbers f o r  a shock wave, i t  i s  des i r ab le  t o  
d i v i d e  t h e  shock l a y e r  i n t o  i n v i s c i d  and v i s c o u s  r e g i o n s ,  
e s p e c i a l l y  s i n c e  t h e  methods o f  c a l c u l a t i n g  t h e  i n v i s c i d  f low 
of a r a d i a n t  g a s  around b l u n t  bod ie s  have been developed (see 
S e c t i o n  6 . 4 ) .  

S t u d i e s  performed i n  [61, 5 2 3  showed t h a t  t h e  t empera tu re  
g r a d i e n t s  i n  a shock l a y e r ,  caused by t h e  ou t f low o f  r a d i a t i o n ,  
are much less t h a n  t h e  t empera tu re  changes i n  t h e  boundary l a y e r  
c l o s e  t o  t h e  body, and t h e  i n f l u e n c e  o f  t h e  boundary l a y e r  rad i -  

a tPon  on t h e  f low i n - t h e  s h o c k ’ l a y e r  i s  s m a l l .  The magnitude 
of t h i s  i n f l u e n c e  does  n o t  exceed t h e  magnitude o f  o r d i n a r y  v i s -  
cous i n t e r a c t i o n .  
i s  p o s s i b l e  t o  d i v i d e  the  f low i n  t h e  shock l a y e r  i n t o  an  i n v i s -  
c i d  r e g i o n  and a boundary l a y e r ,  w h i l e  t h e  c o n d i t i o n s  on the  

body f o r  i n v i s c i d  f low are  t h e  p r e c i s e  ( i n  t h e  a sympto t i c  s e n s e  

The re fo re ,  a t  Reynolds numbers R e s  > lo4, it 



[a t  R e s  -+ -1) c o n d i t i o n s  on t h e  o u t e r  boundary of t h e  boundary 

l a y e r  [61]. Even i n  t h e  c a s e  when t h e  boundary l a y e r  r a d i a t i o n  
has a g r e a t  i n f l u e n c e  on f l o w  i n  t h e  shock l a y e r ,  t h e  f low may 
be d i v i d e d  i n t o  v i s c o u s  and i n v i s c i d  r e g i o n s ,  t a k i n g  i n t o  account  
t h e  i n f l u e n c e  o f  t h e  boundary l a y e r  r a d i a t i o n .  I n  t h i s  case, 
f low i n  t h e  shock l a y e r  may be c a l c u l a t e d  i n  t h e  same way as i n -  
t e n s e  v i s c o u s  i n t e r a c t i o n  i s  c a l c u l a t e d ,  i . e . ,  by t h e  i t e r a t i o n  
method. + I  

. _  .,_ . 
L, 

The v i s c o u s  flow o f  a r a d i a n t  gas  may be  d e s c r i b e d  by a 
system o f  Navier-Stokes e q u a t i o n s  ( see  S e c t i o n  5.1), add ing  t o  / 329  
t h e  e q u a t i o n  t h e  energy  term d i v 8  (6.15), which t a k e s  i n t o  
accoun t  t h e  t r a n s p o r t  o f  r a d i a n t  energy i n  t h e  gas. I n  t h e  

g e n e r a l  c a s e ,  to c a l c u l a t e  d i v 8  i t  i s  n e c e s s a r y  to s o l v e  t h e  

e q u a t i o n  of r a d i a n t  energy  t r a n s p o r t  w i t h  t h e  c o r r e s p o n d i n g  
boundary c o n d i t i o n s .  The c h a r a c t e r i s t i c  pa rame te r s  making i t  
p o s s i b l e  to e s t a b l i s h  t h e  i n f l u e n c e  o f  r a d i a t i o n  on v i s c o u s  g a s  
f low w i l l  be t h e  same: t h e  c h a r a c t e r i s t i c  o p t i c a l  t h i c k n e s s  of  
t h e  gas  l a y e r  w and t h e  energy  pa rame te r  W .  The o c c u r r e n c e  o f  
t h e  i n t e g r a l  t e r m  d iv$  i n  t h e  Navier-Stokes e q u a t i o n  f u r t h e r  
compl i ca t e s  an  ex t r eme ly  complex system of  e q u a t i o n s  f o r  v i s c o u s  
f l o w s .  R e l a t i v e l y  s imple  s o l u t i o n s  a r e  on ly  o b t a i n e d  i n  t h e  
approximat ion  o f  r a d i a n t  thermal  c o n d u c t i v i t y ,  when t h e  o p t i c a l  
t h i c k n e s s  o f  a v i s c o u s  boundary l a y e r  w i t h  a l lowance  f o r  r a d i -  
a t i o n  i s  g r e a t  ( w  >>1). I n  t h i s  c a s e ,  t h e  r e g u l a r  and r a d i a n t  
thermal  c o n d u c t i v i t y  may b e  combined [ 8 ,  421, and t h e  boundary 
l a y e r  e q u a t i o n s  o b t a i n e d  from t h e  Navier-Stoke5 equztions ‘assume’’ 
se l f -model ing  s o l u t i o n s  [621. I n  t h e  c a s e  w 5 1, which i s  more 
i n t e r e s t i n g  f o r  p r a c t i c a l  a p p l i c a t i o n s ,  w e  must s o l v e  a complex 
i n t e g r a l  - d i f f e r e n t i a l  s y s t e m  of  e q u a t i o n s  f o r  v i s c o u s  f l o w s ,  
c o n s i d e r i n g  r a d i a t i o n .  An o p t i c a l l y  t r a n s p a r e n t  boundary l a y e r  
( w  <<1) i s  d e s c r i b e d  by p u r e l y  d i f f e r e n t i a l  e q u a t i o n s ,  b u t  t he re  
are no s e l f - m o d e l l i n g  s o l u t i o n s ,  s i n c e  i n  t h i s  c a s e  t h e r e  are 
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two c h a r a c t e r i s t i c  l e n g t h s  o f  d i f f e r e n t  o r d e r  i n  t h e  l a y e r :  t h e  

wid th  o f  t h e  boundary l a y e r  i s  p r o p o r t i o n a l  t o  the  number (Rej-'/s ,  

and t h e  c h a r a c t e r i s t i c  mean f r ee  p a t h  o f  r a d i a t i o n  i s  p r o p o r t i o n a l  
t o  - (&)-I .  

It w a s  no ted  a t  t h e  beg inn ing  of  t h i s  s e c t i o n  t ha t  t h e  

i n f l u e n c e  o f  r a d i a t i o n  upon h e a t  exchage i n  t h e  v i c i n i t y  o f  a 
c r i t i c a l  p o i n t  of  a b l u n t  body i s  s t u d i e d  on t h e  basis o f  a n  
i n t e g r a l  - d i f f e r e n t i a l  sys tem of e q u a t i o n s ,  which takes i n t o  
account  molecu la r  t r a n s p o r t  I n  t h e  e n t i r e  shock l a y e r .  One o f  
the first such  s t u d i e s  w a s  [58]. The e q u a t i o n s  d e s c r i b i n g  the  

f low o f  a r a d i a n t  v i s c o u s  g a s  i n  t h e  v i c i n i t y  o f  t h e  c r i t i c a l  
p o i n t  were o b t a i n e d  under  t h e  assumpt ion  t h a t  t h e  shock l a y e r  
t h i c k n e s s  a t  the  c r i t i c a l  p o i n t  i s  much less  t h a n  t h e  r a d i u s  
o f  a b l u n t  body (ARb <<1, t h e  h y p o t h e s i s  o f  a t h i n  shock l a y e r ,  

see S e c t i o n  5 .4 )  and t h e  p r e s s u r e  of t h e  gas  a c r o s s  t h e  shock 
l a y e r  i s  c o n s t a n t  (dp/dy = 0 ) .  It i s  assumed t h a t  r a d i a t i o n  i s  
t r a n s p o r t e d  on ly  a c r o s s  t h e  shock  l a y e r ,  and i t s  e x p r e s s i o n  f o r  
a p l a n e - p a r a l l e l  gas l a y e r ,  w i t h  a l lowance  f o r  r a d i a t i o n  of  t h e  
body s u r f a c e ,  i s  used f o r  t h e  v e c t o r  d ive rgence  of  t h e  r a d i a n t  
f l u x .  The r a d i a t i o n  a b s o r p t i o n  c o e f f i c i e n t  depends on t h e  f r e -  
quency, and the re  are  no l i m i t a t i o n s  on t h e  o p t i c a l  t h i c k n e s s  o f  
t h e  shock l a y e r .  The sys tem o f  e q u a t i o n s  o b t a i n e d  may be  r e w r i t t e n  
by means o f  r e g u l a r  t r a n s f o r m a t i o n s  of t h e  boundary l a y e r  (see 
S e c t i o n  5 . 1 )  under  t h e  assumpt ion  t h a t  a l l  t h e  v a r i a b l e s  depend 
on ly  on 0 .  The boundary c o n d i t i o n s  on t h e  wave and t h e  body 

s u r f a c e  a r e .  r e g u l a r ;  I ,, ~ ., ,_ . ' 1  
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We may i n t e g r a t e  t h e  system o b t a i n e d  by t h e  method o f  1330 
s u c c e s s i v e  approx ima t ions ,  assuming t h a t  d i v 3  = 0 i n  t h e  z e r o  
approximat ion .  

The gasdynamic f o r m u l a t i o n  o f  t h e  problem i s  s imi l a r  f o r  
s t u d y i n g  t h e  i n t e r a c t i o n  of  r a d i a t i o n  w i t h  t he  f l o w  f i e l d  i n  
t h e  v i c i n i t y  of  t h e  c r i t i c a l  p o i n t  o f  a b l u n t  body i n  a l l  e a r l i e r  
s t u d i e s  [59,  63, 673, i n  which t h e  concept  o f  a comple t e ly  v i s -  
cous shock l a y e r  w a s  u sed .*  The a u t h o r s  o f  t h e s e  s t u d i e s  assume.  
t h a t  a i r  i n  t he  shock l a y e r  i s  i n  l o c a l  thermodynamic e q u i l i b r i u m ,  
t h e  shock wave and t h e  gas i n  f r o n t  o f  it are  t r a n s p a r e n t  f o r  
r a d i a t i o n  from t h e  shock l a y e r ,  and t h e  r a d i a t i o n  i s  t r a n s p o r t e d  
on ly  a c r o s s  t h e  shock l a y e r .  I n  p r i n c i p l e ,  these  s t u d i e s  d i f f e r  

i n  t h e  s p e c i f i c  form o f  d i v g  and by t h e  assumpt ions  w i t h  r e s p e c t  
t o  t h e  r a d i a t i o n  a b s o r p t i o n  c o e f f i c i e n t  i n  t h e  shock l a y e r  and 
t h e  body s u r f a c e  r a d i a t i o n .  
below, as w e l l  as  t h e  b a s i c  r e s u l t s  of  numer i ca l  c a l c u l a t i o n s  
o b t a i n e d  i n  t h e  s t u d i e s  above.  

We s h a l l  g i v e  e x p r e s s i o n s  f o r  d i v 8  

The e x p r e s s i o n  f o r  d i v 8  i s  d e s c r i b e d  i n  [59]  f o r  a p lane-  
p a r a l l e l  l a y e r  of g r e y  g a s  w i t h  t h e  a b s o r p t i o n  c o e f f i c i e n t  k 

which depends on ly  on t h e  l o c a l  c o n d i t i o n s ,  and t h e  body s u r f a c e  
i s  assumed t o  be  a b s o l u t e l y  b l a c k :  

d i v P = - - - = 2 a k  + dF [f T E l ( I o - € l ) d E - 2 T 4 - T ~ E 2 ( w )  ] . ( 6 . 4 8 )  
dY 

Here 

* I n  some of  t h e s e  s t u d i e s ,  t h e  i n f l u e n c e  o f  a b l a s t  o f  
material  from t h e  body s u r f a c e ,  which w i l l  n o t  be  examined here,  
was s t u d i e d  i n  a d d i t i o n  t o  r a d i a t i o n .  
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En - i s  de termined  by Formula (6 .38 ) ;  Tw - t empera tu re  o f  t h e  

body s u r f a c e .  

The s t u d y  [59]  g i v e s  t h e  r e s u l t s  o f  numer ica l  c a l c u l a t i o n s  
( t h e  a i r  a b s o r p t i o n  c o e f f i c i e n t s  are t a k e n  from [68])  o f  t h e  

f low f i e l d  and convec t ive  heat t r a n s f e r  a t  t h e  c r i t i c a l  p o i n t  f o r  
d i f f e r e n t  v a l u e s  o f  t h e  body b l u n t n e s s r a d i u s  and f l i g h t  regimes.  
By way o f  an  example, F i g u r e s  6.20 and 6.21 [59] g i v e  t h e  d i s t r i -  
b u t i o n  o f  pa rame te r s  i n  t h e  shock l a y e r  and t h e  dependence o f  t h e  " - r t  

convec t ive  heat t r a n s f e r  parameter  a t  t h e  c r i t i c a l  p o i n t  Nu/& 
( 5 . 7 4 )  on t h e  e n t r y  v e l o c i t y  f o r  s e v e r a l  v a l u e s  of t h e  b l u n t n e s s  
r a d i u s .  It may be s e e n  i n  F i g u r e  6 .21  t ha t  t h e  convec t ive  t h e r -  
m a l  f l u x ,  c a l c u l a t e d  w i t h  a l lowance f o r  r a d i a t i o n ,  d e c r e a s e s  and 
s t r o n g l y  depends on t h e  b l u n t n e s s  r a d i u s .  It i s  emphasized i n  
C591 t h a t  t h e  i n f l u e n c e  o f  r a d i a t i o n  upon t h e  convec t ive  heat  
t r a n s f e r  cannot  on ly  be  r e l a t e d  t o  a d e c r e a s e  i n  t h e  g a s  en tha lpy  
i n  t h e  shock l a y e r .  Changes i n  t h e  gas  e n t h a l p y  and t h e  convec- 
t i v e  thermal  f l u x  due t o  r a d i a t i o n  are no t  p r o p o r t i o n a l ,  For  
example, a t  Rb = 30.5  em f o r  f l i g h t s  a t  a v e l o c i t y  of 1 5  km/sec 

a t  an a l t i t u d e  o f  58 k m  t h e  d i f f e r e n c e  i n  e n t h a l p y  ( h s  - hw) due 

t o  r a d i a t i o n  d e c r e a s e s  by  approximate ly  8 % ,  and t h e  convec t ive  
the rma l  f l u x  - by 1 5 % .  T h i s  i n d i c a t e s  t h a t ,  due t o  r a d i a t i o n ,  
no t  only t h e  gas  e n t h a l p y  i s  changed, bu t  a l s o  o t h e r  pa rame te r s  
on t h e  o u t e r  boundary of t h e  boundary l a y e r .  

A s tudy  i s  made i n  [ 6 3 ]  o f  t h e  h y p o t h e s i s  o f  an o p t i c a l l y  
t r a n s p a r e n t  gas  , and t h e r e f o r e  d i v 8  r e p r e s e n t s  t h e  energy emi t t ed  
by a u n i t  volume of  shock l a y e r  p e r  u n i t  t i m e ,  whose numer ica l  
v a l u e s  were t a k e n  from [ 6 9 ] .  It w a s  assumed i n  [ 6 4 ]  t ha t  t h e  

a i r  a b s o r p t i o n  c o e f f i c i e n t  kv depends on f r equency ,  and a body 

w i t h  a c o n s t a n t  s u r f a c e  t empera tu re  does  no t  e m i t  o r  r e f l e c t  
r a d i a t i o n .  I n  t h i s  c a s e ,  t h e  e x p r e s s i o n  f o r  d i v F  has t h e  form /331 + 
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Figure  6.20.  Flow f i e l d  i n  F i g u r e  6 . 2 1 .  Parameter o f  con- 

a l lowance f o r  t h e  i n f l u e n c e  of  
r a d i a t i o n  a t  T w  = 1500 K;  

shock l a y e r  a t  Vm = 15.2  v e c t i v e  h e a t  t r a n s f e r  w i t h  
km/sec; a l t i t u d e  - 7 5 . 6  
km; Rb = 1 . 5  m; H - t o t a l  

= 1 kG/cm2. e n t h a l p y .  PS 

1 - without  a l lowance  f o r  
r a d i a t i o n ;  2 - w i t h  r a d i a t i o n  
a t  Rb = 0 . 3 0 5  m; 3 - a t  Rb = 

0.915 m; 4 - a t  R = 1.525 m .  
b 

I n  a c a l c u l a t i o n  of  t h e  a b s o r p t i o n  c o e f f i c i e n t ,  c o n s i d e r a t i o n  
i s  g iven  t o  t h e  f r e e - f r e e  and free-bound t r a n s i t i o n s  u s i n g  t h e  
formulas  from [ 7 0 ] ,  and also t h e  molecular  continuum o f  oxygen 
( t h e  Schuman-Runge band system w i t h  a d i f f u s e d  r o t a t i o n a l  s t r u c -  
t u r e )  w i t h  t h e  a b s o r p t i o n  c o e f f i c i e ' n t  ,accord?n$ ' t o  t h e  approxi -  
mate formula o f  Zu l ' t s e r -Vi l and  

( 6 . 5 0 )  0 0975 112 0 0975 hv-8,56 2 

R,  = 1.49. 10-17.~o, ["(%)I exp[-fh (%)x( 0,805 ) ]  
and of n i t r o g e n  (Berdzh-Khopfil 'd band) 



k, = 1.2. lo-" nNS exp [ -  Ih-13 .6+  ( 1-- or)1"3]. (6.51) 

In Formulas (6.50) and (6.51), n is the number of  particles 
- in inverse centimeters; hv and kT in electron kv per cm3i' 

volts. On a frequency scale, twenty points were selected, between 
which the absorpt5on coefficient was described by a linear function. 
Other radiation processes were not considered. The numerical 
calculations by the Karman-Pol'gauzen method in [63 and 641 showed 
that cooling by radiation and self-absorption has a slight influ- 
ence on convective heating, whereas the radiant flux is greatly 
reduced. To sum up, the total thermal flux on the body surface /332 
for flow with absorption of  radiation is decreased as compared 
with the flow o f  an optically transparent gas. Figure 6.22 [64] 
gives the results of  calculating thermal fluxes for an optically 
transparent and non-grey gas, which correspond to conditions for 
entry into the atmosphere of the Earth by a spacecraft returning 
from Mars, for different values of the nose bluntnessradius. It 
may be seen from this graph that for a non-grey gas the bluntness 
radius, for which the total thermal flux is at a minimum, approxi- 
mately equals 1.2 my whereas for an optically transparent gas the 
minimum radius is less than 0.3 m. 

' ' , \ '  

We must approach with caution the results obtained by the 
Karman-Pol'gauzen method, since the representation of quantities 
in the shock layer by polynomials cannot correspond to the real 
behavior of a change in th'ese quantitYes. Thus, in [ 6 3 ] ,  the 
authors noted that the value of the gas enthalpy, which is repre- 
sented by a polynomial, at certain points of the shock layer may 
exceed its value for the wave. 
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In a calculation of the 
radiation transport, the study 
[65] considered (in order of 
importance) the atomic lines, 
photoionization, bremsstrahlung, 
and molecular transitions in real 
air. The spectral absorption 
coefficient of air contained five 
hundred points with respect tQ 

4305 497'5 152 RM frequency. To calculate the 

Figure 6.22. Dependence of 
thermal flux on bluntness 
radius at V, = 15.25 km/sec 
at an altitude of 61 km 
(dashed lines - optical 
thickness of gas; solid 
lines - allowing for self- 
absorption; the dots desig- 
nate: circles - convective 
thermal flux; squares - 
radiant flux; triangles - 
total thermal flux). 

absorption coefficient in the 
atomic lines, including the transi- 
tions from the basic states, the 
Elesasser method was used [7l], 
taking into consideration Stark 
expansion combined with a disper- 
sion contour. The absorption 
coefficients for free-free and 
free-bound transitions were 

calculated from formulas given in [72, 733. 

In the energy equation, radiation was taken into account in 
[65] by means of an approximate expression for divg taken from 
1741: 

Here k is the average Planck absorption coefficient (6.25); 

h k = l / k R  - inverse value of the Rosseland average absorption 
coefficient (6.21) 

P 



F i g u r e  6 .23 .  Dependence o f  
thermal  f l u x  on b l u n t n e s s  
r a d i u s  a t  VW = 1 1 . 8  km/sec 
a t  an  a l t i t u d e  o f  53 km.  

1 - t o t a l  thermal  f l u x ;  
2 - r a d i a n t  t he rma l  f l u x ;  
3 - co,nvect ive thermal  
f l u x .  

i s  t h e  o p t i c a l  t h i c k n e s s  of  t h e  

shock l a y e r ;  o ' = T , , , / ( d T / d ~ ~ ) ;  T,,,., - 
maximum tempera tu re  i n  t h e  she-ek %.- 

l a y e r  ; 

a t  0<00/2, oi=ao-o a t  o>oO/2. 

~ * = w ~ [ g l / o ) ~ )  + (I/o')l , where ui = u 

Express ion  (6 .52 )  r e p r e s e n t s  /333 
a combinat ion o f  t h e  e x p r e s s i o n s  
d i v 8  f o r  an  o p t i c a l l y  t h i c k  and 
o p t i c a l l y  t h i n  c a s e ,  which i s  

adequa te  f o r  a r b i t r a r y  o p t i c a l  t h i c k n e s s e s ,  w i t h  t h e  e x c e p t i o n  
o f  t h e  immediate v i c i n i t y  o f  t h e  shock l a y e r  boundary. The 

graph  g i v e n  i n  F i g u r e  6 . 2 3  [65]  shows t h a t ,  w i t h  a l lowance  f o r  
r a d i a t i o n  a b s o r p t i o n  i n  t h e  l i n e s  and i n  t h e  con t inuous  spec t rum,  
w i t h  s imu l t aneous  c o n s i d e r a t i o n  o f  t he  i n t e r a c t i o n  between t h e  

r a d i a t i o n  and t h e  f low f i e l d ,  c o n v e c t i v e  and r a d i a n t  heat t r a n s -  
f e r  d e c r e a s e s  t o  a g r e a t e r  e x t e n t  t h a n  i s  i n d i c a t e d  by  t h e  r e s u l t s  
of  t h e  p r e v i o u s  s t u d i e s ,  and t h e b l u n t n e s s  r a d i u s ,  a t  which t h e  
t o t a l  hea t  t r a n s f e r  i s  a t  a minimum, w i l l  b e  mdch g r e a t e r  t h a n  
was assumed p r e v i o u s l y .  

The s t u d y  C661, t o  c a l c u l a t e  t h e  f low o f  a v i s c o u s ,  s e l e c -  
t i v e l y  r a d i a t i n g  g a s  i n  t h e  v i c i n i t y  of  a c r i t i c a l  p o i n t ,  used 
t h e  i t e r a t i o n  scheme o f  t h e  method of  l i n e a r  d e s c e n t ,  and t h e  

i n f l u e n c e  of v i s c o s i t y  was d i s r e g a r d e d  i n  t h e  o u t e r  p o r t i o n  of 
t h e  shock l a y e r .  I n  a c a l c u l a t i o n  of t h e  r a d i a t i o n  heat exchange 
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a t  each  p o i n t  o f  t h e  shock l a y e r ,  t h e  e q u a t i o n s  o f  r a d i a t i o n  
t r a n s p o r t ,  which were w r i t t e n  i n  t h e  form of  f i n i t e  d i f f e r e n c e  
r e l a t i o n s h i p s ,  were i n t e g r a t e d  f o r  d i f f e r e n t  wavelengths  and 
d i r e c t i o n s ,  and t h e n  t h e  r a d i a n t  thermal  f l u x  and d i v F  were 
determined by summation. The a b s o r p t i o n  c o e f f i c i e n t s  f o r  r a d i -  
a t i o n  by a i r  were t a k e n  from [29]. 

+ 

The f low o f  a s e l e c t i v e l y  r a d i a t i n g  v i s c o u s  gas  around a 
c r i t i c a l  p o i n t  was a l s o  s t u d i e d  i n  [67],  which used t a b l e s  of  
t h e  r a d i a t i o n  a b s o r p t i o n  c o e f f i c i e n t  [ 3 O ] ,  and t h e  method of  
s u c c e s s i v e  approximat ions  t o  s o l v e  a system o f  gasdynamic equa- 
t i o n s .  As a r e s u l t  o f  c a l c u l a t i o n s  i n  [ 6 6  and 671, t h e  a u t h o r s  
o b t a i n e d  t h e  p r o f i l e s  of  v a l u e s  i n  t h e  compressed l a y e r ,  shock 
wave s tand-off  d i s t a n c e ,  as w e l l  as t h e  rad ian t  and convec t ive  
the rma l  f l u x e s  f o r  s e v e r a l  v a r i a t i o n s  of f low around a s p h e r e .  

All of  t h e  s t u d i e s  g i v e n  above confirmed t h e  g e n e r a l  q u a l i -  
t a t i v e  r e s u l t s  tha t  t h e  convec t ive  and r a d i a t i o n  f l u x e s  a r e  
reduced ,  as compared w i t h  c a l c u l a t i o n s  which do n o t  c o n s i d e r  t h e  

i n t e r a c t i o n  of r a d i a t i o n  w i t h  t h e  f low f i e l d .  

The i n t e r a c t i o n  of t h e  v i s c o u s  and i n v i s c i d  r e g i o n  of  t h e  
f low of  a r a d i a n t  gas  i n  t h e  v i c i n i t y  o f  t h e  c r i t i c a l  p o i n t  of 
a b l u n t  body was s t u d i e d  i n  [75]  on t h e  bas i s  of  mode l - equa t ions  
ob ta ined  f o r  l a r g e  Reynolds numbers i n  t h e  approximat ion  o f  a 
t h i n  shock l a y e r  and i n  t h e  approximation o f  s i m i l a r i t y  i n  t h e  

v i c i n i t y  o f  t h e  c r i t i c a l  p o i n t .  A s tudy  of  t h e  c h a r a c t e r i s t i c  
va lues  of  terms i n  t h e  model e q u a t i o n s  i n d i c a t e d  t h a t ,  i f  t h e  

t h i c k n e s s  o f  t h e  v i s c o u s  shock l a y e r  exceeds t h e  o p t i c a l  t h i c k -  
n e s s  of t h e  shock l a y e r ,  t h e n  r a d i a t i o n  a b s o r p t i o n  i n  t h e  e n t i r e  
shock l a y e r  may be d i s r e g a r d e d ,  s i n c e  t h e  l a y e r  i n  which absorp-  
t i o n  i s  i n s i g n i f i c a n t  i s  e n t i r e l y  submerged i n  t h e  v i s c o u s  boundary 
l a y e r .  It was shown a l s o  i n  [75],  u s i n g  t h e  method of o u t e r  and 

.. , .. / . /  , ,: < ,: , , I , 
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i n n e r  expans ions ,  tha t  f o r  s m a l l ,  b u t  f i n i t e  o p t i c a l  t h i c k n e s s e s  /334 
o f  t h e  shock l a y e r  t h e  g a s  e n t h a l p y  on t h e  boundary o f  t h e  v i s -  
cous boundary l a y e r  assumes a f i n i t e ,  non-zero v a l u e .  

The a sympto t i c  boundary l a y e r  a t  t h e  c r i t i c a l  p o i n t  of  a 
b l u n t  body w a s  examined i n  [61]. For t h i s  pu rpose ,  t h e  e q u a t i o n s  
of a chemica l ly  r e a c t i v e ,  e q u i l i b r i u m  boundary l a y e r  were s o l v e d  
( s e e  S e c t i o n  5 . 2 )  w i t h  t h e  a d d i t i o n  of div$,  as w e l l  as t h e  

e q u a t i o n s  o f  r a d i a t i o n  t r a n s p o r t  i n  rea l  a i r ,  w i t h  t h e  L e w i s -  
Semenov number L e  = 1. The  t r a n s p o r t  and thermodynamic p r o p e r t i e s  
of r e a l  a i r  were examined w i t h  t h e  approximate  fo rmulas  g i v e n  i n  
[763.  The c o n d i t i o n s  on t h e  o u t e r  boundary o f  t h e  boundary l a y e r  
and t h e  dependence o f  t h e  r a d i a t i o n  a b s o r p t i o n  c o e f f i c i e n t  f o r  
a i r  were t a k e n  from [51] ,  and on t h e  body - the  customary 
a t t achmen t  c o n d i t i o n s .  A s  a r e s u l t  of  t h e  numer i ca l  s o l u t i o n  by 
the  method o f  s u c c e s s i v e  approx ima t ions ,  i t  w a s  found tha t  t h e  

c o n v e c t i v e  heat  t r a n s p o r t ,  w i t h  a l lowance  f o r  t h e  r a d i a n t  energy  
t r a n s p o r t  i n  t h e  shock l a y e r ,  i s  approx ima te ly  t w i c e  as low as 
wi thou t  a l lowance  f o r  r a d i a t i o n  t r a n s p o r t  i n  t h e  shock l a y e r .  
Allowance f o r  r a d i a t i o n  t r a n s p o r t  i n  t h e  boundary l a y e r  has a 
s l i g h t  i n f l u e n c e  on t h e  c o n v e c t i v e  thermal  f l u x .  

6 . 6 .  Advancing r a d i a t i o n  and p r e c u r s o r  phenomena b e f o r e  
s t r o n g  shock waves 

Up to t h e  p r e s e n t ,  i t  has been assumed t h a t  t h e  r a d i a t i o n  
emanat ing from a shock l a y e r  which i s  formed b e f o r e  s p a c e c r a f t  
e n t e r i n g  t h e  dense  l a y e r s  of t h e  atmosphere does  n o t  i n t e r a c t  
w i t h  t h e  advancing  f low of c o l d  a i r ,  and t h e  energy which i s  
t r a n s p o r t e d  by r a d i a t i o n  p a s s e s  t o  i n f i n i t y ,  w i t h o u t  d i s t u r b i n g  
the  advancing  f low.  However, i n  expe r imen t s  i n  wind t u n n e l s  
C771 and i n  radar o b s e r v a t i o n s  of s a t e l l i t e s  e n t e r i n g  t h e  

atmosphere of t h e  E a r t h  [78] ,  i t  was found t h e r e  i s  c o n s i d e r a b l e  
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c o n c e n t r a t i o n  of e l e c t r o n s  i n  t h e  co ld  gas  i n  f r o n t  o f  t he  s t r o n g  
shock waves a t  a g r e a t  d i s t a n c e  from the f r o n t  o f  t h e  shock waves. 
Th i s  t y p e  o f  phenomenon, which l e a d s t o d e v i a t i o n  o f  t h e  gas  b e f o r e  
t h e  shock wave from t h e  i n i t i a l  s t a t e ,  i s  u s u a l l y  c a l l e d  t he  
p r e c u r s o r  phenomenon. A s  r e c e n t  expe r imen t s  have shown [ 7 7 ] ,  
t h e  p r e c u r s o r  phenomena a r e  caused  p r i m a r i l y  by i n t e n s e  r a d i a t i o n  
o f  a h igh  t e m p e r a t u r e  g a s  behind  t h e  shock wave ( advanc ing  radi-  

a t i o n ) ,  which i s  abso rbed  by the unpe r tu rbed  c o l d  g a s  i n  f r o n t  
of  thq,,$hqok 'wave f r o n t ,  An unde r s t and ing  o f  t h e  p r e c u r s o r  
phenomena i s  impor tan t  b o t h  f o r  i n t e r p r e t i n g  t h e  r e s u l t s  of  
exper iments  on shock waves, and f o r  a p r e c i s e  f o r m u l a t i o n  o f  
t h e  problem of  t h e  f low around a b l u n t  body under  c o n d i t i o n s  
co r re spond ing  t o  t h e  e n t r y  o f  s p a c e c r a f t  i n t o  t h e  atmosphere.  
No less impor tan t  i s  t h e  problem of  i d e n t i f y i n g  b o d i e s  e n t e r i n g  
the  atmosphere,  s i n c e  p r e c u r s o r  phenomena - i n  p a r t i c u l a r ,  
p r e - i o n i z a t i o n  -may g r e a t l y  change t h e  s c a t t e r i n g  s u r f a c e  of 
t h e  r a d a r  s i g n a l .  

Absorp t ion  of t h e  advancing  r a d i a t i o n  i n  co ld  a i r  i n  f r o n t  
of  t h e  shock wave f r o n t  may lead t o  e x c i t a t i o n ,  d i s s o c i a t i o n ,  
and i o n i z a t i o n  of a i r  molecules  be fo re  t h e  f r o n t  [79  - 811- 
Actua l ly ,  t h e  shock wave w i l l  move a long  t h e  gas  w i t h  a changed 
s t a t e  and composi t ion,  which l e a d s  t o  a change i n  t h e  r e l a x a t i o n  
p rocesses  and t h e  e q u i l i b r i u m  s t a t e  of  t h e  gas  behind  t h e  shock 
waves. Due t o  t h i s ,  i t  l e a d s  t o  a change i n  t h e  v a l u e s  o f  t h e  
r a d i a t i o n  and convec t ive  the rma l  f l u x e s  on t h e  s u r f a c e  of t h e  
body i n  t h e  flow. c 

The problems of p r e c u r s o r  phenomena, w i t h i n  t h e  framework 
of t h e  shock wave s t r u c t u r e ,  have been e x t e n s i v e l y  i n v e s t i g a t e d  
i n  t h e  monograph of Ya. B. Ze l ' dov ich  and Yu. P .  Rayzer E 5 1  f o r  
very i n t e n s e  shock waves w i t h  a i r  t empera tu res  behind  t h e  wave 
on t h e  o r d e r  of lo5 - lo6 K .  F o r  t h e s e  shock waves, t h e  very 
i n t e n s e  r a d i a n t  energy f l u x  i s  absorbed  immediately i n  f r o n t  of 

1 3 3 5  
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the shock wave f r o n t  ( t h e  r a d i a t i o n  mean f ree  p a t h  i s  ve ry  s m a l l ) ,  
and t h u s  g r e a t l y  heats t h e  c o l d  a5t.r. I n  the  c a s e  of  shock waves 
which are formed b e f o r e  s p a c e c r a f t  e n t e r i n g  the atmosphere of  the  
Ear th ,  the  energy  t r a n s p o r t e d  by the advancing r d d i a t i o n  w i l l  be  

much less,  and the gas  t e m p e r a t u r e  i n c r e a s e  i n  f r o n t  of t he  shock 
wave w i l l  be  i n s i g n i f i c a n t .  The energy  o f  t h e  advancing  r a d i a t i o n  
which i s  absorbed  by the c o l d  gas  changes t h e  composi t ion  and 
s t a t i c  e n t h a l p y  of  t h e  gas .  The re fo re ,  it i s  n e c e s s a r y  t o  s tudy  
the e l emen ta ry  p r o c e s s e s  l e a d i n g  t o  a change i n  t h e  state'%n&LlJ i3J 

composi t ion  of  the  gas  b e f o r e  t he  shock'wave f r o n t .  

L e t  u s  examine the  c h a r a c t e r i s t i c  pa rame te r s  which make it 
p o s s i b l e t o  es tabl ish t h e  i n f l u e n c e  of  the a b s o r p t i o n  of  t h e  
advancing  r a d i a t i o n  upon t h e  g a s  f low behind  t h e  shock wave C821. 
The b a s i c  pa rame te r  w i l l  be t h e  o p t i c a l  t h i c k n e s s  of  t h e  c o l d  
a i r  l a y e r  u* = Rbk*,  where Rb i s  the c h a r a c t e r i s t i c  dimension 

of  t h e  body i n  t h e  f low,  and k* i s  t h e  c h a r a c t e r i s t i c  v a l u e  of 
t h e  a b s o r p t i o n  c o e f f i c i e n t  o f  t h e  advancing  r a d i a t i o n  i n  the  

c o l d  a i r  b e f o r e  t h e  wave. The pa rame te r  w *  shows how r a p i d l y  

t h e  advancing  r a d i a t i o n  i s  absorbed .  If w* >>1, t h e n  t h e  mean 
f ree  p a t h  of r a d i a t i o n  i n  t he  c o l d  a i r  i s  s m a l l .  The energy  i s  
absorbed  immedia te ly  b e f o r e  t h e  f r o n t ,  and t h e  e m i t t e d  energy  
i s  r e t u r n e d  back t o  t h e  shock l a y e r .  If  w* C < 1 ,  t h e  r a d i a t i o n  
emanates t o  g r e a t e r  ( w i t h  r e s p e c t  t o  t h e  body s i z e )  d i s t a n c e s  
from t h e  shock wave, wi thout  undergoing  a b s o r p t i o n  i n  the  c o l d  
a i r  and, i n  o t h e r  words,  t h e  energy  emi t t ed  from the  shock  f r o n t  
i s  s c a t t e r e d  i n  space  b e f o r e  t h e  body i n  t h e  f low.  The energy  
parameter  W* r e p r e s e n t s  t h e  r a t i o  o f  t h e  advancing  r a d i a t i o n  f l u x  
t o  t h e  f l u x  of t h e  k i n e t i c  energy  o f  t he  a i r  f l o w i n g  ove r  t h e  

shock wave 



If  w* 2 1, t h e n  the pa rame te r  W* c h a r a c t e r i z e s  t h e  r e l a t i v e  amount 
of  energy  removed by  the  advancing  r a d i a t i o n  from t h e  shock l a y e r  
and r e t u r n e d  back t o  the  l a y e r .  If  w* <<1, t h e n  the  estimate of  
t h e  energy  r e t u r n e d  t o  t h e  shock l a y e r  assumes the form W*(W*)~, 
s i n c e  t h e  energy  of t h e  advancing  r a d i a t i o n  i s  s c a t t e r e d  i n  space  
b e f o r e  t h e  body i n  t h e  f low.  The r o l e  of t h e  a b s o r p t i o n  o f  t h e  
advancing  r a d i a t i o n  b e f o r e  t h e  shock wave f r o n t  i s  p a r t i c u l a r l y  
imporant when W* - 1 and w* 2 1. _ _  - 1 _ \ *  

L e t  us  es tab l i sh  t h e  p o s s i b l e  v a l u e s  of  t h e  pa rame te r  w *  1336 
when a b l u n t  body moves i n  t h e  dense l a y e r s  o f  t h e  atmosphere of  
t h e  Ear th .  It i s  known t h a t  co ld  a i r  i s  t r a n s p a r e n t  f o r  radi-  

a t i o n  i n  t h e  v i s i b l e  p o r t i o n  of  t h e  spectrum, and abso rbs  radi-  
a t i o n  i n  t h e  u l t r a v i o l e t  and f a r - u l t r a v i o l e t  r e g i o n s .  F igu re  
6 . 2 4  [83] g i v e s  t h e  dependence of  t h e  a b s o r p t i o n  c r o s s  s e c t i o n  
of c o l d  a tmospher ic  a i r  components on the ene rgy  o f  q u a n t a  o r  
t h e  r a d i a t i o n  wavelength.  

The r a d i a t i o n  a b s o r p t i o n  c o e f f i c i e n t  i n  c o l d  a i r  has t h e  
form 

where aAi i s  t h e  a b s o r p t i o n  c r o s s  s e c t i o n  of  t h e i - t h c o m p o n e n t  

of a i r  a t  t h e  wavelength A ;  n - c o n c e n t r a t i o n  of  t h e  i - t h  i 
component. 

F igu re  6 .25  g i v e s  t h e  dependence of  t h e  e f f e c t i v e  r a d i a t i o n  
mean f r ee  p a t h  i n  t h e  a tmosphe r i c  a i r  Z *  = l/E* on t h e  a l t i t u d e  
averaged  over  t h e  range  of  absorbed  wavelengths ,  We may use  
t h i s  graph  t o  de t e rmine  t h e  va lue  of u* f o r  s p e c i f i c  b l u n t n e s s  
r a d i i .  Thus, f o r  example,  f o r  a sphere  w i t h  t h e  r a d i u s  Rb = 1 m 
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F i g u r e  6 . 2 4 .  Cross  s e c t i o n  o f  con t inuous  a b s o r p t i o n  i n  c o l d  
amospheric  a i r .  

t h e  e f f e c t i v e  mean f r ee  p a t h  of t h e  r a d i a t i o n  a t  an  a l t i t u d e  
of  approx ima te ly  7 0  km i s  comparable w i t h  t h e  r a d i u s  o f  a s p h e r e ,  
and a t  an  a l t i t u d e  of  50 km, i s c o m p a r a b l e  w i t h  the  shock l a y e r  
t h i c k n e s s  . 

The main p o r t i o n  of  t h e  emis s ion  of  t h e  shock l a y e r ,  
which i s  formed b e f o r e  a body e n t e r i n g  t h e  atmosphere of  t he  
E a r t h  a t  a v e l o c i t y  on t h e  o r d e r  of  o r  g r e a t e r  t h a n  t h e  second 
cosmic v e l o c i t y ,  i s  g i v e n  by r ecombina t ion  i n  t h e  b a s i c  s ta te  
of  n i t r o g e n  and oxygen atoms and by  r a d i a t i o n  i n  t h e  s p e c t r a l  
l i n e s  o f  t hese  atoms.  Thus a s i g n i f i c a n t  p o r t i o n  o f  t h e  recom- 
b i n a t i o n  r a d i a t i o n  and s e v e r a l  of t h e  s t r o n g  s p e c t r a l  l i n e s  
be long  t o  t h o s e  wavelengths  which are i n t e n s i v e l y  absorbed  i n  
c o l d  a i r  [8].  S i n c e  r a d i a t i o n  o f  t h e  shock l a y e r  i s  b locked  
i n  t h e  r e g i o n  of  p h o t o i o n i z a t i o n  a b s o r p t i o n ,  t h e  magnitude o f  
t h e  f l u x  of r a d i a t i o n  from t h e  shock l a y e r  may b e  estimated from /337 
t h e  formula  

F=- 

kt 

( 6 . 5 5 )  
' I  
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Figure 6.25. Average mean 
free path of radiation in 
cold air. 

where the lower integration 
limit corresponds to the 
wavelength boundary of oxygen 

Figure 6.26. Results of calcu- 
lating the parameter W* for 
different flight regimes (Rb = 
1 m). 
1 - at Vw = 18 km/sec; 2 - 
at Vw = 15 km/sec; 3 - at Vm = 

12 km/sec. 

molecule photoionization. Figure 6.26 gives the results of 
calculating the parameter W* according to (6.53) with this 
estimate of the absorbed flux of radiation, These results show 
that regimes for the entry of bodies into the dense layers of 
the atmosphere of the Earth exist, when a large part of the 
energy emitted from the shock layer is absorbed in front of the 
body and leads to the use of the incoming flow parameters. 

Studies of the change in the composition and parameters 
before a strong shock wave in argon, caused by absorption of the 
advancing radiation, were performed in [84] .  A solution of a 
similar problem for air is muchtmore complex, since it is neces- . 

sary to consider the reactions of the dissociative recombination 
type (1.106) which have a very large transverse cross section, 
in addition to photoionization reactions. 

.I 
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Figure  6 . 2 7 .  D i s t r i b u t i o n  
o f  r e l a t i v e  number of  
p a r t i c l e s  ( s o l i d  l i n e s )  
and t empera tu re  (dashed 
l i n e )  b e f o r e  t h e  shock 
wave f r o n t  i n  a i r  (V, = 
15 km/sec). 
1 - ~ 0 2 1 ;  2 - LO]; 3 - [el: 4 - [o,+l; 5 - 
lo']; S-[Nk 7 - [ N + ! ;  S-[N+1 2 

Such a s tudy  w & s  made i n  C821 
f o r  a shock wave i n  n i t r o g e n ,  and 
t h e  d i s t r i b u t i o n s  were o b t a i n e d  of  
t h e  c o n c e n t r a t i o n s  o f  molecular  and 
atomic n i t r o g e n ,  t h e i r  i o n s  and t h e  

e l e c t r o n s ,  and a l s o  t h e  d i s t r i b u -  /338 
t i o n  of  t h e  gas v e l o c i t y ,  d e n s i t y ,  
and t empera tu re  ahead o f  t h e '  shock 
wave. 

50 40 30 20 I0 xcu 

It i s  o f  i n t e r e s t  t o  c a l c u l a t e  
nonequi l ibr ium a i r  f low ahead o f  a 
s t r o n g  shock wave w i t h  cons ide ra -  
t i o n  o f  p h o t o i o n i z a t i o n  o f  n i t r o g e n  
and oxygen molecules ,  p h o t o d i s s o c i -  
a t i o n  of  oxygen molecules ,  photo- 
i o n i z a t i o n  of  n i t r o g e n  and oxygen 
atoms, and a l s o  t h e  r e a c t i o n  o f  
d i s s o c i a t i v e  recombina t ion .  

When the  shock wave v e l o c i t y  and c o n d i t i o n s  a t  i n f i n i t y  are 
g iven ,  t h e  f l u x  of  t h e  advancing r a d i a t i o n  i n  a cont inuous  spec- 
trum i s  determined acco rd ing  t o  Formula ( 6 . 5 5 )  and i n  t h e  l i n e s  
acco rd ing  t o  t h e  r e s u l t s  g iven  i n  [ 3 O ] .  Then t h e  method of  
s u c c e s s i v e  approximat ions  i s  used t o  g i v e  a concur ren t  s o l u t i o n  
of  t h e  e q u a t i o n  of  c o n s e r v a t i o n  and chemical  k i n e t i c s  ahead o f  t h e  

shock wave:qrl Figurye 6.27 g i v e s  t h e  v a l u e s  of  t h e  r e l a t i v e  number 
of  p a r t i c l e s  CO,], C O I ,  [ e l ,  C O , + l ,  [ O  1, [ N ] ,  [N,'], [ N + 1  as a 

- ,' r, . > r  + < ) I T  r ?  . x ?  1 w f r f G  3': , ir, 

f u n c t i o n  of  t h e  d i s t a n c e  t o  t he  shock wave f r o n t ,  and t h e  change L , L i k u  

i n  the a i r  t empera tu re  ahead o f  t he  shock wave a t  a v e l o c i t y  o f  
Vao = 1 5  km/sec and w i t h  c o n d i t i o n s  a t  i n f i n i t y  co r re spond ing  t o  
an a l t i t u d e  o f  57 k m .  



The calculation results show a great change in the air 
composition before the shock wave, a certain increase in its 
temperature, and an insignificant change in the air density and 
velocity ahead of the front. All of these precursor effects, 
which are greatly intensified with an increase in the parameter 
W*, must be taken into account when calculating the 
parameters and composition of the air behind a shock wave. 
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